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Preface to the Russian edition 


Well presented collections of exercises for courses in higher algebra and linear 
algebra and geometry already exist (see, for example [5, 6]), and the publication 
of a new textbook of a similar nature needs to be justified. Changes in the 
above-mentioned courses at Moscow State University meant that new topics had 
been introduced, while the treatment of some other traditional topics had been 
shortened or even dropped altogether. As a result, university teachers had to use 
a large number of different books, of varying levels, when conducting seminars. 
In order to improve this situation, the professors of Higher Algebra at Moscow 
State University decided to prepare a new collection of exercises which would 
correspond to the modernized three-semester course. 

The work assumed a collective nature from the very beginning. The author 
responsible for each chapter decided on the selection and amount of material, 
using criteria based on personal experience, whilst always attempting to moderate 
the quantity involved. In effect this approach has meant a lack of some standard 
numerical examples, and emphasis on the most noteworthy features. Thus the book 
contains the type of exercises actually offered in seminars. Almost all the sections 
contain exercises of a higher level of difficulty, for all of which hints are supplied. 
These exercises form the smaller part of each section, especially in the sections 
intended for the first semester. However their role increases in importance towards 
the end of the courses. The most difficult exercises may be presented and discussed 
in additional algebra seminars. 

Exercises in Algebra was preceded by three rotaprint publications: Basic 
Algebra, Linear Algebra and Geometry and Additional Chapters in Algebra and the 
three parts of this book have similar contents to these. This arrangement of material 
follows the traditional structure of the lectures at the Department of Mechanics 
and Mathematics of the Moscow State University, and has been accepted in new 
curriculum planning at most universities in Russia. Of course the actual content of 
lectures and the order of exposition of material depends on the individual lecturer. 
Therefore it must be possible for textbooks and exercises to be used in a sufficiently 
flexible way. In any case, the authors have consciously allowed for some parallel 
and repeated material in different sections. 

Theoretical comment is reduced to a minimum. However the material is 
arranged so that independent use of the book becomes increasingly important, 
especially in the final part. The theoretical basis of Parts One and Three can be 


ix 
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found in [1] and that for Part Two in [2]. A significant number of exercises in this 
book have been taken from the collections of exercises mentioned in the references. 

Lists of the definitions and symbols used, which may be helpful to the reader, 
are given at the end of the book. Any definition not listed will be found in the 
section ‘Theoretical Material’. The latter contains the basic statements which are 
necessary for the completion of the exercises. 

The authors wish to thank V.V. Batyrev, who improved the text. They are 
especially grateful to the professors of Higher Algebra and Number Theory at St. 
Petersburg University and to the professors of Algebra and Mathematical Logic at 
Kiev University, who have carefully reviewed the book and made many concrete 
suggestions. 

The authors are grateful to Professor G.V. Dorofeev, who has given considerable 
attention to the principles used in ordering the content of the book and in 
standardizing the symbols, thus removing parallel material, as mentioned above, 
where it was excessive. 

Postgraduate students have helped in checking the solutions and answers to the 
exercises. Nevertheless it is possible that a number of errors, proportional to the 
number of authors, remain, and we would be obliged if readers would give us their 
comments. We hope to be able to take into account diverse points of view and 
further improve the text. 
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Foreword to the English edition 


The main purpose behind the publication of Exercises in Algebra, as mentioned 
in the Preface, seems to have been achieved, judging by the comments re- 
ceived and by the experience of the authors — V.A. Artamonov, Y.A. Bahturin, 
E.S. Golod, V.A. Iskovskih, V.N. Latyshev, A.V. Mikhalev, A.P. Mishina, 
A.Y. Olshansky, A.A. Panchishkin, I.V. Proskuryakov, A.N. Rudakov, 
L.A. Skornyakov, A.L. Shmelkin, E.B. Vinberg — at Moscow State University. 
At the same time, some considerable defects were revealed, namely an insuffi- 
cient number of computational exercises; a lack of series of typical exercises; 
inconvenient numbering of exercises and answers, and a too close juxtaposition of 
exercises of differing levels of difficulty. 

The present edition, prepared mainly by V.A. Artamonov, and with the parti- 
cipation of virtually the same authors as the previous one, is aimed at removing 
these defects. The size of the book has been considerably increased, and not only 
because standard exercises have been added: special exercises, some of them fairly 
difficult, have also been included. These exercises, partially extracted from journals 
and monographs, can satisfy the demands of outstanding students and can help in 
the choice of topics for future research. They are located at the ends of some 
sections, after the symbol * * *. 

The authors wish to thank E.V. Pankratiev and M.V. Kondratieva for preparing 
the camera-ready copy for the book. 

We hope that the continuous numbering system will considerably simplify the 
use of the book. We look forward to a positive reaction from readers, and will 
gratefully consider all suggestions for elimination of any discrepancies which 
may have slipped in. 

The authors are grateful to the Gordon and Breach Publishing Group for their 
willingness to publish Exercises in Algebra in the same series as Linear Algebra 
and Geometry. The education of mathematics students is usually based not only 
on lectures but also on seminars where students have the opportunity to discuss 
and solve exercises. This principle seems to apply in both the East and the West. 
It should be mentioned, as has been noted before, that: ‘every textbook is written 
taking into account the traditions in a given university or, more generally, in 
the universities of a given country. My algebra textbook is no exception. At the 


xi 


xii Foreword 
same time, the exchange of ideas in the area of mathematics teaching in different 
countries is no less important than the exchange of ideas in research’[1]. 

This book was typeset using the AMS-TgX macro software package. 


A.L. Kostrikin 
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CHAPTER 1 


Sets and maps 


1 Operations on subsets. Calculation of the number of 
elements 


101. Let A; (i € I), B be subsets of X. Prove that: 


a) (U a ANB =|J(4in 8); 


iel iel 


/ 
b) (a a) UB=( (Ai UB); 


iel iel 


ec) Jai =( Ar: 


iel iel 
d) (4: =A. 
iel tel 


102. Let X be an arbitrary set, and 2* be the set of all its subsets. Prove that 
the operation A of symmetrical difference 
AAB = (ANB) U(ANB) 

on the set 2* has the following properties: 

a) AAB = BAA; 

b) (AAB)AC = AA(BAC); 

c) AA®=A; 

d) for any subset A C X there exists a subset B C X such that AAB = @; 

e) (AAB)NC = (AN B)A(ANC); 
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f) AAB=(AUB)\(ANB); 
g) AAB=(A\B)U(B\A). 


103. For finite sets A,,..., A, prove that 
na 

Uai 

i=1 


+(-1IP 1 SO Ag N+ Ag] te + (HIN ALN Aa. 
1<i) <-<igsn 


104. Prove that for any integer n > 1 


wo -a(0-3)(~ 2) 0-4) 


where pi, P2,..-, Pr are all different prime divisors of n, and ¢(n) is the Euler 
function. 

105. What is the maximal number of subsets which can be obtained starting 
from the given n subsets of a fixed set via the operations of intersection, union and 
complement? 

106. Let A, B, C be subsets of a set. Prove that AM B C€ C if and only if 
ACBUC. 


=)IAI- SS Ain Ajl+... 


i=] lsi<j<n 


2 Calculation of the number of maps and of the number of 
subsets. Binomial coefficients 


201. Let X be a set of people in a room, Y be a set of chairs in this room. Suppose 
that 


a) each chair is associated with a person who is sitting on it; 
b) each person is associated with a chair on which he is sitting. 
In what cases do a) and b) define a map X — Y and Y — X? In which cases are 
these maps injective, surjective or bijective? 
202. Prove that for an infinite set X and a finite subset Y there exists a bijective 
map X\Y—> X. 
203. Let f : X — Y be a map. The map g: Y > X is left (right) inverse for 
f.if go f =1|x (f og = ly, respectively). Prove that 


a) amap f is injective if and only if it has left inverse; 
b) the map f is surjective if and only if it has right inverse. 
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204. Establish a bijective correspondence between the family of all mappings 
from a set X into the set {0, 1} and a set 2¥ (see 102). Calculate {2 |, if |X| =n. 


205. Let |X| = m, |Y| =n. Find the number of all 
a) maps 
b) injective maps 
c) bijective maps 
d) surjective maps 
from the set X into the set Y. 
206. Let |X| =n. Find the number (") of all subsets of X of cardinality m. 
207. Let |X| =n. Find the number of all subsets of X of even cardinalities. 
208. Prove the binomial formula of Newton: 


n 


(a+b)" = ws ("ater (n EN). 


imo 
209. Let |X| = n and m; +--- + mg = n (mj; > 0). Find the number 
(, . ) of ordered partitions of X into k subsets containing respectively 


Lye o+y Mk 
m,,.-., my elements. 
210. Prove that: 
n 


(m),....™k) 
m)+--+mg=n, mj>0 


” 2 fens alae 


(my,....™Mz) 
my t+---+mg=a, mj >0 


211. Prove that: 


8) 


h) 


k) 
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yew") =0, (n> 1); 


E(t )-(2"} 
(£1.)+(0)=(f') tees 


(Falta ee tad = ot tatty 


k k+1 nt+k n+k+1\. 
(ee eas le), 
py da lege EN 


{ ! 
iz0 i! nt} 


a-l 7; ° 
i\f{n-i n+l 
= > B 
> G)( F ) (eek) where n>k+1>0 


i=k 


212. Prove that x” + x~™ is a polynomial of degree m in x +.x7!. 


213. Find the number of partitions of a number n into an ordered sum of k 
non-negative integers. 


3. =Permutations 


301. Multiply the permutations in the indicated and in the inverse order: 


\ 
a) 


b) 


123 4 S\ f1 23 4 5\, 
a 4k S27 Noes DP 24 
12345 6\./123 4 5 6) 
3° 64.°S. 2 24 1.5.6 37" 
pt 2345s (fe 23 45 
2 aes 4 AS: 2S 
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302. Decompose the permutation into a product of disjoint cycles: 
fl 2:3 4 5°6 Ty 
9 (54173 6 27 
b) p2 34 5 68 
3 1675 2 4)’ 
4 2.3 -4 5 6 +75. 
765 12 4)’ 
23 45 6 7\. 
4) 36715 1)8 
8) 234 2n—1 2n ), 
1 4 3 an =n ;}’ 
f we Mm n+l n+2 ... On 
a aan sien 2n 1 2. waa, pes)” 


303. Write down the permutations in the standard form: 
a) (136)(247)(5); 
b) (1654237); 
c) (135...2n — 1)(246...2n). 


304. Multiply the permutations: 
a) [(135)(2467)] - [(147)(2356)]; 
b)  ((13)(57)(246)] - [(135)(24)(67)]. 
305. Find the number of inversions in the sequences 
a) 2,3,5,4, 1; 
b) 6,3, 1,2,5, 4; 
c) 1,9, 6, 3, 2,5, 4, 7, 8; 
d) 7,5, 6,4, 1, 3, 2; 
e) 1,3,5,7,...,2n—1,2, 4, 6, 8, ..., 2n; 
f) 2,4,6,...,2n,1,3,5,...,2n—1; 
g) k,k+1,...,",1,2,...,k-1; 
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h) k,k+1,....n,k —1,k-2,...,2,1. 


306. Determine the parity of the permutations: 


iS 123 4 5 6 7\. 
5. 6..4°7 2 bossy 

b) 123 45 67 8\. 
3 52164 8 TS’ 

é He 5: 6..4 2 1 7N. 
244176 5 3/7)’ 

4) 275 48 361 
3587261 47P’ 

e) 12 3 . n-lan 
2 4 6 13 5 : 
1 2 3 . n\. 

f) ( 3 5 24 6 2 

) 1 2 3 we n—-l n\. 

8 nn-1l n—-2 ... 2 1)’ 
li 2 3 4... n-1l oan 

” (; 1 n-1 2 : ). 


307. Determine the parity of the permutations: 
a) (123...k); 
b) Giz... ix); 
c) (1473)(67248) (32); 
d)  (éni2)(i3i4) Gsie) .. . ag-1i2e); 


©) (i, ..-ip)(i1--- jg) (ki -- kr) (li -. -ts)- 


308. Let the number of inversions in the second row of the permutation 


1 2 ... 060 
Qa) QQ «s+ An 
be equal to k. Find the number of inversions in the second row of the permutation 


(} 2 ies 


Gn Gn-1 «.. ay)” 
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: ; 1 2 1... 0H \ 
309. Consider the permutations of de n. 
Pe (3 a2... Qn) oe 
a) In which row (a), ..., @,) is the number of inversions the greatest? 


b) How many inversions has the index 1, situated in the kth place in the 
second row? 


c) How many inversions has the index n, situated in the kth place in the 


second row? 


310. Interchange the indices gq and q + 1 in a sequence aj,..., 4, of indices 
1,2,...,”, where 1 < q <n — 1. Prove that the number of inversions is changed 
by +1. 


311. Suppose that the number of inversions in the second row of the permutation 
( | an? Se ) 
o= 
ee) 
is equal to k. Prove that: 


a) o isaproduct of k adjacent transpositions (q¢, g+1), where 1 < q < n—1; 
b) of is not a product of less than k adjacent transpositions. 
312. Let x,0 € S,, and o be a cycle of length k. Prove that ro2~! is also a 


cycle of length k. 


313. Find the modification of the decomposition of a permutation into a product 
of disjoint cycles, after multiplication of the permutation by some transposition. 
What happens with the decrement of the permutation? 


314. Prove that any permutation o € S, can be represented as a product of the 
transpositions: 


a) (12), (13),..., (1,7); 
b) (12), (23),...,(#—1,n). 


315. Prove that any permutation o ¢€ S,, is a product of several factors, where 
each factor is equal either to the cycle (12) or to the cycle (123...n). 


316. Prove that any even permutation is 
a) a product of threefold cycles; 
b) a product of cycles of the form (123), (124), ..., (127). 


317. Let fjj be either a binomial x; — x; or a binomial x; — xj, where i and j 
are arbitrary integers, 1 <i < j <n, and let f(x1,...,X,) be the product of all 
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these binomials. Prove that 


F (Xo), «++ Xo) = (sgno) - f(x1,..., Xn) 
for any permutation o € S,. 
* ok * 


318. Let T be a set of transpositions in S, and I’ a graph with a set of vertices 
1,2,..., and a set of edges 7. Prove that 


a) any permutation in S,, is a product of transpositions from the set 7, if and 
only if the graph I is connected; 


b) if |7| < n—1, then there exists a permutation in S, which is not a product 
of transpositions from T. 


319. Let k be an integer such that 1 < k < (5). Prove that there exists a 


ae fs ) é S, where k equals the number of inversions 


oa fit 
Peer (; lo Rise be 


in the second row. 
320. Find the sum of the numbers of inversions in the second row of all 


3 1 n 
rmutations{ . . te 
Pe ( ig we In 
321. Let |X| = m, |Y| =n,o € Sy,t € Sy. Put& € Syxy where 


E(x, y) = (a(x), tty) EX, yey). 
Find: 
a) sgné in terms of sgno and sgnr; 


b) the lengths of disjoint cycles in the decomposition of the permutation &, 
ifki,...,ks andl,,...,/; are the lengths of disjoint cycles in decompo- 
sitions of permutations o and t (including cycles of length 1). Deduce 
from b) a new proof of the case a). 


322. Let d = d(o) be the decrement of a permutation o. Prove that 
a) sgno = (—1)%; 
b) the permutation o is a product of d transpositions; 


c) the permutation o is not a product of less than d transpositions. 


323. Leta € S,. Theno = af, where a, B € S, anda? = Bf? =e. 
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4 Recurrence relations. Induction 


401. Let f(x) = x? — ax — b be the characteristic polynomial of the recurrent 
equation 
u(n) = au(n—1)+ bu(n—2) (n > np +2). (*) 


Prove that 
a) the function u(n) = a” satisfies (*) if and only if @ is a root of f(x); 


b) the function u(n) = na” satisfies (*) if and only if @ is a double root of 
f(x); 


c) if f(x) has distinct roots a; and a2, then any solution of (*) is of the form 
u(n) = Cyat + C205, 


where the constants C; and C2 can be defined uniquely; 


d) if f(x) has the double root a, then any solution of (*) is of the form 
u(n) = Cya" + Cone", 


where the constants C; and C2 can be defined uniquely if a # 0. 
402. Solve the recurrent equations (np = 0): 
a) u(n) = 3u(n — 1) —2u(m—2), u(0)=-—2, u(l)=1; 
b) u(n) = —2u(n — 1) —u(m —2), u(0)=—-1, u(i)=-1. 
403. Prove that if a # 1, then 


1+2a4+3a7+---+na"! = se et 
404. Calculate u(0) + u(1) +----+ u(n), where n > 2 and 
a) ee ols = 1) Aaa eye, MOL 0,-sell = 3, 
b) u(n) = 2u(n —1)-—u(n—-2), u(0)=1, u(1)=-1; 
c) w(a) = 4u(n — 1)—4u(a—2), 40) =-2, u(t) =0. 


405. Let u(0) = 0, u(1) = 1 and u(n) = u(n — 1) + u(n — 2), where n > 2. 
The integers u(n) are called Fibonacci numbers. Find u(n). 


406. Leta > —1. Prove that for any positive integer n the inequality (1+a)" > 
1 + na holds. 


12 A. Kostrikin 


4" ! 
< Mody holds. 


407. Prove that for any integer n > 2 the inequality Tele GD? 


408. Prove that for any positive integer n: 
a) (nt 1I(n+2)...(n $n) = 2"-1-3-5+...5(2n- 1); 


b): 1-29 3-34046e) os 


3 > 
Din +2 
C) 12-342-3-4 bo tna t Din $2) = FOO FOOTY. 
0) eters eit — ee 
4-5 5-6 6-7 (n+3)(n+4) 444)’ 
1 1 1 n+2 
BY eer Cg end Pe ee 
©) ( Ale 3) ( aaiz) In+2 
) weneas louie sAeg=' 4-1) ped 
om 2 is ie nel ae 2n'’ 
oY Typ s ad nD +2)  2\2 @+Dat2) 


409. Prove that for any positive integer n: 
a) n> + 5n is divisible by 6; 
b) 2n? + 3n? + 7n is divisible by 6; 
c) n> —n is divisible by 30; 
d) 2” — 1 is divisible by 3; 
e) 11%+3 + 1 is divisible by 148; 
f) n+ (n+ 1)? + (n + 2) is divisible by 9; 
g) 7% — 4 is divisible by 33. 


410. For any natural number 7 prove the inequality 


Letteves + : Sa 
2 aA i Gaal 
* * * 


411. Let u(n) be the sequence of Fibonacci integers. Prove that: 
a) u(l)+---+u(n) = u(n +2) —-1; 
b) u(1)? +--+ +u(n)? = u(n)u(n + 1); 
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c) u(n +1)? — u(n — 1)? = u(2n); 


d) u(IP+---+u(n)} = aqlucn + 2) + (-1)"*!6u(n — 1) + 5]; 
e) u(mt+n) = u(m)u(n — 1) +u(m 4 lun); 
f) ifn divides m, then u(n) divides u(m); 
8) (u(m), u(@m)) = u((n, m)). 
412. Let uy (t) = 0, uy (t) = 1 and uy (t) = tu,_1(t) — Uq—2(t). Prove that 


a) uq(t) =e"! — (" ie + (" > i ae +o.65 


b) iff = 2cos9, then u,(t) = sie 
sin 6 
c) un(t)? — ug(t)? = une (t)unge(t), where k = 0, 1,...,7; 


d) Ungi(t)? — un(t)? = urns (t). 


413. Let r and cosrz be rational numbers. Prove that cosrz = 0, +5. +1. 


414. How many parts are contained in a partition of a plane by n lines which 
are in a general position (i.e. no two of them are parallel and the intersection of 
any three of them is empty)? 


5  Summations 


501. Find the sums: 
a) 17427+..-4n7; by 13423 +---4n°. 
502. Prove that the sum 1* + 2* +...+4* is a polynomial in n of degree k + 1. 


x * & 


503. Let N(o) = |{i | o(i) = i}| be the number of fixed elements of a 
permutation o ¢é S,, and let 


Ss (N(o))' =y(sjn! (lL <s <n). 


oeS, 


Prove that y(1) = 1, that y(s) does not depend on n and that 


y(s+1) =v0)+(\ro-v+---+({re-4--+(,* yo. 
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504. Prove that : 
ZO" 10 ifn>, 
where j.(n) is the Mobius function. 


505. Let f(n) and g(n) be two functions N — N. Prove that the following 
conditions are equivalent 


a) sm=> f@, f= Duds (5). 
d|n 


d|n 
» sm=[]s@. so=[]e(5)”. 
din d\n 


506. Prove that the Euler function ¢(n) and the Mobius function s(n) satisfy 
the relation 


pe ee 
dn 


aja 


CHAPTER 2 


Arithmetic spaces and linear equations 


6 = Arithmetic spaces 
601. Find the linear combination 3a; + 5a2 — a3 of the vectors 
a= (4, 1, 3, —2), a= (dl, 2, 3, 2), a3z= (16, 9, 1, —3). 


602. Find the vector x from the equations: 


a) ay + 2a2 + 3a3 + 4x = 0, 
where a, = (65, 8, -l, 2), a2= (2, -1, 4, —3), a= (-3, 2, ~5, 4); 


b) 3(a, —x)+2(a2 +x) = 5(a3 +x), 
where a; = (2, 5, 1,3), a2 = (10, 1, 5, 10), a3 = (4, 1, —1, 1). 


603. Find out whether the following systems of vectors are linearly independent: 
a) a, = (1,2, 3), a2 = G, 6, 7); 
b) a; = (4, —2, 6), a2 = (6, —3, 9); 
c) ay = (2, —3, 1), a2 = (3, —1, 5), a3 = (1, —4, 3); 
d) a, = (5,4, 3), a2 = (3,3, 2), a3 = (8, 1, 3); 


e) aq, = (4, 5, 2, 6), a2= (2, —2, 1, 3), a= (6, —3, 3, 9), 
a4= (4, —-l, 5, 6); 


f) a, = (i, 0, 0, 2; 5); a2 = (0, 1; 0, 3, 4), a= (0, 0, 1, 4, 7), 
a4 = (2, —3, 4, 11, 12). 
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604. In a given system of vectors of the same length we choose fixed coordinates 
(common for all vectors), and we preserve their order. The system of vectors 
obtained is called the shortened system, and the original system is called the 
extended system. 


Prove that 


a) the shortened system of a linearly dependent system of vectors is linearly 
dependent; 


b) the extended system of a linearly independent system of vectors is linearly 
independent. 


605. Prove that if vectors a1, a2, a3 are linearly dependent and a3 is not a linear 
combination of a; and a2, then a; and a2 are dependent. 

606. Prove that if vectors a}, a2,..., a are linearly independent and vectors 
a), 42,...,@%, b are linearly dependent, then b is a linear combination of aj, 
a2,...,Qk. 

607. Let an independent system of vectors a1, ... , a, be given. Find out whether 
the following systems of vectors are dependent 


a) by = 3a, + 2a2 + a3 + 44, 
bz = 2a; + Saz + 3a3 + 2a4, 
b3 = 3a, + 4a2 + 2a3 + 3a4; 


b) 5, = 3a, + 4a2 — 5a3 — 2a4 + 4as, 
by = 8a; + 7a2 — 243 + 5a4 — 10as, 
bz = 2a; — a2 + 8a3 — a4 + 2as; 


c) b=a,, bn =a,+a2, b3 =a, +a2+43, ..., 
by = a) +02 + +++ + a4; 


d) bh=a,, b2=a,+2a2, by =a, +2a2+3a3, ..., 
by = a, + 2a2 + 303 +-+- + hay; 


e) bh =aj+a2, b2=a2+03, b3=a3+a4, ..., 
bee = ap-1 tay Dy = aR +44; 


f) b) =a,—a2, 62 =a2—-a3, b3=a3—a4, ..., 
be] = e-1 — ae DE = AR — 4. 


608. Suppose that we have the vectors 


a, = (0,1,0,2,0,), a2 =(7,4,1,8,3,), a3 = (0,3,0,4,0,), 
a4 = (1,9,5,7,1,), a5 = (©, 1, 0,5, 0). 
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Do there exist coefficients c;; such that the vectors 


5 
b =) cia; G = 1, 2,3, 4, 5) 
j=l 


are linearly dependent? 


609. Find all values of A such that the vector b is a linear combination of vectors 
Qj, 22, a3,where 


a) a; = (2,3,5), a2 = (3,7, 8), a3 = (1, —6, 1), b = (7, —2, A); 

b) a, = (4,4, 3), a2 = (7, 2, 1), a3 = (4, 1, 6), b = (5, 9, A); 

c) a; = (3,4, 2), a2 = (6, 8, 7), a3 = (15, 20, 11), b = (9, 12, A); 

d) a; = (3,2,5), a2 = (2,4, 7), a3 = (5, 6, A), b = (1, 3, 5); 

e) a, = (3,2, 6), a2 = (5, 1, 3), a3 = (7, 3, 9), b = (A, 2, 5). 
610. Find all bases of the systems of vectors: 

a) a; = (1,2, 0,0), a2 = (1, 2, 3, 4), a3 = (3, 6, 0, 0); 


b) a; = (4, -1, 3; —2), a2 = (8, —2, 6, —4), a3 = 3, ~1, 4, —2), 
a4 = (6, —2, 8, —4); 


c) a, = (1,2, 3, 4), a2 = (2,3, 4,5), a3 = (3, 4, 5, 6), a4 = (4, 5, 6, 7); 


d) = (2, 1, —3, 1), a2 = (2, 2, —6, 2), a3 = (6, 3, —9, 3), 
aoe 1,1, 1); 

e) a; = (3,2, 3), a2 = (2,3,4,), a3 = (3, 2, 3), a4 = (4,3, 4), 
= (1,1, 1). 


611. When has a system of vectors a unique basis? 


612. Find a basis of the systems of vectors, and express, in terms of this basis, 
the other vectors of the systems: 


a) one 2, —3, 1), a2 = (4, 1, —2, 3), a3 = (1, 1,-1, —2), 
= (3,4, —1, 2), as = (7, —6, —7, 0); 

b) = (2, =I; 3, 5), a2= (4, —3, 1, 3), a= 3, —2, 3, 4), 
ee —1,=15; 17: 

c) = (1, 2, 3, —4), a2 = (2, 3, —4, 1), a3 = (2, —5, 8, —3), 
aoe 26, -9, 12), as = (3, —4, 1, 2); 

d) 


(2, 3, —4, —1), a2= qd, —2, 1, 3), a3= (5, 3, -l, 8), 
(3, 8, —9, —5); 
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e) a, = (2,2,7, —1), a2 = (3, —1, 2, 4), a3 = (1, 1, 3, 1); 

f) a; = (3,2, —5, 4), a2 = (3, —1,3, —3), a3 = (3, 5, —13, 11); 

8) a1 = (2, 1), a2 = (3, 2), a3 = (1, 1), a4 = (2, 3), 

h) a = (2, 1, —3), a2 = (3, 1, —5), a3 = (4, 2, -1), a4 = (1,0, —7); 
i) a, = (2,3,5, —4, 1), a2 = (1, —1, 2, 3, 5), a3 = (3, 7, 8, —11, —3), 


a4 (1, -1, 1, —2, 3); 

j) a, = (2, -1,3, 4, -1), a2 = (1, 2, —3, 1, 2), a3 = (5, —S, 12, 11, —5), 
a4 = (1, —3, 6, 3, —3); 

k) ay= (4, 3, -1, 1, -1), a2z= (2, 1, -3, 2, —5), a3 = (1, -3, 0, 1, —2), 
a= (1 5, 2, -2, 6). 


613. Let the vectors a), a2,..., a, be linearly independent. Find all bases of 
the system of vectors 


b, =a,—a2, bz =a2—a3, by = a3—a4,..., bg—1 = Gg—1—Gx, Dy = ag—a}. 


614. Let a system of vectors 


Gj = (4j1,4;2,...,@in) (@=1,2,...,8; 5 <n) 


be given. Prove that if |ajj| > + ja;j| for any j = 1,..., 5, then the system 


of vectors is linearly siaeteaean: 

615. Prove that if integer vectors a), a2,...a, € Z" are linearly dependent 
over the field Q, then there exist coprime integers Aj, A2, ... Ag such that 
Aya) + Aza2 + --- + Agag = 0. 

616. Prove that if a system of integer vectors is linearly independent over a 


residue field, modulo p for some prime p, then the system of vectors is independent 
over the field of rationals. 


617. Let a system of integer vectors be independent over the field Q. Prove that 
there exist finitely many primes p such that these vectors are linearly dependent 
modulo p. 


618. For the following systems of integer vectors find all primes p such that 
these systems are dependent modulo p 


a) a\y= (0, 1, 1, 1), a= (1, 0, 1, 1), a= dl, 1,0, 1), a4 = dl, 1; 1, 0); 
b) a; = (1,0, 1, 1), a2 = (2, 3, 4, 3), a3 = (1, 3, 1, 1). 
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Rank of a matrix 


7 


701. Find the rank of the following matrices with the help of bordering minors and 


elementary row and column operations: 


77 32 6 5 3 
1432 1 

3 1 0 OF; 
2010 


32 
6 
5 


100 1 


4 


| 


oad | 
1 
1 
-7 


—6 4 8 

-5 2 4 
2 

2 4 8 


3 


—5 


3 2 4 


ooonre 
oonn Oo 
one oo 
—e COCO 
“-ooo-n- 
ea | 
Fond 
Sooo 
ooonn 
oonrn Oo 0 
own ooo 
i) 
“=coooe 


a 
OO sae 
oo <) 
oo 
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702. Find the rank of the following matrices for various values of the 
parameter A: 


7-i —12 6 
a) 10 -19-A 10 ‘i b) 
12 —24 13-—A 


oe See 
c) : d) {2 -1 A 5]; 
a Me ee Mi 10-6 1 
* 4°23 
f oD Aa os - 1 2 31 
y fi 2-7 2 3 p b—-*k 3 21 
Fie 2 4 oe 2 3-2 11]? 
z 9 1 9=% 3 2 P= 1 
aA 1 2 n-1 1 f 2 yn 
1 2... a-1 1 a-i 
a reat, 2 0 A’ sew S 
g) at : wre 2 lo. oe 
eo LOL [ eeeeeeeeeeeeeeeeeees 
1. 2° 3 n 1 oar ’ 


703. Prove that if the rank of a matrix A is not changed after adjoining any 
column of a matrix B with the same number of rows, then it is not changed after 
joining all columns of B. 

704, Prove that the rank of a product of matrices does not exceed the rank of 
each factor. 

705. Prove that the rank of the matrix (A|B), which is obtained by joining a 
matrix B to a matrix A, does not exceed the sum of the ranks of A and B. 

706. Prove that the rank of a sum of matrices does not exceed the sum of their 
ranks. 

707. Prove that every matrix of rank r can be presented as a sum of r matrices 
of rank 1, but it cannot be presented as a sum of a fewer number of them. 

708. Prove that if the rank of a matrix is equal to r, then the minor situated at the 
intersection of any r linearly independent rows and linearly independent columns 
is not equal to 0. 

709. Let A be a square matrix of size n > 1 andr be its rank. Find the rank of 
the adjoint matrix A = (Ajj), where Aj; is the cofactor of the element aj; in A. 
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710. Let A and B be matrices with real entries and with the same number of 


rows. Prove that 
A B 
ats $y) = (A) +r). 


711. Let A and B be square matrices of a fixed size. Prove that 


A AB 
(3 ape) = (A) +r(B). 
712. Prove that every matrix of rank 1 has a decomposition 


bic, bycq: ww. N 
beer baer... a ike 


Cees eeerne mores err eceves 


\bmc, bmc2z ... bmn 


where B = (by, bo,..., bm), C = (€1, €2, ++, Cn). 


713. Let Aj, Az, ..., Ag be matrices with the same number of rows, and 
C = (cjj) be a nonsingular matrix of size k. 


Prove that the rank of the matrix 
(ee c12A2 .«.. on 
Chi Ay, CR2A2 «.- CeeAk 


is equal to the sum of the ranks of Aj, A2,... , Ak. 
714. Prove that the rectangular matrix 


(¢ >): 


where A is anonsingular matrix of size n, has the rank n if and only if D = CA~'B; 


in this case it 
_(A -1 
« p)= (a) (ee AB): 


* * * 


715. Prove that by elementary row operations of type II, every nonsingular 
matrix can be reduced to the form 
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716. Prove that any matrix with the determinant | is a product of elementary 
matrices E + Ej; (i # j). 


717. Prove that if the rows (columns) of a matrix A are linearly dependent, then 
A can be reduced, by elementary row and column operations of type II, to the form 


E, 0 
0 O}’ 
where E, is the identity matrix of size r. 


718. Let A and B be matrices of sizes m x n,n x t and of ranks r(A), r(B), 
respectively. Prove that the rank of the matrix AB is not less than r(A)+7(B) —n. 


719. Prove that by elementary row operations any matrix can be reduced to a 
matrix of the form 


0 . O11 * *« 0 * * 0 x 0 x * 
0 00 0 Ol « * 0 « 0 « * 
0 . 0 0 0 000 01 * O * * 
Siabeidee i 6. @ereieinee Rie Ga breed 9 oe Odes teen ee ee el eee ee ee * * * 
0 00 0 000. 000 O41 * * 
0 00 0 00 0 000 0 0 0 
0 00 0 00 0 000 00 0 0 


and that this form is unique. 


8 Systems of linear equations 


801. Find the general and a particular solution of these systems of linear equations, 
applying the method of Gauss: 


a) 5x1 + 3x2 + 5x3 + 12x4 = 10, 
2x, + 2x2 +3x34+ Sxq4 = 4, 
Xp + 7x2 +9x3+ 4x4 =2; 


b) — 9x, + 6x2 + 7x3 4+ 10x4 = 3, 
— 6x1, +4x9 + 2x9+ 3x4 =2, 
— 3x, + 2x2 — 1lx3 — 15x4 = 1; 


Arithmetic spaces and linear equations 23 


c) — 9x; + 10x2 + 3x3 4+ 7x4 = 7, 
—4x1+ 7x2+ 234+3x4=5, 
7x) + 5x2 — 4x3 — 6x4 = 3; 


d) 12x1 + 9x2 + 3x3 + 10x4 = 13, 
4x; +3x2+ x34 2x4 =3, 
8x) + 6x2 + 2x3 + Sxq=7; 


e) — 6x1 + 9x2 + 3x3 + 2x4 = 4, 
— 2x; + 3x2 + 5x3 + 4x4 = 2, 
— 4x) + 6x2 + 4x3 + 3x4 = 3; 


f) 8x1 + 6x2 + 5x3 + 2x4 = 21, 
3x) + 3x2 +213 + 2x4 = 10, 
4x; + 2x2 +3x3+ 2x4 = 8, 
3x, +3x2+ x3+ x4 = 15, 
7x1 + 4x2 + 5x3 + 2x4 = 18; 


g) 2x; + 5x2 — 8x3 = 8, 
4x} + 3x2 — 9x3 = 9, 
2x1 + 3x2 — 5x3 = 7, 

xy + 8x2 — 7x3 = 12; 


h) 6x; + 4x2 + 5x3 + 2x4 + 3x5 = 1, 
3x1 + 2x2 —2x3 + 24 =-7, 
9x) + 6x2 + 134+3x4 4+ 2x5 = 2, 
3x) + 2x2 +4234 X44 2x5 =3. 


802. Analyse the system of equations and find the general solution correspond- 
ing to the values of the parameter A: 


a) 8x) + 6x2 + 3x3 + 2x4 = 5S, 
— 12x, — 3x2 — 3x3 + 3x4 = —6, 

4x + 5x2 + 2x3 + 3x4 = 3, 

Ax, + 4224+ 2394424 =2; 


24 


b) 


c) 


qd) 


e) 


8) 


h) 
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— 6x; + 8x2 -— 5x3- x4 =9, 
— 2x, +4x2+ 7x3 4+3x4 = 1, 
— 3x, +5x2+ 4x3 + 2x4 = 3, 
— 3x; + 7x2 + 17x3 4+ 7x4 =A; 


2x, + Sxot 213 +3x4 =2, 
4x, + 6x2 + 3x3 4+ 5x4 = 4, 
4x; + 14x2+ x3 + 7x4 = 4, 
2x, — 3x2 +3x3 +Ax4 = 7; 


2x; — xX2+3x3+ 4x4 =5, 
4x) — 2x2 +5x34+ 6x4 =7, 
6x) — 3x2 +7x3+ 8x4 = 9, 
Ax) — 4x2 + 9x3 + 10x4 = 11; 


2x, + 3xg+ x3 +2x4 =3, 
4xy+ 6x2 + 3x3 + 4x4 = 5, 
6x; + 9x2 + 5x3 + 6x4 = 7, 
8x, + 12x2 + 7x3 +Ax4 = 9; 


Axy+ 12+ B= 1, 
x1+A2+ 13=1, 
xXyt 12443 =1; 


Ant x2+ 13+ 1 =1, 
xXp+Axg+ 134+ x4 =1, 
Xy+ x2 +Ax3+ x4 = 1, 
xyp+ xo+ x3 +Axq = 1; 


(1 +A)x) + x2+ x3=1, 
Xp + (1 +A)x2 + x3=A, 
x+ x2 + (1 4+A)x3 = A?; 
(1+A)x1 + x2 + x3 = 127 +3), 
xy + (1+A)x2 + x3 = 02 +322, 


xt xo + (1 +A)x3 = a4 4-323. 


a & 
= - 
= —~ 
2 ~awd 
8 wee 
FS il 
2 sy 
2 
3 
3... 
es 
o. 
25 
EE 
vo 
gs 
zB ; 
" ¢ 
s g& TTT % 
2 oe 
= ay ; 
fos ne) 
8 re? fae) 
S ES rl 
Os 
B 8 it 
Ss 48 
& ES 
ie . 
<) wo = 
g ie 
Sy 
g a] 
eS g 
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804. Find the general solution, and a fundamental system of solutions, of the 
systems of linear equations: 


a) 


d) 


c) 


d) 


Xi+ x2-— 2x3+ 2x4 =0, 
3x) +5x2+ 6x3-— 4x4 =0, 
4x; +5x2-—- 2x3+ 3x4=0, 
3x1 + 8x2 + 24x3 — 19x4 = 0; 


x) —x3 = 0, 
x2 -x4 = 0, 
— 2x, +%3-—%x5=0, 
— x2 +14 — %6 = 0, 
—x3+x5 =0, 
— %4 + x6 = 0; 


x1 — 2x3 +45 =0, 
x2 —%4 +X = 0, 
x1 — x2 +45 — x6 =0, 
x2 —x%3 +x =0, 
x1 — x4 + x5 = 0; 


x1 +x. =0, 
Xx) + x2 +2x3 =0, 
x2 +x3+2x4=0, 


Xn—2 + Xn-1 + Xn = 0, 
Xn-1) +X, = Oz 


805. Find a basis of the kernel of the linear mappings given by the matrices: 


7 $5 3 21% 
Se 576 4 3 
BE ae ot BPs. ‘oo. 6 5a 
ed \4 8 3 2 0 

9 2) oer ey eee 
11), gai? 99 3 42 
7 4)" 7° 16 2 67 
5 3/ fof .3) ig 
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5 6 —2 7 4 (2° 4128 
2 (2 3 -1 4 2), jp {5 7134 
79 -3 5 6}’ 4 3 2° 835 
5 9 -3 1 6 \7 10 1 6 5 
806. Solve the systems of equation by applying Cramer's rule: 
a) 2x;- xm=l, b) 2x, + 5x2 = 1, 
x) + 16x2 = 17; 3x; + 7x2 = 2; 
c) x1 cos@ + x2 sina = cos B, gd) 2xy+ x2+ x3 =3, 
—x, sina + x2 cosa = sin B; xy +2x2+ x3 =0, 


Xp x2 +223 =0; 


e) Xj +2424+23 = 6, f) 2x; +3x2+5x3 = 10, 
—x, $x. + x3 = 0, 3x1 + 7x2 + 4x3 = 3, 
X1 — x2 +23 = 2; Xx) + 2x2 + 2x3 = 3. 


807. Find a polynomial f(x) of degree 2 with real coefficients such that 
fQ) = 8, f(-1) = 2, f(2) = 14. 

808. Find a polynomial f (x) of degree 3 such that f(—2) = 1, f(—1) = 3, 
FQ) = 13, f(2) = 33. 

809. Find a polynomial f(x) of degree 4 such that f(—3) = —77, f(—2) = 
-13, f(-1) = 1, f() = -1, f(2) = —17. 


810. Solve the systems of congruences: 


a) 2x+ y- z=1, b) 3x+2y+5z=1, 
x+2y+ z=2, (mod 5); 2x + Sy + 3z = 1, (mod 17). 
x+y-z=-l, 5x + 3y+2z =4. 


811. Prove that if the determinant of a square matrix (a;;) of size n with integer 
entries is coprime with an integer m, then the system of congruences 


(@j1X1 + @j2 +--+ +@in) =; (modm) (i = 1,2,...,n) 
has a unique solution modulo m. 


* * * 


812. Let A be an integer matrix and d be the least absolute value of its entries. 
Prove that if, under integral elementary row and column operations of A the number 
d does not decrease, then d divides all entries of A. 
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813. Prove that, with the help of elementary row and column operations over 
the ring of integers Z, any integer matrix can be transformed to a matrix ( fs 9 ) , 


where A = diag{d,...,d,} and dj|dj4; @ = 1,2,...,7—1). 

814. Prove that if the square integer system of linear equations is definite modulo 
any prime p, then it is definite over the ring of integers. 

815. Find out whether the square integer system of linear equations, compatible 
modulo any prime p, is compatible over the ring of integers. 


816. Prove that the following systems of equations have unique solutions 
modulo almost all primes (with finitely many exceptions). Solve these systems 
modulo the exceptional primes. 


a) xy + 2x2 + 2x3 = 2, bb) xptx2+%3= 1, 
2x1 + x2 —- 2x3 = 1, 41422444 = 1, 
2x1 —2x2+ x3 = 1; X1+2x3+%4= 1, 


x2 +243 +%4 =1; 


Cc) x+x24+234+%4,=1, 
x1 +22 —2x3 — x4 = 1, 
xy +22 +23 —-24 = 1, 
X} —X2—-x34+2x4 = 0. 


817. Prove that any system of linear equations with real coefficients can be 
transformed by elementary row operations of type II to a row-echelon system. 


818. Prove that the greatest common divisor of minors of fixed size k of an 
integer matrix is not changed under integral elementary row and column operations. 


819. Prove that if the integer matrix, with the help of integral elementary row and 
0 0 , where A = diag{d, d2,...,d,}, dj # 
0 and d;|d;41, then integers d), d2,..., d, are uniquely defined (up to their signs). 


column operations, is reduced to 


820. Two sets of variables are integrally equivalent, if they are connected by 
‘yl x1 


the relation] : | =U] ; |, where U is an integer matrix whose determinant 


NY; Xn 
is equal to +1. Prove that the system of equations 


n 
QjjXj = bj (i = 1,2,...,m), 
j=1 
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where a;;, 5; are integers, is integrally equivalent to a system of equations of the 
form 
djyjj=cj (i =1,2,...,n), 


and the set of variables (y}, ..., yn) is integrally equivalent to the set (x1, ..., Xn). 


821. Prove that an integer system of equations has an integer solution if and 
only if the greatest common divisors of all minors of size k of the matrix of the 
system and of the extended one coincide for any integer k. 


822. Prove that an integer system of equations has an integer solution if and 
only if it has a solution modulo any prime p. 

823. Justify the following practical way of determining all integer solutions of 
a system of equations 


n 
Qjjxj =b; (i => 1,2,...,m) 
J=1 
with integer coefficients. 
Take the matrix @ ) of size (n + m) x (n + 1). Applying only integral 
nm 
elementary operations to the first m rows and n columns, reduce this matrix to the 
cI 
D.C 
form G o )s where C =| 76 | det U| = 1, 
Cm 
d, 0 0 0 0 
0 ad 0 0 0 
D=|]0 0... dad 0... 0 dj|dj41, 4d) #0, ..., d, #0. 
0 0 0 0 0 
0 0 0 0 0 


The original system is compatible if dj|c; fori = 1,...,7r, cx =0 fork > r and 
the general solution is given by the formula 


c/a, 
xX ; 
= U €r/dy, 
Yr+1 
Xn 
yn / 


where yr41, Yr+2.--+» Yn are arbitrary integers. 
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824. Find all integer solutions of the following systems of equations: 


a) 2x; + 3x2 + 4x3 = 5; 


b) 2x1 + 3x2 — 11x3 — 15x4 = 1, 
4x; — 6x2 + 2x3+ 3x4 =2, 
2x; —3x2+ 5x3+ 7x4 = 1. 


825. Let A and B be matrices of the same size and suppose that homogeneous 
systems of linear equations with matrices A and B are equivalent. Prove that B 
can be obtained from A by elementary row operations. 

826. Let a system of linear complex equations AX = b with a square 
nonsingular matrix A be given. Assume that the sum of the absolute values of 
the elements of each row in the matrix E + A is less than 1. Let Xo be an arbitrary 
column. Define inductively Xm41 = (A + E)Xm — b. Then the sequence Xp 
converges to a solution of the system AX = b. 


CHAPTER 3 


Determinants 


9 Determinants of sizes two and three 


901. Calculate the determinants: 


3 5|. ab ac]. 
a Is ak >) bd ca|' 
c) cosa —sina 4) sina sing 
sina cos @ cosa cosB 
log, a 1 |. cosa +isina 
®) 1 SAL f) 1 
) at+bi c+di 
BY |-c+di abil" 


902. Calculate the determinants: 


1 22°03 

a) |5 1 4); 
302.5 
0 2 2 

c) |2 0 2); 
22 0 
abe 

e) |b c al; 
c a b 
sina cosa 1 

g) jsinB cosB 1|; 
siny cosy 1 


31 


b) 


qd) 


h) 


1 


cosa —isina 


ea an CMAN 


ou_ 


’ 
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lL « ¢ 
1 3 
i) |e 1. ec (---j +9); 
ee 1 
1 1 1 rt 
« 2 a 
p jl e e| («= cos $x + isin $2). 
1 @ « 


10 Expanding a determinant. Inductive definition 


1001. Find out what products occur in the expansion of the determinants of 
appropriate sizes and find out the signs of these products: 


a) 443422431446455464; 
b) a31413a52445424; 
C) 34421446417273054962- 


1002. Find indices i, j, k such that the product a514j6a1 j@35@444¢64 OCcurs in 
the expansion of a determinant of size six, with a minus sign. 


1003. In the expansion of the determinant 


xe me em Om 
— hm * 
N* —& Nw 
Punw 


find all the products containing x* and x3. 
1004. Making use of the definition, calculate the following determinants: 


ay; 0 0 0 ; P P - 

a21 422 O 0 ; P ‘ 
a) 43, 232-33 0]; »b) hes 20-1 2n 

Qnl Q@n2 Gn3 ann @nl Gnn-2 Gnn-1 Onn 

a30 5 io2e 

06 0 2), 2 0 b 01; 

000 ad d 000 
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211 @12 @j3 @14 15 
42, 422 423° &@24 «25 
e) |a31; a32 O 0 0 
a4, agra 0 O ODO 
a5, asp O 0 0 


—t 0 0 0 a, 

a2 -t 0 0 #«~O 
0 0 0 —t 0 
0 oO O Qn —t 


1006. Calculate the determinant of the matrix in which all entries of the principal 
diagonal are equal to 1 and entries of the jth column are equal to a}, a2,...,@j-1, 
Qj+1,-.+, Gn, and all the other entries of the matrix are equal to 0. 


1007. Let 
o=(; 2 iets r) eS, 
By 82 ine In 


and A be a square matrix of size n with entries a,,, where ar; = 1 for s = i, 
and a,; = 0 otherwise. Prove that the determinant of A is equal to the sign of the 
permutation o. 


11 Basic properties of a determinant 


1101. What will happen with a determinant of size n if 
a) all its entries are multiplied by —1; 
b) each entry aj, is multiplied by c/* (c # 0); 


c) each entry is replaced by the symmetric one with respect to the secondary 
diagonal; 


d) each entry is replaced by the symmetric one with respect to the ‘center’ 
of the determinant; 


e) we rotate the determinant counter-clockwise by 90° around the ‘center’? 
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1102. What will happen with a determinant of size n if 


a) the first column is moved to the last column and the other columns are 
moved to the left while retaining their order; 


b) its rows are written down in inverse order? 


1103. What will happen to a determinant if 
a) we add to each column, starting with the second, the previous column; 
b) we add to each column, starting with the second, all previous columns; 


c) we subtract from each row, except from the last, the next row and from 
the last row we subtract the former first row; 


d) we add to each column, starting with the second, the previous column, 
and to the first column we add the former last one? 


1104, Prove that the determinant of a skew-symmetric matrix of odd size is 
equal to 0. 


1105. Integers 20604, 53227, 25755, 20927 and 289 are divisible by 17. Prove 
that the determinant 


ONNWN 
SoOoMUW SO 
NONNA 
en UN OS 
wonun st 


is divisible by 17. 
1106. Calculate the determinant without using its expansion: 


x y Zz 1 
y Zz x 1 
Zz x y 1]- 

xX+Z X+Y YZ 1 
2 2 2 


1107. What is the value of the determinant in which the sum of rows with even 
indices is equal to the sum of all rows with odd indices? 


1108. Prove that any determinant is equal to the half-sum of two determinants, 
one of which is obtained from the given one by addition of a number b to all entries 
of the ith row, while the other one is obtained by similar addition of the number 
—b. 

1109. Prove that if all entries of a determinant of size n are differentiable 
functions in one variable, then the derivative of this determinant is equal to the 
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sum of n determinants D;, where all rows of D;, except the ith one, are the same 
as in D, and the ith row consists of derivatives of entries of the ith row of D. 


1116, Calculate the determinants: 


eeccere eee eran eeererssesose 


aj+x x x 

a) a\ az+x = x , 
oP hana Sree es vate 
a+x a2 an 

b) a) az+x an 
oe Shevien arc 
1+x,y; 1L+x;y2 ... L+X1yp 

3 poe 1+x2y2 «... 14+x2yn 
Vaca: Vtxays «++ 1+20%e 
fila) fila) ... filan) 

d) ba fr(az) «--  f2(an) ; 


fn(ai) fn(a2) --- fn(Gn) 


where fj(x) are polynomials of degree, at most, n — 2 (i = 1,2,..., 7); 


1+a,;+b, a+b, nae a+b, 
e) an+b; Ilt+taz+h. ... a2 + by 
an t+ by Qn + by 1 + an + dp, 


12 Expanding a determinant according to the elements of a row 
or a column 


1201. Calculate the determinant by expanding it according to the elements of the 

third row 

—3 

—2 
b 

-1 


wr & NWN 
awe 
wa N= 
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1202. Calculate the determinant by expanding it according to the second row 


5 a2 -l 
464 -3 
2c¢ 3 -—2|" 
4d5 -4 
1203. Calculate the determinants: 
x y O 0 0 
Ox y . 0 0 
00 x 0 0 
a) ; 
00 0 x y 
y 0 0 0 x 
ao a| a2 Gn-1 Qn 
—-yn 4 O 0 O 
b) 0 —-y x2 0 0 
0 0 0 Xn-1 =O 
0 0 0 —Yn Xn 
ao —-l 0 0O 0 0 
a) x -l O 0 #0 
c) a2 O x -i1 0 O 
Qn-1 0 0 oO x —l 
an 0 0 oOo... 0 «x 
niag (n—1)!a,; (n—2)!a2 Qn 
—n x 0 an 
d) 0 —(n-1) x 0 
0 0 0 x 
1 2 3 n—-l ion 
-l x OO. 0 0 
Oo -l x. 0 0 
e) ; 
0 0 0... x 0 
0 oOo 0... -1 «x 
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n -1 0 0 0 O 
n-1l1 x -1 O 0 O 
f n-2 0O x -l 0 O 
2 0 0 0 x —-l 
1 0 0 0° tae gO x 
10 0 90 0 1 
1 a O O 0 0 
re we. 0 0 of. 
8 101 a4 0 Oo}? 
10 0 0... 1 a@ 
Q\ 0 0 by 
0 a2 bz 0 
hy. =  ‘fierstivearoudesaccoreneasae Rees ~ 
a 2 Qx,-1 0 
bay, 0 0 a» 
a 1 1 1 1 
1 a OO. 0 
i) 1 0 a 0 0 
10 0 0 an 


1204. Prove that the (n + 1)th member u(n + 1) of the Fibonacci sequence (see 
Exercise 405) is equal to the determinant 


1 1 0 0 0 0 
-l 1 1 0 0 0 
0 -l 11 0 0 
0 0 00 -1 1 


of size n. 


13 Calculating a determinant with the help of elementary 
operations 


1301. Calculate the determinants: 


1 2 3 4 f-1 1 = 
3 -2=5° 13). ‘ 1 3 -1 3}, 
1 22: 10.4)" Se Sak as. ane 
—2 9 -8 25 3 0 -8 -13 


a) 
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woonwnsd 
= | 
ANnnte 
| ie | — — 
Noon 
| 
aAatTNoCON 
I eh 
eae = 
oe ee 
S 
TOA H 
I l 
MH oo tM 
ba a a 


BFA 
Fare 

rt 
$ 


1001 1002 1003 1004 
1002 1003 1001 1002]. 
1001 1001 1001 999]’ 
1001 1000 998 999 


8) 


30 20 15 12 
15 12 15], 
12 15 20]' 
15 20 30 


20 
15 
12 


i) 


0.1 


13. 3 —13 


14 
—7 


2 10], 
23 0 -23\" 
12-2 -6 


21 
7 


wil 
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1302. Calculate the following determinants by reducing them to the triangular 
form: 


n 
-1 0 3 n n2an n 
a) -1 2 0 ni; b) |In an 3 n|; 
-1 —2 -3 0 nnn n 
1 ee 1 1 1 
a a a,—b, ay 
c) a2 a7 — b2 a2 a2|; 
an — by an an an 
Xj Q@j2 Q@y3 ... Ain 12 3 n-—-2 n-l n 
X} 2 ay Q2n, 23 4 n—l n n 
d) |x; x2 x3 Qy,}; ec) 13 4 5 n n n|; 
X] 22 x3 wn. 6X3 nnn n n n 
1 x x? x3 x" 
ay, 1 ken SO BOS 
f) |a2, ay 1 x Cited 
Qni G@n2 Gn3 Gn4 1 
1 1 ... 1 -—-n a b b b 
1 1 1... -—n 1 ba b b 
B) bah wi iced ol kes Srih)™. [ask cdatua shes aud : 
1 —-m... 1 1 b b a b 
—n 1 1 1 b b b a 
1 a a2 an 
1 a+b a2 Sure an 
i) 1 ay an+bh. ... an 
1 aj a2 Qn + bn 
1303. Calculate the determinant 
a ath at+2h ... at+(n-2)h at+(n—-1)h 


a+(n—-l)h a atih ... at(n-3)h at(n—2)h 


ath at+2h a+3h ... a+(n—A)h a 
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14 Calculating special determinants 


1401. Calculate the following determinants applying recurrence relations (see 


Exercise 401): 


Ne 


OO = 


—N 


N =— 


b) 


a) 


0 


c) 


bn 38) 


ot onl 


100 
a) 
-o° 
os 
i) 


d) 


pe a 2) 


TWN 


oe) 
a) 
a) 
200 
i) 


AaAN 


A= © 


e) 


“atB 
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ee iy 


1 1 1 1 
c-- 2 2? 2" 
g) 1 3 32 3" |; 
1 n+1 (n+l)? ... (n+1)" 
a" (a-—1)" (a —n)" 
qn! (a— 1)"-! (a— n)*-! 
bh): siege etehanle tM areveidae Seewicedee teeuee es : 
a a-l a-n 
1 1 1 
1 1 
xy4+1 Xnt1 
i) xe +x) Xat%Xn |; 
ti +x? zal + x? 
at ar yt bt 
a- aA— 
cau wugtgcrstterecsaugeaseccsossens 
O41 Say Ont Gay 1 nay Ae 
1 xe at aatt xf 
k) lm ee x3. 
lke ee nc eat Po 
L+x, lta? ... L+xt 
2 
) ie 1+ x3 1+x3 
T+x_, Lx? ... 14x02 
01 1 1 1 
10x x Xx 
1 xO. x Xx 
m) , 
1 xx 0 x 
1x x x 0 
ax x x 
yar x 
n) y y a » Xi. 
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15 Determinant of a product of matrices 


1501. Calculate the determinant 
a b c d 
—b a d -c 
—c -d a b 


—d c —b a 
by squaring it. 


1502. Calculate the following determinants factorizing them as a product of 
determinants: 


cos(a — Bi) cos(a; — fr) ... cos(a; — Bn) 
A Ki — Bi) cos(a2— fo) ... cos(a2 — Bn) ; 
cos(@, — Bi) cos(a, — Br) «... COs(an — Bn) 
1—albht 1 —afbt 
T—ayb, “" 1—ayb, 
b) : - : ’ 
l-anbj = L—anbn 
1—a@nb;} ~" 1—anb, 
(ag + bp)" ... (Ao + bn)" 
c) : s : ; 
(Qn + bp)” «.. (Qn + bn)" 
So 51 52 eee = Sp-] 
St 82, SB ae Sh 


d) $2. S83 Shee Smt 


Sn-1 Sn Sn+1 +++ S2n-2 
where sy = xt + xk +---+ xk. 
1503. Prove that the determinant of the circulant matrix 


a| a2 a3 an 

Qn a 42 Qn-} 
Qn-1 Gn Q| Qn—2 

a2 ay @% a) 


is equal to f(€1) f (2)... f (En), where f(x) = a) +a2x +--+ ++ay,%y-], and €], 
&2...., €, are all roots of 1 of order n. 
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1504. Calculate the determinants: 

2 n—1 
abed a ao ee oe 
dabe ies Ee i aes 

a) i a ee b) la a 1 a 
Bes hs B a a 1 


16 Additional exercises 


1601. Find the maximal value of a determinant of size three, whose entries are 
a) integers 0 or 1; 
b) integers 1 or —1. 
1602. Prove that a determinant of size n is equal to zero if entries at the 


intersection of some k of its rows and of some / of its columns are equal to zero, 
andk+1>n. 


1603. Let D be a determinant of size n > 1, and D; and D2 be determinants 
obtained from D by replacing each element a;; by its cofactor Ajj for D, and by 
the minor Mj; for D2. Prove that D) = D2. 


1604. The adjoint matrix Aofa square matrix A of size n is the matrix in which 
the cofactor Aj; is situated at ij. Prove that 


a) Al = Jal"); 
b) A=|Al""2A ifn > 2, and A = Aifn =2. 


1605. Binet—Cauchy formula. Let A = (a;;), B = (b;;) be matrices of size 
m xn, and Aj,,i,, and B;,,..,i, be minors of size m in matrices A and B, 
Tespectively, composed by columns with indices i), ..., im, and 


n 
cij =) aindje, C=(cj), (G=1,...,.m; j=l,...,m). 
k=1 


Prove that 
det C = >, Aiiy, siden Bit york 


1 <i) <i2<-:<i_<n 


ifm <n, and detC = 0, ifm > n. 
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1606. Let A and B be matrices of sizes p x n and x k respectively, and let 


aan =), a(i Se ) 

Ji eae Jm Ji Per dm 

be minors of matrices A and B, situated at the intersection of rows with indices 
fy, ..., 2% and of columns with indices j),..., jm. Let C = AB. Prove that 


him 2S: De it sea iy Se 
c(i )- A )a(§ ) 


fs s. WY 
ifm <n, and (4 i ‘m ) —0, ifm >n. 
Ji see Jm } 
1607. Prove that the sum of the principal minors of size k in a matrix A -'A is 
equal to the sum of the squares of all minors of size k in A. 


1608. Let 
@)1 Gin 
Dee orsa eae eee lls 
Qn) ann 
Prove that 
41 Qin XX) Fi 
users Sac BE 5 hee eee 
an GQnn An py sea 
x1 eee Xn z : 


1609. Prove that the sum of the cofactors of the elements of a row in a 
determinant is not changed, if we add the same number to all elements of the 
matrix. 

1610. Prove that if all the entries in a row (column) of a determinant are equal 
to 1, then the sum of the cofactors of all entries in the determinant is equal to the 
determinant. 


1611. Let 
a1 Ain bi biz 
Ae | eendetsacente ; BH |\ cemsidswes Soe ‘ 

ani ann Det - OE 
ayiby, Qinb}} 41512 Ainb}2 ai biz Qindig 
Qn15}1 GQnnbi) ni b12 Qnnb12 Gn Dik Onnbik 
De ec eee ceed aie oh cn man estate er ston aetna Hise aluthow te icles alatato tie os 
415%) inde 411 b_2 Ginbe2 411 Dkk AinDkk 


Gnibg, --. Gnnbdki Gnibea2 «-- Gnnbdea «-. Gnibek «>. Onnbdek 


Determinants 45 


(D being the determinant of the matrix of size nk which is the Kroneker product 
of A and B). 


Prove that D = A‘ B". 
1612. The continuant is the determinant 


a, 100... 0 0 

-l a 10... 0 0 

(aja2...€@,)=| 0 —-1 az 1 0 O 
0 0 00 -1 a, 


a) Find the expression of (a)a2 ...a,) as a polynomial in a, ..., Qn. 


b) Write down the expansion of the continuant according to the elements of 


the first k rows. 
c) Establish the following relation of the continuant with continuous 
fractions 
ss 1 
(4142 ...Gn) Ts 
(a2a3 ... Qn) 1 
a2 + 1 
Oe 
an 


1613. Prove that if A, B, C, D are square matrices of size n and C -'D = D-'C, 
then 


1614. Prove that if A, B, C, D are square matrices of size n, where either C or 
D is a nondegenerate matrix, then CD = DC implies 
A B 
le p |= IAD - Bel 


cE A 


1615. Calculate the determinant 
A cE 


; where 


46 A. Kostrikin 


1616. Prove that the determinant which is obtained by deleting the kth column 
from the matrix 


(ajj) = (Ce) (Gi =1,....2+1;j=1,...,2+2), 


n+1 
i al t ; 
is equ o(*1) 


1617. Prove that 
1 1 wi 1 
2! 3! 4! °° (2k+2)! 
1 1 1 1 
2! 3 °° (2k+41)! 
o 4. 1 =0 (keEN). 
2! °°" (2k)! 
1 
0 0 0... a 


1618. Euler’s identity. Multiply matrices 


and prove that 


(x2 + x2 + x2 +.22)(y} + y3 + y? + y2) =Car + x2y2 + x33 + aya)? 
+ (x1y2 — x21 — x3y4 + x4y3)" 
+ (x1y3 + x2¥4 — x31 — x42)? 
+ (x1y4 — x23 + x3y2 — x4y1)?. 


1619. Calculate the determinant of the matrix (a;;) of size n, where 
a) aj; is equal to 1, if i divides j, and is equal to 0 otherwise; 


b) aj; is equal to the number of common divisors of indices i and j. 


1620. Prove that the determinant of the matrix (dj;) of size n, where dj; is the 
greatest common divisor of numbers i and j, is equal to #(1)¢(2) ...@(7). 
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1621. Let x1 ...%n, y1.--Yn be some numbers, and x;y; # 1 for alli, j = 
1,...,m, and let A(x; ...xX,), A(y1... yn) be Vandermonde determinants. Prove 
that 


1 a 
Cy ee SADAQ Ie 4a) = det ( ) , [] a-xiy). 
1—xiyj/];, j=l,...8 i,j=l 


Taylor & Francis 
Taylor & Francis Group 
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CHAPTER 4 


Matrices 


17 Operations on matrices 


1701, Multiply the matrices: 


a) 


b) 


c) 


d) 


e) 


8) 


(0 i)-(o 7): 


(Z. ma | ‘cos B 


(Sin 


sma CcoOsSa@ 


-5 -!1 
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3 -4 5 3 29 
2-3 1)-(2 1 
3 0 -3 


anat 2-3 
3 1p 
3 -1 


sin B \ | 


cos B }’ 


) 


5 
—2 
1 


) 
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1100 1 
120 0 
h) 0031 (1 
002 1 4 
1702. Carry out the operations: 
30 20 ee 
a) O01 2 ii1i- + 
x3 9.0/ (or 1 72 
2 2 -1 
: : : 1 2-12 
b) -{ —2 -1 1 2})+ 
22 0 2 1 1 2 
010 
1703. Calculate: 
1 2. 2y? ; 
a) (2 1 -2) b) 0 
22 «1 0 
lL f _) ay* 0 
1 1 -1 -1 0 
c) it eh d) 0 
1 -1 -!1 1 0 
1704. Calculate: 
. f{ cosa sina \" 
a) | 
\-sina pl 
{3 -1V 
=—§ 25 


1705. Calculate the value of the polynomial f(x) at the matrix A: 


z 


a) f(x) =x3 — 2x7 +1; 


b) f(x) =x3 —3x 42; 


2.1 0 
02 0 
1 


) 


ooor OCOCOC- 


Ss 
— 


oono ocoorFc 


SN 


Owoo oro oO 


OA 


ee ee 
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1706. Prove that if the matrices A and B commute, then 
n n - 
(A+ B)" = oN ) ip, 
i=0 iF 


Find an example of two matrices A, B, for which this formula is not valid. 
1707. Consider the square matrix 


010 0 
001 0 
Hal xo eerie oad ek 
000. 1 
000. 0 
Calculate all powers of H. 
1708. Consider the square matrix 
a 1 0 
0A 1 0 
FS esciesied iia Seiad: 
0 0 ” | 
00 0 A 
of size n. Prove that if f(x) is a polynomial, then 
/ FQ) fa Ff" f"@) f° OK 
1! 2! “" (a —2)! (n —1)! 
"0 (n—3) x (n—2) x 
0 fa) f'@) 2 f QO) f (A) 
1! (n — 3)! (n — 2)! 
[N= 
v7 
0 0 0 sists fA) f “ ) 
\ 0 0 0 foie 0 fa 7 


1709. Let C, A be square matrices of the same size and f(x) be a polynomial. 
Prove that f(CAC~!) = Cf(A)C7!. 
1710. Calculate e4, where 


ea 
a} A=( if b) a=(0 0 s). 
“we 000 
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1711. Calculate In A, where 
110... 0 
3 L\. PO 1 1 jan -B 
" A=(4 at Dae ot eee ce 
10 0 0 1 


1712. Let A = (a;;) be a matrix of size m x n. Prove that A = Li. aj; Eij, 
where Ej; are the matrix units. 


1713. Prove that EijEpq = 6ip Eig. 
1714. Let A be an arbitrary matrix. Calculate Ej; A. 
1715. Let A be an arbitrary matrix. Calculate AE;;. 


1716. Let A be a square matrix such that E;;A = AEj, for any matrix unit Ej. 
Prove A = AE for some scalar A. 

1717. Let A be a square matrix, and E;;A = AE;; for every index i. Prove that 
A is diagonal. 

1718. Suppose that the square matrix A commutes with all nonsingular matrices. 
Prove that A = AE for some scalar A. 

1719, Find all matrices A of size n such that trAX = 0 for any matrix X of 
size n. 

1720. Prove that the trace of the product of two matrices does not depend on 
the order of the factors. 


1721. Prove that if C is a nonsingular matrix then tC AC! = trA for any 
matrix A of the same size. 


1722. For what A does the equation [X, Y] = AE have a solution, where [X, Y] 
is the commutator of matrices X and Y? 


1723. Prove that for any square matrices A,B,C 
a) [A, BC} =[A, B]C + BIA, C]; 
b) [{A, B],C) + [[B, C), A] + [[C, A], B] = 0. 


1724. Prove that for any matrices of size 2, [[A, BY,C]=0. 


1725. Let A, B,..., D, be square matrices of the same size. Find the expression 
of the product of matrices 


A B\ (fA, B 
(2 a)(a 3) 


in terms of the given matrices. 
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1726. Let A be a triangular real matrix commuting with ‘A. Prove that A is 
diagonal. 


1727. Let A = (ajj) € M,(R) be a symmetric nonsingular matrix such that 
a;; = Oif |i — j| = k for some fixed index k < n. Assume that A = ‘B. B where 
B = (jj) is upper triangular. Prove that bj; = 0 for j —i > k. 


1728. Prove that any matrix with zero trace is a sum of commutators of matrices 
with zero traces. 


1729. For the matrix 


find matrices A and B such that 


[A,X]=X, [A,B]=—B, [X, BJ=A. 


18 Matrix equations. Inverse matrix 


1801. Solve the systems of matrix equations: 


1 1 1 1\. 
a) x+¥=(} i): 2x-+3Y =(j + 


01 ey: 
b) ax-y—=(f oe -4x +27 =(5 2) 


1802. Prove that the square matrix X of size 2 is a root of the polynomial 


X? — (wX)X + det X =0. 


1803. Solve the matrix equations: 
I 3 i | 
, (gta 1) 
—1 1 —2 -1)\. 
(4 4)-(4 7) 
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"2)*=(3 6): 
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i) 


D 


1) 


m) 


n) 


1804. Let A, B be matrices of sizes m x n and m x k, respectively. Prove that 


= B, where X is a matrix of size n x k, has a solution if 
and only if the rank of A coincides with rank of the augmented matrix (A|B). 


the matrix equation AX 
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1805. Let A be a square matrix. Prove that the matrix equation AX = B has a 
unique solution if and only if A is nonsingular. 


1806. Let A be a matrix of size n x m where m ¥ n. Prove that for any natural 
number k there exists a matrix B of size n x k such that either the matrix equation 
AX = B has no solutions or the solution of AX = B is not unique. 


1807. Prove that the system of equations 


n 
> aijXj = Bi G@=1,2,....n), 
j=1 


where X; and B; are matrices of size p x q has a unique solution if and only if 
det(a;;) # 0. 


1808. With the help of the adjoint matrix find the inverse of the matrix: 


Pah: 1 0). 1 2). 
0 1); » (3 aE x is e}: 


o( 
7 
o( 
»( 


1809. Using elementary row operations, find the inverse of the matrix: 


N= 
~~ 
= 
oO 
~— 
oo 
OoNw OvW S&S 
| 
Noo 
. ~~ 
Rew] 
Es 
vo 
wee Of OC 


{cosa ~sina 
cosa ;° 


k) \ sina 


ga or OF WHE © 
= o> 
~~” 


1000 0010 
001 0 1000 

o (333 t} yt es 
0100 10 1 0 O/ 
2000 000 -1 
0001 002 0 

se ah ) 1100 of: 
0010 030 0 
te 100 0 0 
ner ae ae 0 0 

e) pf loi. 0 of: 
hier ep 0 Weeecusmogtes 
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25 = dog 6 
g) € 3 4}: h) (2 -3 ') 
5 —2 -3 \3 -§ -l 
27 12 2 
(3:3 ae 

ie os 
23 12 
k) f Ph aa 
_o oe 


1810. Find the inverse of the square matrix: 


a) é oh b) & ays 


where A, C are nonsingular matrices. 
1811. Find the inverse of the matrix: 


1 200 ee ae 
2 300). 112 0 
) [ly at toh be ®t 
0 102 001-2 


1812. Let A, B, C, D be nonsingular matrices. Prove 


A B\"' _((A-BD" cy! (C— DB™A)"'\ 
cD) ™\(B-acD)" (D-Cam'By")° 
1813. What is the value of the determinant of 
a) an orthogonal matrix; 
b) an unitary matrix? 
1814. What is the value of the determinant of an integer matrix A if its inverse 
A! is also an integer matrix? 
1815. Let A be a square matrix of size n whose entries are polynomials 
in a variable ¢, and suppose that det A is a nonzero polynomial. Prove that 


there exists a unique matrix B whose entries are polynomials in ¢ such that 
AB = BA = (det A)E. Find B if 


fl 
SA ish: +1}, a 
a) a=(ice 3 i b) a=(-1 1 ‘). 
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1816. Prove that in the matrix ring over a field 
a) an invertible matrix is not a zero divisor; 


b) any matrix is either invertible or a left and right zero divisor. 
1817, Prove that if a matrix E + AB is invertible then the matrix E + BA is 
invertible too. 


1818. Let A and B be matrices of sizes n x m and m x n, respectively, and 


suppose that AB and BA are the identity matrices of sizes nm and m. Prove that 
man. 


1819. Let A be a matrix of size m x n of rank m. Prove that there exists a matrix 
X of size n x m such that AX is the identity matrix of size m. 


1820. What will happen with the matrix A~! if, in A 
a) we interchange the ith and the jth rows; 
b) we add the jth row multiplied by c to the ith one; 
c) we multiply the ith row by a number c # 0; 
d) we apply operations a) — c) to columns? 
1821. Prove that (AB)~! = B~'A-!, 
* * * 
1822. Let X be the adjoint matrix (see 1604) of a square matrix X. Prove that 
(AB) = BA, (A~') = (A)“',, A) = '(A). 


1823. Let B and C be rows of length n such that C'B # —1 and let E be the 
identity matrix of size n. Prove that the matrix E +‘ BC is invertible. 


1824. Let B, C be rows of length n such that C'B = —1 and let E be the 
identity matrix of size n. Prove that the rank of E +‘ BC is equal ton — 1. 


19 Special matrices 


1901. Prove that Ej; — Ejj = [E;;, Eji) ifi aE 
1902. Factorize the matrix into a product of elementary matrices: 


0 ae i 
a) - ai b) (1 0 t, 
\1 1 0/7 
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1903. Using the properties of elementary matrices, multiply the following 
matrices: 


123 4 7) 00.6 
s LoS 7) fo 2 0 oF 
12 4 8}'[0 0 3 of’ 
f 2.4 37? Xo 0 0-4 
POO fE2 34 
. prtaiet it 
003 0} {1 2 4 8]' 
oo0o04/ \1 111 
{.3.3 4 100 0 
3 Pata as tt 
1248 20 1 oO} 
111 1/7 \-3 001, 
100 0 yl 234 
d DT POL aes 
262 O11 2. 4-3 
3001/ \i111 


1904. Prove the following properties of the transposes: 


a) '(A+B)='A+'B; b) '(AA) =A‘A; 
c) '(AB)='B-'A; d) (¢A)“! ='(A7}); 
e) 'CA) =A. 


1905. Prove that any matrix has a unique representation as the sum of a 
symmetric matrix and a skew-symmetric one. 


1906. Prove that 


a) if matrices A and B are orthogonal then matrices A~' and AB are 
orthogonal; 


b) if complex matrices A and B are unitary then matrices A~! and AB are 
also unitary. 
1907. Prove that 


a) the product of two symmetric or skew-symmetric matrices is symmetric 
if and only if these matrices commute; 


b) the product of a symmetric matrix and a skew-symmetric one is skew- 
symmetric if and only if these matrices commute. 
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1908. Under what condition is the product of two Hermitian or skew-Hermitian 
matrices Hermitian? 

1909. Prove that for any complex square matrix X there exists a matrix Y such 
that XY X = X, YXY = Y, and matrices XY and YX are Hermitian. 

1910. Prove that the inverse of a (skew-)symmetric matrix is (skew-)symmetric. 


1911. Prove that if both of the matrices A and B are symmetric or skew- 
symmetric then the commutator [A, B] is skew-symmetric. 


1912. Is it the case that any skew-symmetric matrix is a sum of commutators 
of skew-symmetric matrices? 


1913. Find all symmetric and skew-symmetric orthogonal matrices of size 2. 


1914. Find all lower nil-triangular matrices commuting with all lower nil- 
triangular matrices of the same size. 


1915. Prove that the sum of two commuting nilpotent matrices is a nilpotent 
matrix. Is this statement valid for non-commuting matrices? 


1916. Prove that if matrices A, B and (A, B] are nilpotent and matrices A, B 
commute with [A, B], then A + B is nilpotent. 


1917. Prove that if the matrix A of size 2 is nilpotent then A? = 0. 
1918. Prove that any lower nil-triangular matrix is nilpotent. 


1919. Prove that if the matrix A is nilpotent then the matrices E—A and E+A 
are invertible. 


1920. Prove that if the matrix A is nilpotent and the constant term of the 
polynomial f(t) is not equal to zero then the matrix f(A) is invertible. 


1921. Solve the equation AX + X + A = 0 where A is a nilpotent matrix. 
1922. Prove that a nilpotent matrix of size 2 has zero trace. 


1923. Prove that the product of two commuting periodic matrices is a periodic 
matrix. Is this statement valid for non-commuting matrices? 


1924. Prove that the matrix CAC~! is nilpotent (periodic) if and only if the 
matrix A is nilpotent (periodic). 

1925. Let o be a permutation of the set {1,2,...,} and Ag = (djocj)), where 
6;; denotes the Kronecker delta. Prove that 


a) the matrix Ag is periodic; 
b) for any permutations o and t, we have Agr = Ag Az; 
c) Ag can be factorized into a product of at most n — 1 elementary matrices. 


1926. Prove that the product of upper-triangular matrices is upper-triangular. 
1927. Prove that the inverse of a unitriangular matrix is again unitriangular. 
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CHAPTER 5 


Complex numbers 


20 Complex numbers in algebraic form 
2001. Calculate the expressions: 
a) (24+0)N3—-0)+(24+3134+4); b) (2+1)34+7i) —(1 +2165 + 3%); 


c) (4+1)(5+3i)-(3+i)3-i); d) (5 + i)(7 — 63) | 


3+i : 

“4 (5+i)G +5i). 9 O+308=9. 
a (+i? ” 
(2+i)(4+i). (3 —i)(1 — 4i). 

g) mes ey a h) =a H 
i) (2+i)7 + (2-1); ) B+i°-G-i; 
3 

(1+i)>. LW, 

k) (iS 1) ( 5# Pt) 


2002. Calculate i77, 198, i-57, i", where n is an integer. 
2003. Prove the equalities: 


a) (+i)"=2", (eZ); b) (+i =(-1)2", (ne Z). 
2004. Solve the systems of equations: 


a) (I++ (1-22 =1 +i, by it (Il + i)zg = 242i, 
(1 —é)za + (IL +i)z2 = 1+ 345 2iz1 + 3 + 2i)z2 =5 + 3i; 
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c) (1-—fz —3iz2 = —i, d) 22, ~ (2+i)z2 = -i, 
2z, — (34+ 3i)z2 =3-i; (4 — 2i)z, — 5z2 = —1 — 21; 
e) x+iy—2z=10, 
x—y+2iz = 20, 
ix + 3iy —(1+2)z = 30. 
2005. Find real numbers x and y which satisfy the equations: 
a) (24+0x4+(14+2iI)y=1-4i; b) (84+28)x + (1+ 3i)y = 4-9. 


2006. Prove that 

a) acomplex number z is real if and only if z = z; 

b) acomplex number z is purely imaginary if and only if 2 = —z. 
2007. Prove that 


a) the product of two complex numbers is real if and only if one of them is 
conjugate to the other multiplied by a real factor; 


b) asum and a product of two complex numbers are real if and only if these 
numbers are either real or conjugate. 


2008. Find all complex numbers conjugate to their own 
a) square; 


b) cube. 


2009. Prove that if the number z is obtained from the given complex numbers 
Z1, Z2,-++, Zn With the help of finitely many operations of addition, subtraction, 
multiplication and division, then the number Z is obtained from Z), 22, ..., Zn with 
the help of the same operations. 


2010. Prove that the determinant 

za 4 
22 22 
23 23 «Ce 


i ae ~) 


is a purely imaginary number, provided 21, z2, z3 are complex numbers and a, b, c 
are real numbers. 


2011. Solve the equations: 


a) 2 =i; b) z47=3-—4i; 
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c) 2 =5-12i; 


e) 2 —52+4+410i =0; 
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d) 2—-(1+i)z+643i =0; 
f) 244 (2i-7)z+13-i=0. 


21 Complex numbers in trigonometric form 


2101. Find the trigonometric form of the numbers: 


a) 
d) 


8) 
A) 
m) 


p) 
r) 


19) 


v) 


5; 

—3I; 
14+iv3; 
1-iV3; 


- 73 -i; 


24V3+i; 
cosa@ — i sina; 
1+i tana 
1—itana’ 
cos? +ising 
cosy +isiny 


b) 
e) 
h) 
k) 


n) 


q) 
S) 


u) 


1; c) —-2; 
1+4+i; f) 1-i; 
—-14+iv3; i) —1-i3; 
V3 +i; Db -V3+i; 
V3 -i; 0) ies 


1-(2+ V3)i; 


sina + icosa; 


1+cosg+ising, g € [—-2, 7]; 


2102. Calculate the expressions: 


a) (1+i)!™®, 


mM 
d) (a+345) 


§ eS 


(42) 
8) ro 


2103. Solve the equations: 


a) lzji+z=8+4i; 


b) (1 +3)! c) (V3+i)™; 


12 


e) 2-V24i)"; (4) : 


1+i 


(-1+i¥3)5 | (-1-i¥3) 


rT a ar ea 


b) |zj—z=8+ 12. 
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2104. Prove the following properties of absolute values of complex numbers: 
a) [zr £22! S lari + leak: 


b) [Iza — Izall < fai + zal: 


c) [zt +22] = (z1| + |z2| if and only if the vectors z; and zz have the same 


direction; 
d)  |zy + z2| = (|Iz1| — |z2|| if and only if the vectors z; and z2 have the 
opposite direction. 
2105. Prove that 


a) if |z| <1 then |z? -—z+i| <3; 
b) if |z| <2 then 1 <|z?-5| <9; 


1 3 
c) if |z| < 5 then |(1 +i)z3 +iz| < m 
2106. Prove the inequality 


\z1 — za] S flzal — [zal] + min{|z1|, |z2]} - | arg z1 — arg z2|. 


In what case does this inequality turn into an equality? 
2107. Prove that 


Z1 +22 Z1 +22 ees 
[z1| + |z2| = ae — Jf2122| + | 7} + /z1z2\. 


2108. Prove the formula of de Moivre: 
[r(cosy +i sing)]" = r"(cosng + i sinng) 


for integers n, r 4 0. 
2109. Calculate for n € Z the expressions: 


a) (1 +i)"; b) (4). 
1—itana\" See 
c) (FE) ; d) ad +cosg +i sin g) . 


2110. Prove that if z+z~! = 2cosg, then z* +z = 2cosng, where n € Z. 
2111. Represent the following functions as polynomials in sin x and cos x: 


a) sin4x; b) cos 4x; 
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c) sin5x; d) cos5x. 
2112. Prove the equalities: 
fw /2) n 
a) cosnx = reas ) cost . sin” x; 
k=0 \2k. 
ope 2k— | 2k+1 
b i = -1 Pr ERSthy:. gi : 
) sin nx > (-1) Pas ,) es x sin x 


2113. Express the following functions as linear combinations of sinkx and 
coskx,k € Z: 


a) sin’ x; b) cos‘ x; 


c) sin’x; d) cos* x. 


2114. Prove the equalities: 


1 | (2m 1 (2m 
a) cor = ics | 9 (77) soem ah + 37m) | 


k=0 
1 Q/m4l 
b) cos2"+1 y = —_ cos(2m + 1 — 2k)x; 
mE ) 
am (Dm He) _ cy (a) 
c) sin x= Sn-l bp 1) k cos(2m — 2k)x + 5 ¥ ; 


d) sin?"t+! x = Gt yer" ‘) sin(2m + 1 — 2k)x. 


22 Roots of complex numbers. Cyclotomic polynomials 


2201. Prove that if a complex number z is a root of order n of a real number a, 
then the conjugate number Z is a root of order n of a too. 
2202. Prove that if 
R72 = [2132200501 Za)s 


then 


vz = (21, 9 ee 1B 


2203. Which sets %/Z contain a real number? 
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2204.' Let z and w be complex numbers. Prove the equalities: 


a) Vztw=z4/w; 
b)  Y—z*w = —z s/w; 


c) 4/zw =u %/w, where u is one of the values of 2/2. 


2205. Prove that the union of sets 2/Z and %/—z is equal to the set 4/z?. 
2206. Is the equality %/z¥ = %/z (s > 1) valid? 


2207. Calculate 


a) Vi; 

c) aVia - i); 
e) VI; 

g) Vi; 

i) ¥64; 

k) Y-27; 

m) /-72 - iv3); 


0) V2 —2i: 


71-2 | 4+14 
8 —2i 
® Vista® Ara O°™ 


3f1— Si 1+2i a. e 
a Raacay Bhan ” 


Yr) 


'By definition, the set zA is equal to (za | ae A}. 


b) 


1/512(1 — iV3); 


[2423 V3 +i 
V 2+iV/5 2/5 + Si 
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2208. Find, in two different ways, the roots of 1 of order 5 and express in 
radicals: 


a) cos 2, b) sin =, 

c) cos oF d) sin ane 
5 5 

2209. Solve the equations: 

a) (z+ 1)" +(z— 1)" =0; 

b) (z+ 1)" —-(@— 1" =0; 

c) (z+i)" +(z—i)" =0. 


2210. Express in radicals the roots of 1 of orders 2, 3, 4, 6, 8, 12. 
2211. Find the product of all roots of 1 of order n. 


k 
2212, Let €, = cos = + isin ant (0 <k <n). Prove that 


a) V1={e0,e1,...,€n—1)5 

b) ee =ek O<k <n); 

Ek+ls ifk+i<n, (O<k <n, 
Exti-n, ifk+l>n O<I <n); 


d) the set U,, of order n roots of 1 is a cyclic group of order n with respect 
to multiplication; 


c) ee = 


e) every cyclic group of order n is isomorphic to the group U,. 
2213. Prove that 
a) if the integers r and s are coprime and a’ = a’ = 1, thena = 1; 


b) if d is the greatest common divisor of the integers r and s, then U, NU, 
= Ua: 


c) ifintegersr and s are coprime, then any root of 1 of order rs has a unique 
presentation as the product of a root of order r and a root of order s. 


2214. Prove that the following statements are equivalent: 
a) € isa primitive root of 1 of order n; 
b) the order of ¢ in the group U, is equal to n; 


c) isa generator of the group U,. 
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2215. Prove that if ¢ is a primitive root of order n of 1 then é is also a primitive 
root of order n of 1. 


2216. Prove that if integers r and s are coprime, then é is a primitive root of 
order rs of 1 if and only if ¢ is the product of a primitive root of order r and a 
primitive root of order s. 


2217, 
a) Letzbeaprimitive root of order n of 1. Calculate 1+2z2+3z?+---+nz"—!. 
b) Let z be a primitive root of order 2n of 1. Calculate 1 +z +--- +271. 
c) Letzbearoot of 1 and z* +2" + 1 =0. Find n and m. 

2218. Prove that 


a) the number of primitive roots of order n of 1 is equal to $(n) (see 
Exercise 104); 


b) if integers m and n are coprime then ¢(mn) = ¢(m)¢(n). 


2219. Prove that if z is a primitive root of odd order n of 1 then —z is a primitive 
root of order 2n. 


2220. Denote by a(n) the sum of all primitive roots of order n of 1. Prove that 
a) o(1)=1; 
b) ifm > 1, then Dain 7 (4) =0; 
c) o(p) =-—1, if p is prime; 
d) o(p*) =0, if pis prime, k > 1; 
e) oa(rs) =a(r) -o(s), if integers r and s are coprime; 
f) the function a(n) coincides with the Mobius function p(n). 


2221. Let d be the (positive) greatest common divisor of the integer s and the 
natural number n and let ¢; be a primitive root of ordern of 1 (i = 1,2,..., O(m)). 
Prove the equality 
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: a root of some order of 17 


2222. Is the number ; . 


2223. Find the cyclotomic polynomials ®,(x) when 7 is equal to: 


a) 1; b)2; c)3; d)4; e) 6; f) 12; g) p, where p is prime; h) p*, 
where p is prime, k > 1. 
2224. Prove the following properties of cyclotomic polynomials: 


a) [] a(x) =2"-1; 


dln 
b) 2_(x) = &,(—x) (n is an odd integer greater than 1); 


©) a(x) =P] et — (3); 


d|n 
d) if k is divisible by any prime divisor of n, then 


q(x) = % (x?) ; 
e) if is divisible by a prime number p and it is not divisible by p*, then 


©, (x) = a(x?) (2@) 


2225. Find the cyclotomic polynomials for n = 10, 14, 15, 30, 36, 100, 216, 
288, 1000. 


2226. Prove that in any cyclotomic polynomial 
a) all coefficients are integers; 
b) the leading coefficient is equal to 1; 


c) the constant term is equal to —1 if n = 1 and is equal to 1 ifm > 1. 


2227. Find the sum of all coefficients in the cyclotomic polynomial ©, (x). 


23 Calculation of sums and products with the help of complex 
numbers 


2301. Calculate the sums: 


»-()+()-Ce 


70 


b) 


c) 


d) 


(})-@)+@)-G)+- 
14 ()+()+-. 
(i) +) +6) + 


2302. Prove the equalities: 


a) 


b) 


c) 


d) 


e) 


8) 


h) 
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(x 4 2kn,k € Z); 


(x # 2kx,k € Z); 


= 0; 


=0; 


. mx (n + 1)x 
sin — cos 
cos x+c0s 2x+---+cosnx = —2__i_— 
sin — 
2 
_ nx . (n+1)x 
eel Ce 
sinx+sin 2x+---+sinnx = = a= 
sin — 
2 
n 3x 5x (2n — 1)x 
cos — + cos —— + cos — +--+ +cos ———--—— 
n n n 
Se ee, . (Qn-1)x 
sin — + sin — + sin — +--- + sin ————— 
n n n n 
1 4-1 
-V@ + ey)” = x" + y" (€0,61,.--,€,-1 are roots of | of 
n 
k=0 
order n); 


n 
ant] 2 mk . 
x -1=@-n]] (2 ~ 2xcos = +1); 


k=l 


n—l rk 
x — 1 = (x? - nT] (22-205 2 + 1) 
k=1 
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2303. Solve the equation 


cos g+ (;) cos(y +a)x + (5) cos(g +2a)x? nee (*) cos(y-+na)x" = 0. 


2304. Prove that 


o 14(3)+()to=3 
() +n 5 (ete): 


(2" +2cos =): 


» (i)+()+ 
n n n iy (n —4)r\_ 
a(t) (2) (t) ena} (onan) 
d) 2cosmx = (2cosx)™ — —(2cosx)™—? + moe cosx)"—* + 


pe! — Iso. TY 


7 (2cosx)™—* +... 


b+(-1 


2305. Find the sums 


tJ 


) cosx + (") cos2x +---+ (") cos(n + 1)x; 


iz 


) “sing + (1) sin2x +--+ (") sin(n + 1)x: 


c) sin? x + sin? 3x + --- + sin?(2n — 1)x; 

d) cosx + 2cos2x + 3cos 3x +-+-+ncosnx; 
e) sinx +2sin2x + 3sin3x +---+nsinnx. 
2306. Prove 


a) ae ea es = Pe 

2 2sinx 

b) Siete es etal age es 
2 sin x 


2307, Prove that for an odd natural number m 


sin mx = (—4)—-D/2 I ( sin? gine =), 


ape 1<j<(m-1)/2 * 
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24 Complex numbers and geometry of a plane 


2401. Show in a plane the points which correspond to the numbers 5, —2, 
—3i, +1+i/3. 
2402. Find complex numbers corresponding to 


a) the vertices of a square with the center at the origin with sides of length 
1 which are parallel to the axes of coordinates; 


b) the vertices of the regular triangle with the center at the origin, with one 
side parallel to an axis of coordinates, one vertex situated on the negative 
real half-axis and with the radius of the circumscribed circle equal to 1; 


c) the vertices of the regular hexagon with the center at the point 2 + i./3, 
one side parallel to the abscissa and with the radius of the circumscribed 
circle equal to 2; 


d) the vertices of the regular n-gon, with the center at the origin, such that 1 
is one of its vertices. 


2403. Explain the geometric meaning of the expression |z) — z2|, where z, and 
22 are given complex numbers. 
£22 


i 
22 — 23 


2404. Indicate the geometric meaning of the number arg , where 2}, 22, 


23 are distinct complex numbers. 
2405. Where on a plane are the points corresponding to 


a) the complex numbers 21, Z2, 23, such that 
Z+22+23=0, = [z1| = |z2| = |z3] #0; 
b) the complex numbers 2}, 22, 23, 24, such that 


Z+22+23+724=0, [zi] = |z21 = |z3] = |zs| #0. 


2406. Show in a plane the set of points corresponding to the complex numbers 
z, which satisfy the conditions: 


a) |z|=1; b) argz = 3 c) |z| < 2; d) |z-—1-i) <1; 
e) |z+34+4i| <5; f) 2 < |z| <3; g) 1 <|z—2i| <2; 
h) |jargz| < 7/6; 


i) a@ < arg(z—Zo) < 8, where—z <a < B < 7 and Zg is a given complex 
number; 
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p> ([Rz| <1; k)-1 < Riz <0; I |3z| = 1; m) |#tz+32z| < 1; 
n) |z—A|+|z+1]=3; = 0) |z+2|/—|z-2|)=3; — pp) |z—2] = Rz+2. 


2407. Prove the identity 
lz + wl? + |z — wl? = 2AIz\7 + 2Jw/? 


and indicate its geometric meaning. 


2408. Let the complex numbers z;, z2, 73 correspond to the vertices Aj, A2, 
Ay of a parallelogram. Find the number corresponding to the vertex Aq which is 
opposite to A2. 


2409, Find the complex numbers corresponding to the opposite vertices of a 
square, if two of its adjacent vertices correspond to the numbers z and w. 


2410. Find the complex numbers corresponding to the vertices of a regular 
n-gon if two of its adjacent vertices correspond to numbers Zo and 2}. 


2411. Show in a plane the set of points corresponding to complex numbers 


aa 
z= Lage ae ER. 
1-ti 


2412. Prove that 


a) points on a plane, corresponding to the complex numbers 21, Z2, 23, are 
situated on one line if and only if there exist real numbers A), A2, A3, not 
all of them equal to zero, such that 


AyZi + Az2z2 +4323 = 0, Az, +Ad.+A3 =0; 


b) points on a plane, corresponding to distinct complex numbers z), 22, Z3, 


are situated in one line if and only if the number ei) 


22 — 23 


is a real one; 


c) points on a plane, corresponding to distinct complex numbers Z}, Z2, 23, 
z4, which are not situated in one line, belong to a circle if and only if their 
double ratio ae : as S is a real number. 

22-23 22-24 


2413. Show in a plane the set of points corresponding to the complex numbers 


z satisfying the equality \ = 


J | =A, where 21, 22 € C and A is a positive real 
z 


22 


number. 
2414, Find min |3 + 2i — z| if |z| < 1. 
2415. Find max |1 + 4i — z| if |z — 10i +2] < 1. 


74 Al. Kostrikin 


2416. A lemniscate. Show in the plane the set of points corresponding to 
complex numbers z satisfying the equality |z2 — 1] = A. For A = 1 write down 
the equation of the obtained curve in polar coordinates. 


2417. The extended complex plane is the complex plane, complemented by ‘the 
point at infinity’ oo. Prove that if (z1, Z2, 23) and (w), w2, w3) are two triples of 
distinct points of the extended complex plane, then there exists a linear-fractional 
transformation 

_ az+b 
Os cz+d 


(a,b,c,dEC, ad-—bc #0), 


which maps the first triple to the second one. 


2418. Prove that if, in each of the two quadruples (z,, Z2, 23, 24), 
(w 1, W2, W3, w4) of the points of the extended complex plane all entries are dis- 
tinct, then there exists a linear-fractional transformation which maps one of these 
quadruples into the other if and only if their double ratios 


71-23 71-74 Wi — 3 Wi — 4 
72-73 22-% =06w2—wW3 W2— WA 


coincide. 


2419. Prove that a linear-fractional transformation of the extended complex 
plane maps lines and circles to lines and circles. 


2420. Prove that the linear-fractional transformation w = = — (ad — be 
c 
= 1), is mapping the real axis to itself if and only if the matrix (° ‘) is 


proportional to a real matrix. 
2421. Explain the geometric meaning of the linear-fractional transformation 
1 


w=-. 
z 


2422. Explain the geometric meaning of the transformation of the complex 
plane given by the formula w = 2” (n > 2). 


* * a 


1 
2423. Prove that the Zhukovsky function, w = 5 (< + 7) , maps the hyperbola 


(ellipses) with the centres at —1, 1 into ellipses with the same centers. 


2424. Prove that any linear-fractional transformation, which maps the open 
upper half-plane onto the interior of the unit disc with the center at the origin is of 
the form 


—b 
wae F* Where Jal=1, 9b >0. 
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2425. Prove that any linear-fractional transformation, which maps the unit disc 
with the center at the origin into itself, is of the form 


b 
w='s where |ja|=1, b<1 
1—zb 


2426. For what complex numbers a does the function z > z +z? map the 
disc |z| < 1 bijectively into itself? 


Taylor & Francis 
Taylor & Francis Group 
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CHAPTER 6 


Polynomials 


25 Division with a remainder. Euclidean algorithm 
2501. Divide the polynomial f(x), with a remainder, by the polynomial g(x): 


a) f(x) = 2x4 — 3x7 44x? 5x46, 9 g(x) =x? - 3x41; 
b) f@) =x -3x7-x-1, g(x) = 3x*-2x +1. 


2502. Find the greatest common divisor of the polynomials: 


a) x44x3-3x7-—4x-1 and x3 42x2-x-1; 

b) x°+2x4—4x9 —3x748x—5 and x9 4x?-x41; 

c) x5 +3x2-—2x4+2 and x94 x54 x4 — 3x? 42x -—6; 

d) x*4+x9-4x45 and 2x3 —x?—2x +2; 

e) xw4x4—x3-2x—-1 and 3x4 42734274 2x -2; 

f) x®§ —7x448x3 —7x4+7 and 3x5 — 7x3 + 3x? —7; 

g) x°—2x44234 7x? -— 12x +10 and 3x4 6x? + 5x? 42x —2; 
h) x°+3x4 — 12x93 —52x?-52x-12 and x4 43x? — 6x? — 22x — 12; 
i) x +x4— x3 — 3x? -3x—-1 and x4—2x3—x?- 2x 41; 

jp) x4 42341 and x3 — 3x7 41; 

k) x4—10x?41 and x4 —4/2x3 + 6x? 4+ 4V/2x +1. 
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2503. Find the greatest common divisor of the polynomials f(x) and g(x) and 
its linear expression in terms of f(x) and g(x): 

a) f(x) = x4 4223 — x? — 4x -2, g(x) = x44x3-—x?- 2x -2; 

b) f(x) = 3x3 — 2x27 4.x 42, g(x) = x2? -x 4+ 1. 


2504. Let d(x) be the greatest common divisor of f(x) and g(x). Prove that 


a) there exist polynomials u(x), v(x) such that degu(x) < deg g(x) — 
deg d(x) and d(x) = f(x)u(x + g(x)v(x); 


b) in the case a) we have also deg u(x) < deg f(x) — deg d(x); 
c) the polynomials u(x), v(x) in a) are uniquely defined. 


2505. Using the method of indeterminate coefficients, find polynomials u(x) 
and v(x) such that f(x)u(x) + g(x)v(x) = 1: 


a) F(x) = x4 47341, g(x) =x? — 3x74 1; 
b) fx) =2, g(x) = (1—x)?; 
c) f(x) = x4, g(x) = (1—x)*. 


2506. Find polynomials u(x) and u(x) such that 


x™u(x) + (1 — x)" v(x) = 1. 


2507. Find the greatest common divisor and its expression in terms of f and g 
over the field F2: 


a) f=xi4xt4], gaxt+x7 41; 
b) fare antl g=xt+; 

c) f=x 4x41, gaxt4x3 41; 
d) f=xv4x tx, gax*extl. 


2508. After factoring out multiple irreducible factors, factorize the given 
polynomials into irreducible factors: 


a) x® — 15x44 8x3 4 51x? — 72x 4-27; 
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b) 
c) 


8) 


x5 — 6x4 + 16x3 — 24x? + 20x — 8; 

x) — 10x3 — 20x? — 15x — 4; 

x®° — 6x4 — 4x3 + 9x? + 12x +4; 

x® — 2x5 — x4 — 243 4 5x7 44x 44; 

x? — 3x6 4 5x5 — 7x4 4.7x3 — 5x? +. 3x -1; 

x8 + 2x7 + 5x6 + 6x5 4 8x4 + 6x) + 5x? 42x 41. 


2509. Let K be a field and f € K[[x]], g € K[x]\K. Do there exist elements 
r € K{x],h € K[[x]], such that f = hg +r and either r = 0, or degr < deg g? 


26 Simple and multiple roots over fields of characteristic zero 


2601. Divide the polynomial f(x), with remainder, by x — xo and calculate the 
value f (xo): 


a) 
b) 


f(x) = x4 — 2x3 4422-6248, x9 =1; 

f(x) =2x5 — 5x3 -8x, 1x9 = —3; 

f (x) = 3x5 + x4 — 19x? — 13x —10, x9 = 2; 

f(x) = x4 — 3x3 - 10x? 42x45, x9 = —2; 
f@=x5,  x»=1; 

f(x) =x442x3- 3x? 4x41, 9 x9 =—1; 

f(x) = x4 — 8x3 + 24x? — 50x +90, 9 x9 = 2; 

f(x) = x4 4 2ix3 — (14+ )x?-3x4+74+i, x0 = -i: 


f(x) = x4 + (3 — Bi)x3 — (21 + 18i)x? — (33 — 20i)x +7 + 18i, 
Xo = —14+2i. 


2602. Expand the polynomial f(x) in powers of x — xg and find the values of 
its derivatives at the point xq: 


a) 
b) 
c) 


f(x) = x5 — 4x3 + 6x? — 8x +10, xo =2; 
f(x) = x4 — 3ix) — 4x? + Six - 1, xo = 142i; 
f(x) = x4 +4x3 + 6x? + 10x + 20, Xo = —2. 
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2603. Determine the multiplicity of the root xo of the polynomial f(x): 


a) f(x) = x5 —5x44-7x3 2x? 4.42 —8, xo = 2; 
b) f(x) =x + Tx* + 16x) + 8x? — 16x — 16, xo = —2; 
c) f(x) = 3x5 + 2x4 +. x3 — 10x - 8, xy =-1; 
d) F(x) = x9 — 6x4 + 2x3 + 36x? — 27x — 54, xo = 3. 


2604. For what value of a does the polynomial x> — ax? — ax + 1 have —1 as 
a root, with a multiplicity of at least two? 

2605. For what values of a and b is the polynomial ax"*+! + bx” + 1 divisible 
by (x — 1)?? 

2606. For what values of a and b does the polynomial x5 + ax? + b have a 
double nonzero root? 


2607. Prove that the polynomials: 
a) x —ax"tl + ny"! — 1; 
b) x24! — (2n + 1)x"t! + (2n + Ix" — 1; 
c) (mn —2m)x" —nx"—™" +nx™ — (n — 2m), 


have 1 as a triple root. 
2608. Prove that the polynomial 


has no multiple roots. 
2609. Prove that the polynomial 


Ax"! ax"? 4-0. agx™ (ny <ny <--> < mg) 
has no nonzero roots of multiplicity greater than k — 1. 
* ok * 


2610. Determine the multiplicity of the root a of the polynomial 


x- 


5 U'@) + F@1- f@) + F@ 


where f(x) is a polynomial. 
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2611. Prove that over a field of characteristic zero, a polynomial f (x) is divisible 
by its derivative if and only if f(x} = ao({x — xo)". 


2612. Prove that if a polynomial f(x) of degree n has no multiple roots, then 
LF’(x)}? — f(x) f(x) has no roots of multiplicity greater than n — 1. 


2613. Consider the recurrence equation 
u(n +k) = agu(n) + ayu(n + 1) +--+ +ay-1u(n +k -—1), k#0, ap #0 


and put f(x) = x* — ay_yx*—! — ... — ag. Prove that 


a) a function u(n) = n’a",r > 0,a # 0, is a solution of this equation if 
and only if a is a root of f(x) of multiplicity not less than r + 1; 


b) if aj,...,@m are all roots of f(x) of multiplicities 5,,..., 5m, then an 
arbitrary solution u() of the recurrence equation is of the form 


u(n) =) giln)a?, 
i=l 
where g;(x) is a polynomial of degree at most s; — 1,i = 1,..., m. 


2614. Let f(x) = ap t+ayx+---+ a,x*. Prove that a nonzero number z is a 
root of multiplicity at least r + 1 if and only if 


Agtayz+ G22? +---+  amZ™+---+ agz* =0 
Qyz+ 2472? +--+ mamz™ +--+ + kagz* =0 
a,2+27a927 + ---+m7a_z™ +--+» +k7ayz* = 0 


ayz+2" az? ++ --+m"amz™ +++: +k agz* = 0. 


27 Prime decomposition over R and C 


2701. Factorize the polynomials into linear factors over the field of complex 
numbers: 


a) x? — 6x2 + 11x —6; b) x4 44; c) x° +27: 


d) x 4x41; e) cos(marccosx); f) sin((2n + 1)arcsinx). 
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2702. Factorize the polynomials into linear and quadratic factors over the field 
of real numbers: 


a) x5 427; b) x4 44x39 44x? 4.1; 
c) x4 —ax?+1, |a| <2; d) x7 4x41; 
e) x®-x3 41; fy) x24 484x441. 


2703. Construct the polynomial with complex coefficients of the least degree 
having 


a) the double root | and the simple roots 2,3 and | + i; 


b) the double root i and the simple root —1 —i. 


2704. Construct the polynomial with real coefficients of the least degree having 
a) the double root | and the simple roots 2, 3 and 1 + i; 


b) the double root i and the simple root —1 — i. 


2705. Prove that the polynomial x3" +x°*+! + x3P+? is divisible by x? +x +1. 


2706. For what values of m, n and p is the polynomial x3 — x3*+! + ,3p+2 
divisible by x? — x + 12 

2707. For what value of m is the polynomial (x + 1)” — x™ — 1 divisible by 
(x? +x + 1)?? 

2708. Find the greatest common divisor of the polynomials: 


a) (x —13(x +2)2(x — 3)(x +4) and (x - 1)2(x +2)(x +5); 

b) @-1@?-1G3-DY@4=-1) and (6 +1)?41)OF+DG44+D; 
c) x™-—1 and x"—-1; 

d) x™41 and x"41. 


2709. Prove that if f(x") is divisible by x — 1, then f(x") is divisible by x” — 1. 

2710. Prove that if a # 0 and f(x") is divisible by (x — a)*, then f(x") is 
divisible by (x" — a")*. 

2711. Let F(x) = fi(x3) + xfo(x3) be divisible by x? + x + 1. Then fi (x) 
and f2(x) are divisible by x — 1. 
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2712. Let the values of the polynomial f(x) be non-negative for all x € R. 
Prove that f(x) = fi(x)* + f2(x)? for some fi (x), fo(x) € R[x). 


2713, Let f, g be coprime complex polynomials. Then max(deg f, deg g) is 
less than the number of distinct roots of the polynomial fg(f + g). 


2714. Let f, g, h be pairwise coprime complex polynomials, and f* +g” = h". 
Prove that n < 2. 


28 Polynomials over the field of rationals and over finite fields 


2801. Prove that if an irreducible fraction 2 is a root of a polynomial f(x) = 
aox” + ayx"—) +--+ + ag_1x + a, with sient coefficients, then 

a) Plan; b)qlao; ¢) (p— mq)|f(m) for all m € Z. 

2802. Find all rational roots of the polynomials: 

a) x> — 6x? + 15x — 14; 

b) x4 — 2x3 — 8x2 4 13x — 24; 

c) 6x4 + 19x3 — 7x? — 26x + 12; 

d) 24x4 — 42x3 — 77x? + 56x + 60; 

e) 24x5 + 10x4 — x3 — 19x? — 5x + 6; 

f) 10x* — 13x3 + 15x? — 18x — 24; 

g) 4x4 — 7x? — 5x -—1; 

h) 2x34+3x2+6x -4. 


2803. Prove that a polynomial with integer coefficients f(x) has no integer 
roots if f(0), f(1) are odd integers. 


ok « * 


2804. Let a polynomial f(x) with integer coefficients have the values +1 at 
two integer points x), x2. Prove that f(x) has no rational roots if |x, — x2| > 2. If 
|x; — x2] < 2 then the only possible rational root is equal to 5 (x1 + x2). 


2805. Prove that a polynomial which is irreducible over the field of rationals 
has no multiple complex roots. 

2806. A polynomial with integer coefficients is primitive, if its coefficients are 
relatively prime. Prove that the product of primitive polynomials is also primitive. 
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2807. Prove that if a polynomial with integer coefficients is reducible over the 
field of rationals then it can be factorized into the product of two polynomials with 
integer coefficients of lower degrees. 


2808. The Eisenstein criterion of irreducibility. Let f (x) be a polynomial with 
integer coefficients and p be a prime number, such that 
a) the leading coefficient of f(x) is not divisible by p; 
b) all other coefficients of f(x) are divisible by p; 


c) the constant term of f(x) is not divisible by p?. 


Prove that the polynomial f(x) is irreducible over the field of rationals. 
2809. Prove the irreducibility over the field of rationals of the following 
polynomials: 
a) x*— 8x3 + 12x? — 6x +2; 
b) x5 — 12x3 + 36x — 12; 
c) x!05 9, 
d) By(x) = xP“! + xP-2 +... 4.x + 1 (p being a prime); 
e) (x-a))(x—a2)...(x—@,)—1, where a), a2, ..., Gq are distinct integers; 


f) (x —ay)?...(x —a,)* + 1, where aj,..., a, are distinct integers. 


2810. Prove that the polynomial x" — x — 1, n > 2 is irreducible over Q. 

2811. Prove that the polynomial x” + x + 1 is irreducible over Q, ifn # 2 
(mod 3). Prove that ifm = 2 (mod 3) then the polynomial x” + x + 1 is divisible 
over Z by x2 +x +1. 

2812. Let f(x) = x” + x™ + 1. Prove that either f(x) is irreducible over Q, 
or some complex root of | is a root of f(x). 


2813. Let f(x) = x" x" +x7 + 1, Prove that either f(x) is irreducible over 
Q, or some complex root of 1 is a root of f(x). 

2814. Prove that any polynomial with integer coefficients of a positive degree 
has a root in fields Z, for infinitely many primes p. 

2815. Prove that if Fy is the field with q elements, then x4 —x = T[acp, (x—a). 

2816. Let F bea finite field. Prove that for any mapping h : F" — F there exists 
a polynomial f in the ring F[x),..., x,] such that f(a),...,4@,) = A(a},..., Gn) 
for all aj,...,@, € F. 

2817. Let f (x) be the polynomial from Exercises 2810 or 2811 and have q roots 
which are complex roots of 1. Prove that there is a factorization f (x) = g(x)h(x) 
in Q[x], where all roots of g(x) are roots of 1 and A(x) is irreducible over Q. 
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2818. Prove that the polynomial f(x) = x" + ax + 1, a € Z, is irreducible 
over Q, provided |a| > 3. 

2819. Prove that if the polynomial f(x) = x” + 2x + 1 is reducible over Q, 
then f(x) = g(x)(x + 1), where g(x) is irreducible over Q. 

2820. Prove that the polynomial f(x) = x” + gx? +r € Z[x],1< p <n,is 
irreducible over Q if |g| > 1+ |r|*—! and |r| is not a dth power for any nontrivial 
divisor d of the integer n. 

2821. The polynomial f (x) = x" +a,-1x""! +---+ ap € Z[x] is irreducible 
over Q if {an_1| > 1 + lao] + --- + lanai. 

2822. Find: 


a) all irreducible polynomials of degree < 4 over the field Zp; 
b) all irreducible polynomials of degree 2 over the field Z3; 
c) the number of irreducible polynomials of degree 5 over the field Z2; 


d) the number of irreducible monic polynomials of degree 3 and 4 over the 
field Z3. 


2823. Find the number of irreducible monic polynomials of degree 2 and 3 over 
the field with 9 elements. 


2824. Prove that the polynomial g(x) where d divides p — 1, can be factorized 
into linear factors over Zp. 

2825. Let f(x) € Zp[x] be irreducible. Prove that the polynomials f(x), 
f(x +1),..., f(% + p — 1) are either distinct or coincide. 

2826. Prove that if a € Z5, then the polynomial x? — x — a is irreducible 
over Zp. 

2827, Let b be a nonzero element of Zp. Prove that x? — x — b is irreducible 
over Fa» if and only if the integer n is not divisible by p. 

2828. Prove that if a # 1 then the polynomial x? — ax — b has a root in Fg. 

2829. Prove that x" + x" + 1 is irreducible over Z2 if and only if n = 3* for 
some integer k > 0. 

2830. Prove that x + x” + 1 is irreducible over Z2 if and only if n = 3*5” 
for some integers k, m > 0. 

2831. Find all integers a for which all roots of the polynomial x4 — 14x? + 
61x? + 84x + a are integers. 


2832. Let I, be the number of distinct monic irreducible polynomials of degree 
m over the finite field with q elements. Prove that in the power series ring Q[[z}] 


mes) 
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2833. Under the assumption of Exercise 2832 prove that g* is equal to the sum 
mI, for all divisors m of the integer k. 


2834. Let Ij, be as defined in Exercise 2832. Prove that 


1 = 
} = — > H@)q™ 


d|m 


29 Rational fractions 


2901. Represent the rational fraction as a sum of partial fractions over the field of 
complex numbers: 


) 2 . b) 1 . 
” @-DEt+tDat+3) x444" 
e x ; 4) 5x2 + 6x — 28 : 
(x2 — 1)?’ (x - 1)3(x + 1)2(x - 2)’ 
¢e) ee DS f) ee ee 
(x — DQ — 2)(x -— 3)@ - 4)’ (x — DQ? +1)’ 
x? : 1 ‘ 
8) Giza’ ) SaT 
F ni ; R 1 ; 
) x(x —1)...(@a—n)’ ) (x2 — 1)?’ 
1 
k) (Qe — 1)?’ 


2902. Represent the rational fraction as a sum of partial fractions over the field 
of real numbers: 


x? 1 x 
> bb): => C) eas? 
x4 — 16 x?2+4 (x + 1)(x? + 1)? 


d) 1 . ) a ee 
(x4 — 1)?’ 5 cos(n arccos x)’ 


a) 


1 
f) Fo where the polynomial f(x) of degree n has n distinct real roots; 
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1 — 2x -1 
) Sor h) ey 07° ) TaaDiGtaad DD? 
x? -1 x® +27 x(x + 1)4@@44-x4+1) 
: 1 xm 
D Gay aa 


2903. Represent as a sum of partial fractions over Zp. 


xP—x 
2904. Prove that for any nonzero polynomials f, g 


(fay _f' 8’ 
fg sa ade 


2905, Let f = (x — a)... (x — ay). Prove that 


30 Interpolation 


3001. Find the polynomial of the least degree with the given table of values: 


ae i 123 4 6 
ge f(x) || 5 6 1-4 10 


3002. Prove that a polynomial of degree < n, with integer values at n successive 
integer points, has integer values at all integer points. 
Does the polynomial have integer coefficients? 


3003. Prove that any function f : F — F ona finite field F with q elements 
is uniquely represented as a polynomial of degree < q. 
3004. Prove that the polynomial of degree < n, with values y), ..., Yn, at points 
X1,---, Xp is equal to 
a 


. Ji 
bie Lo (x — x))8'(xi)' 


where g(x) = (x — x1)...(% — Xp). 
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3005. The polynomial f(x) of degree at most n — 1 has the values y1,..., Yn 
for the roots of order n of 1. Find f (0). 


3006. Prove that the points x1,...,x, © C are vertices of the regular n-gon 
with the center at the point xo, if and only if for any polynomial f(x) of degree 
<n, the equality 


1 
f (xo) = a LF () +---+ fG@n)) 
is fulfilled. 
3007. Let all roots x1,..., xX, of the polynomial f(x) be distinct. 
a) Prove that for any non-negative integer s < n — 2 


— _¥ 
=0. 
> f'@i) 


b) Calculate the sum 


2% bail 


p> Fa’ 


3008. Find the polynomial of degree 2n whose remainder when divided by 
x(x — 2)... (x — 2n) is equal to —1. 

3009. Construct the polynomial f (x) over Zp, of the least possible degree, such 
that f(k) =k7! fork =1,2,...,p—1. 

3010. Construct the polynomial f(x) over Z7, of the least possible degree, 
satisfying the conditions f (0) = 1, f(1) = O and f(k) = k fork = 2, 3, 4, 5, 6. 

3011. Let Fy be a field with q > 2 elements, and c be a generator of the cyclic 
group F?. Prove that the group of permutations S,, acting on F,, is generated by 
the mappings f(x) = x +1, h(x) = cx, g(x) = x9? 

3012. Given the assumptions of Exercise 3011, prove that the alternating group 
Ag is generated by the polynomials cx, x +1, (49-? + 197, 

3013. Let ko,...,kn be natural numbers and x;, bj; be elements of a field 
F of zero characteristic, where i = 0,...,”, j = 0,...,kj — 1. It is assumed 
that the elements x9, ..., X, are distinct. Prove there exists the unique polynomial 
f(x) € F[x], of degree at most ko + --- +k, — 1, such that f/(x;) = bj; for all 
i, j. 

3014. Let k;, F, x;, bj; be as in Exercise 3013. Put 


iad! 1 
f= Y Gin +s. as dx! (aa) 
=X 


(x —xi)*, 
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where G;(x) = Tei (x*-4x; )‘, Prove that f(x) is a polynomial of degree at most 
ko +++++k,q — Land fY)(x;) = bj; for alli, j. 


31 Symmetric polynomials. Vieta formulas 


3101. Construct the monic polynomial of degree 4 having 
a) the roots 1, 2, —3, —4; 
b) the triple root —1 and the simple root i; 
c) the roots 2, —1, 1 +i and —i; 
d) the double root 3 and the simple roots —2, —4. 
3102. Find the sum of squares and the product of all complex roots of the 
polynomial: 
a) 3x3+2x?-1; 
b) x4—x?-x-1. 
3103. Find the sum of the numbers, which are inverse to the complex roots of 
the polynomials: 
a) 3x3 +2x? -1; 
b) x4—x?-x-1. 


3104. Find the values of all elementary symmetric polynomials at the complex 
roots of degree n of 1. 


3105. Determine d such that one of the roots of the polynomial x3 — 7x +A is 
equal to the other one multiplied by 2. 


3106. The sum of two roots of the polynomial 2x3 — x? — 7x +A is equal to 1. 
Find 4. 


3107. Determine the relation between p and q under which the roots x1, x2, x3 
1 


t 
of the polynomial x3 + px + q satisfy the condition x3 = ra + a 
2 1 


3108. Wilson's criterion. Prove that (p — 1)! = —1 (mod p) if and only if p 
is prime. 
3109. Express in terms of elementary symmetric polynomials: 
a) xox, + xyx3 + x?x3 + xxd +x3x3 + x2x3; 


b) xf +29 +23 — Qxtxg — Ixiag — 2xpxh 


Pp) 
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(x1%2 + x3x4)(x1x3 + X2%4) (4144 + X2%3); 

(%1 + 42 — x3 — X4)(%1 — ¥2 +43 — X4)(%1 — X2 — 23 + 4); 
(x1 + x2 + 1)(e) +22 + 1) G2 +3 + «dD $340); 
(x12 + X3)(x1%3 + X2)(%293 + 21); 

(2x1 — x2 — x3)(2x2 — x1 — x3)(243 — x1 — x2); 

(x1 + x2) (x1 + 23) (41 + 4) (x2 +23) (X2 + 24) (03 + 24); 
aie + xe + Rene + x2x3 + x3x? + x3x3; 


(x1 — D@2 — 13 -— D; 


xe +...; 
xe+...5 
x2x0x3+...5 


xPx2 + ...; 


xpx2x3 + ...5 


3,2 
XjXZ+...- 


3110. Find the value of the symmetric polynomial F at the roots of the 
polynomial f (x): 


a) 


b) 


F=xj; 1% aga + x3(1 + x3) + x3(x1 + x2), 
Sf) =x3—x?-4x41; 


=x} 10325 +X2X44+-X%3%4) +27 3 (x1x3+x1%4 +2324) +23 (2122 +2x1%4+ 
cai +x} (1x2 + x1x3 + x2x3), f= x44x3— 27? -3x41; 


= (x1 —x2)?(x —x3)2(a2—-43)?, f(x) = x3 4ayx? +a2x +42; 
F=xtx+..., f (x) = 3x3 — 5x? +1; 
iS tae f(x) = 3x4 — 2x3 +277 4% -1; 


= (x? + x1x2 + x2)(x? a + x3)(x? + x1x3 + x3), 
oa = 5x3 — 6x? — 7x — 


3111. Let x1, ..., X, be the roots of the polynomial x” + an_yx"-! 4..- +p. 
Prove that any symmetric polynomial in x2, x3,...,X_, can be represented as a 
polynomial in x). 
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3112. Let o%; be an elementary symmetric polynomial of degree k in the 
variables x1, ...,Xj—1, Xi+1, +++» %n- Prove that 


Oxi = Ob — XiOg—-1 H-°s + (-1)'xF Io, + (-1)* x. 


(It is assumed that o,, = 0 if m > n and op; = 0 if m > n.) 

3113. Consider the polynomial A; = (1 + x)f)...(1 + xnf) in the variables 
X1,..+,Xn,t. Prove that A, = 1 + ot tot? +---+ ont". 

3114. Let A; be as in Exercise 3113, and s, = x* +--- +x. Prove that 


d er 
aon) = DCD a, 
>0 


3115. Prove the Newton's formula 
Sk — O1S¢—1 + 025¢-2 +++» + (—1)*lop-151 + (1)kox = 0. 


(It is assumed that oj = 0 if k > n.) 


3116. Prove that 
oO} 1 Oo ... 0 O 
202 oO} 1 sa 0 O 
Sk =| .caae TETTCULELELEELEREE ELSE eee ee) . 
(Kk — Wog-1 O%-2 OR-3 ao | 
kor Ok-1 Ok-2 «... 02 Of 
3117. Prove that 
S) 1 0 0 0 
1 | 2 St} 2 0 0 
On = ki ee ee ee 


Sk-1 Sk-2 Sk—-3 ws» 5 OK 1 
Sk Sp—] Sk-2 «+. = 52 S| 


3118. Find the values of s,», at the roots of ®, (x). 
3119. Find the values of s;,..., S, at the roots of the polynomial 


a—l xn-2 1 


3120. Calculate the values of the symmetric polynomials s, at the complex 
roots of 1 of degree k. 
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3121. Solve the systems of equations over the field of complex numbers: 


a) x +42 +43 =0, b) xi + x3 +34 =6, 
xf +13 +x? =0, x} +x} —x1x2x —3 =—4, 
xp +x} +33 =24; X1X2 + X1x3 + 2x4 = — 3. 


3122. Prove that the value of any symmetric polynomial with integer coefficients 
in n variables at the roots of 1 of order n is an integer. 


3123. Let ¢ be a primitive complex root of order k of 1. Prove that for any 
complex number a 


(x —a)(xg — a)... (xg*! — a) = (-1)** (2 — a). 
3124. Let ¢ be a primitive complex root of order k of 1 and f (x) be a polynomial 
with complex coefficients. Prove that 


a) f(x) f (xe)... f(xg*-!) = h(a), where h(x) is a polynomial; 


b) the roots A(x) are precisely the kth powers of roots of the polynomial 
F(). 


3125. Find the polynomial of degree 3 whose roots are: 
a) cubes of the complex roots of the polynomial x3 — x ~ 1; 


b) fourth powers of the complex roots of the polynomial 2x3 — x? + 2. 


3126. Find the polynomial of degree 4 whose roots are: 
a) squares of the complex roots of the polynomial x* + 2x? — x + 3; 
b) cubes of the complex roots of the polynomial x* — x — 1. 


3127. 


a) Let f(x1...%,) be an antisymmetric polynomial in x,,...,x,. Prove 
that f(x1...%n) = A(x... Xn) g(x1-.- Xn), where A(x, ...x,) is the 
Vandermonde determinant and g(x1 ... xn) is a symmetric polynomial. 


b) Let A(x ...2,_) be a symmetric polynomial and A(x, x1, x3,..-, Xn) 
= 0. Prove h(x) ...x,) = A(x, ...%n,)7u(™1.. .X_) where u(x)... Xn) 
is a symmetric polynomial. 
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3128. Let 
h= ¥: Rip os Xigs 
1<ij<+-Sik-sa 


and A, be as in Exercise 3113. Prove that 


a) Apt = Dot yt; 
k20 


b) 0% — hyop—1 +++ + (—1)¥ "agi + (— Dt = 0, 2 1; 
c) each symmetric polynomial is a polynomial in h,,..., hy. 
3129. A partition of a number n is a set A of non-negative integers 1 = 


(A1,---,An), Where A} +--- +A, = manddA, > Az >-:: > A, > O. Let 
p(n) be the number of partitions of the number n. Prove that 


[Ja-e t= 30 peo". 


m20 n>0 


3130. Let a = (a,...,@_), @] > @2 > ++: > a, > O bea set of natural 
numbers. Put 


Gq (x1 ...X_) = ye (sgna) xo} .-.x0". 


GES, 
Prove that 
ote. ...? as 
a) aq(x)...Xn) aaa | Matos Side e's ode i 
x xan 
b) if6 = (m—I1,n—-2,..., 1,0), then as(x; ...x,) is the Vandermonde 
determinant in x,,..., X1. 


3131. Let A = (A1,...,An) be a partition of some natural number k. Put 
a = Aj +n-—1i for all i. Let 


aa 
Sy(x1...%n) = —. 
as 


Prove that 
a) S,(x1...X,) is a symmetric polynomial with integer coefficients; 


b) Sy(x1...X,) for all A = (A, ...An) form the basis of the linear space of 
symmetric polynomials in x1, ...,%n3 


c) ifA=(1,..., 1), then S,(41...X_) = On; 
d) ifA = (n,0...,0), then S, (x, ...X,) = hy (see Exercise 3128). 
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3132. Prove that 
a) Td —xiy) 7 = Yo Sin... Or, 92. «5 
i,j=l a 


b) Td +i) = D0 SiG, 22...) SO. v2, )s 
i,j=1 a 


where the summation is taken over all partitions A = (A, ...A,).A’ is the conjugate 
partition, i.e. 4; is the number of all j such that Aj > i. 


3133, Prove that 


De oe Gera yts «+s Fenn) = ORCA XnORO «n> 
TES, 


3134, Let F be the field of fractions of the ring of symmetric polynomials 
with integer coefficients in x; ...X,. Prove that F coincides with the subfield of 
Q(x1,..., 4), Consisting of all symmetric rational fractions. 


32 Resultant and discriminant 


3201. Calculate the resultant of the polynomials 
a) x°—3x24+2x+1 and 2x?-x-1; 
b) 2x3 —3x242x41 and x74x+3; 
c) 2x3-3x?-x+2 and x4—2x?-3x44; 
d) 3x3 4+2x7+x41 and 2x3 42x?-x-1; 
e) 2x4-—x343 and 3x2 -—x744. 
3202. Find all values A at which the polynomials: 
a) x3-Ax+2 and x?+Ax4+2; 
b) x3 +Ax?-9 and x3 +Ax-3; 
c) x9-2axr+A3x and x?427-2 
have a common root. 
3203. Eliminate x from the systems of equations: 
a) x*—xy+y? =3, b) x-—xy—-y+y=0, 
x*y + xy? = 6; xttx—y?=1; 
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c) y? —Txy + 4x? + 13x — 2y -3 =0, 
y? — 14xy + 9x? + 28x — 4y —5 =0; 
d) y? +x? -y-—3x =0, 
y* — 6xy — x2 + lly +7x — 12 =0; 
e) 5y? — 6xy + 5x2 — 16=0, 
y —xy4+2x?-y-x-4=0. 


3204. Prove that R(f, 8182) = R(f, 81) RF, 82). 

3205. Find the resultant of the polynomials ©, and x™ — 1. 
3206. Find the resultant of the polynomials ©, and D,,. 
3207. Calculate the discriminant of the polynomials: 


a) ax? + bx +c; b) x + px+q; 
c) x + a,x? + a2x + a3; d) 2x4 — x3 — 4x2? 44 1; 
e) x4—x3-3x27 4241. 


3208. Find all values A at which the polynomials: 
a) x°—3x+A; b) x4-—4x 4A; 
c) x? —8x274+ (13 —A)x —(64+2A); d) x4—4294+(2-A)x +2x -2, 


have a multiple root. 
3209. Prove that 


D{( — a) f (x)] = DIF (x)]- f(@)?. 


* * * 
3210. Calculate the discriminant of the polynomial 
xPh gg gg 4, 


3211. Calculate the discriminant of ©, (x). 
3212. Calculate the discriminant of the polynomial 
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3213. Let f and g be irreducible polynomials. Prove that 
D(fg) = D(f)D(e)IRU, g)¥. 


3214. Let j, k be natural numbers and d = (j, k). Prove that 
R(xi — al, xt — bt) = (-1)) (DIET — git). 
3215. Letn > k > O and d = (n, k). Prove that 
D(x" + ax* + by =(—1)"@-V2 "pk! =x 
x [nnd Dobe y(n — Rye gn], 


3216. Calculate the discriminant of the polynomial x” + a. 
3217. Calculate the discriminant 


a) of the Hermite polynomial P,(x) = (ite® - (<*) : 


Ll 
b) of the Laguerre polynomial P,,(x) = (—1)"e* ate 3 


c) of the Chebyshev polynomial 2 cos (n arccos 5): 


33 Isolation of roots 


3301. Write down the Sturm series and isolate the roots of the polynomials 


a) x°-—3x-1; b) x2 +x?-2x-1; 
c) x3 -—7x+7; d) x°—-x+4+5; 

e) x°4+3x—5; f) x4—-— 12x? - 16x —4; 
) xfs h) 2x4 — 8x34 8x?-1; 
g 

i) x*+x7-1:; p x4+4x? - 12x49. 


3302. Write down the Sturm series for the real polynomial x5 —5ax3+5a?x+2b. 
Find the number of real roots of the polynomial according to the sign of the number 
5:52 
a’ —b’. 
3303. Write down the Sturm series for the real polynomial x” + px + q. Find 
the number of real roots of the polynomial according to the parity and the sign of 
the number d = —(n — 1)"—! p” — n'"q"-!_ 
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3304. Write down the Sturm series and find the number of real roots of the 
polynomial 
x* x 


x 
mane * ; 
n! 


Ex(x) = 1+ 5 2 


3305. Prove that the polynomial 3 — 3¢ + r cannot have more than one real 
root in the segment [0, 1]. 


3306. Assume that all roots of a polynomial f(x) € R[x) are real and 
F(x) = a(x —a)"...(¢— am), 2 £0, 


that where a, < az <-:- < Gm. Prove that 


a) f'(x) =na(x —a,)"-! oe (X — am)*m-! (x — by)... (% — Dm_}) 
where a, < bj < a2 < by <--+ < Gm_) < bm_| < Om; 


b) ifthe integer k does not exceed the degree of f(x), then the multiple roots 
of the kth derivative f) (x) are precisely the numbers a,, kj > k; 


c) if f(x) = cax" +en-1x""! +--+ +00, where cy # O and cy = ce+1 = 0 
for some k = 0,...,2 —2, thenco = cy =--+ = cy = Cay =O. 


3307. Let g(x) = byx” +--+ + bo be a real polynomial, b,, bp #4 O and 
by = by41 for some k = 1,..., — 2. Then g(x) has at least one nonreal root. 


3308. Prove that the real polynomial 
OnX" + Gy—1x") +++ + a3xr>+x727 4x41, an #0, 


has at least one nonreal root. 


3309. Prove that all complex roots z of the polynomial nx" — x"-! —...—1 
satisfy the condition |z| < 1. 


3310. Prove that all positive roots of the polynomial 
f(x) =x(x + D4H2)...444+n)-1 


l 
are less than —. 
n! 


3311. Prove that the polynomial x* — 5x? — 4x? — 7x +4 has no negative roots. 


3312. How many roots of the polynomial x° + 6x + 10 lie in each quadrant of 
the complex plane? 
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3313. Let ny < --- < mj be natural numbers. Prove that the polynomial 
Lx" 4-..-xtt 


-1 


has no complex roots z such that |z| < 


3314. Prove that the absolute values of all complex roots of the real polynomial 
xt! _ ax" + ax — 1 are equal to 1. 


3315. Let k be a natural number and |a;| < k fori = 1,...,m. Then for any 
4 
root z of the polynomial a,x” + --- + a,x + 1, one has |z| > Far 
3316. If all roots of a polynomial f(x) € C[x] are located in the upper half- 
plane, then all roots of f’(x) belong in the same half-plane. 


3317, Let D be a convex domain in the complex plane which contains all the 
roots of a polynomial f(x) € C[x]. Then all roots of f’(x) belong to D. 


3318. Let fo, fi,..., fy be asequence of real polynomials with positive leading 
coefficients such that 


(1) the degree of f; is equal tok, k = 0,...,n and 


(2) fe = ax fe-1 — Ce fe—-2, Where ay, cx are real polynomials, and cy, (r) > 0 
for allr € R atk > 2. 


Prove that 
a) the roots of all polynomials fj are real; 


b) aroot of fx-1 is located between two roots of fx. 
3319. Determine the number of real roots 
of -¥ 
a) of the Hermite polynomial (—1)"e ane : 
b) of the Laguerre polynomial cre Se (ate), 


3320. Determine all polynomials with coefficients +1 having only real roots. 
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CHAPTER 7 


Vector spaces 


In this chapter the coordinates of vectors are recorded in a row. The basis of the 
space, consisting of vectors €), €2,..., &n, is recorded as the row (€1, €2,..., €n), 
while for matrix recording, the coordinates of basic vectors are placed in a column. 
The matrix of a change of an ‘old’ basis by a ‘new' one (e}, €5,..., €,) is the 
matrix T = (t;;) whose columns are the coordinates of the new basic vectors in 
the old basis. 
Thus, 


(64, €45-+ +1) = (61, €25 +++ en) T, 


and the coordinates of a vector x in the old and new bases are connected by the 
equality x; = Yj=1 tj JX} or, in the matrix record 


x1 x} 
t 

é =T|. 
Xn x! 


34 Concept of a vector space. Bases 


3401. Let x, y be vectors, a, 6 be scalars. Prove that 
a) ax = Oif and only ifa = Oorx = 0; 
b) ax + By = Bx + ay if and only ifa = B orx = y. 
3402. For which values of A 


a) does the linear independence of a system of vectors {a), a2} imply the 
linear independence of the system {Aa; + a2, a, + Aa2}; 


101 


102 A. Kostrikin 


b) does the linear independence of a system {a,...,@,) imply the linear 
independence of the system {a; +42, a2 +43, ..., Qn-1 +n, Gn +Aa}}? 


3403. Prove the linear independence of the systems of functions: 
a) sinx, COsx; 
b) 1, sinx, cosx; 
c) sinx, sin2x, ..., sinnx; 
d) 1, cosx, cos2x, ..., cosnx; 
e) 1, cosx, sinx, cos2x, sin2x, ..., cosmx, sinnx; 
f) 1, sinx, sin? x, ..., sin" x; 
g) 1, cosx, cos? x, ..., cos" x. 
3404. Prove the linear independence of the systems of functions: 
a) e7*, .., ett; 


L) ee og ee cal 
c) (L—ayx)7!,..., (I -aax)7), 
where a, ..., @, are pairwise distinct real numbers. 

3405. Prove that in the space of functions of one real variable, vectors f,,..., fn 
are linearly independent if and only if there exist numbers a}, ...,@, such that 
det (fi(aj)) # 0. 

3406. 


a) Let there be defined, in a vector space V over the field C, a new 
multiplication of vectors by complex numbers by the rule ao x = @x. 
Prove that V with respect to the operations + and o is a vector space. 


Find its dimension. 
b) Let” be the abelian group of all rows (a;,..., a,) of length n, a; € C. 
If b € C we put bo (a), ..., Gn) = (ba), ..., ba,). Is C” a vector space 


with respect to the operations + and 0? 


3407, Prove that 
a) the group Z is not isomorphic to the additive group of any vector space; 


b) the group Z,, is isomorphic to the additive group of a vector space over 
some field if and only if n is a prime number; 


c) commutative group A is a vector space over the field Z, if and only if 
px = 0 for any x € A; 
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d) acommutative group A can be turned into a vector space over Q, if and 
only if it has no elements of finite order (except zero) and, for any natural 
number n and any a € A, the equation nx = a has a solution in the 
group A. 

3408. Let F be a field and E be its subfield. 

a) Prove that F is a vector space over E. 


b) If F is finite then |F| = |E|”, where n is the dimension of F as a vector 
space over E. 


c) If F is finite then |F| = p™, where p is the characteristic of F. 
d) Find the basis and dimension of C over R. 


e) Let m),..., my, be distinct square-free natural numbers. Prove that the 
numbers 1, ,/mi,..., ./mpy are linearly independent in R over Q. 


f) Letry,...,7, be distinct rational numbers in the interval (0, 1). Prove 
that in the space R over Q the numbers 2”1, ... , 2" are independent. 


g) Leta be a complex root of an irreducible polynomial over Q, p € Q[x]. 
Find the dimension over Q of the space Q[a], consisting of all numbers 
of the form f(a), f € Q[x]. 


3409, Let M be a set consisting of n elements. On the set of its subsets 2” let 
there be defined the operations of addition and multiplication by elements of the 
field Z2 as in Exercise 102. 


1X=X, OxX=@. 
a) Prove that with respect to these operations the set 2” is a vector space 
over the field Z2, and find its basis and dimension. 


b) Let X),..., X, be subsets of M, neither of which is contained in the 
union of the others. Prove that {X1,..., X;} is an independent system. 


3410. Let the vectors ¢;,..., @, and x be given, in some basis by coordinates: 
a) ev=(1,1,1), e2=(1,1,2), e3 =(1,2,3), x = (6,9, 14); 


b) ey = (2, 1, —3), Q= 3, 2, 5), 3= ql, -l, 1), 
x = (6, 2, —7); 


c) a= (1,2, —-1, —2), e2 = (2,3, 0, —1), 3 = (1,2, 1, 4), 
e4 = (1,3,-1,0), x = (7, 14, -1, 2). 


Prove that (e1, ..., @,) is also a basis of the space and find the coordinates of x in 
this basis. 
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3411. Prove that each of the two given systems of vectors S and S’ is a basis. 
Find the matrix of the change of the base S to S’. 


a) S=((1,2,1), (2, 3,3), 3,8, 2)), 
S’ = ((3, 5,8), (5, 14, 13), (1,9, 2)); 


b) S=(0,1,1,)), 0,2, 1,0), (11,2, 1,), (1, 3,2, 3)), 
S’ = (C1, 0, 3, 3), (—2, -3, —5, —4), (2,2, 5, 4), (—2, —3, —4, —4)). 


3412. Prove that in the space R[x], of polynomials of degree < n with real 


coefficients the systems 


{1,x,...,x"} and {1, x —a, (x —a)’,...,(x—a)"}_ (@€ R) 


are bases. Find the coordinates of the polynomial f(x) = ap + a,x +--+ + a,x" 
in these bases and the matrix of change from the first basis to the second one. 


3413. What happens with the matrix of the change from one basis to another if 
a) we interchange two vectors of the first base; 
b) we interchange two vectors of the second base; 


c) we write the vectors of both bases in inverse order? 


3414. Prove that the following systems of vectors are linearly independent and 
complete them to a basis of the space of rows 


a) a= (2, 2, cp —-1), a2= G3, -1, 2, 4), a3 = ql, 1, 3, 1); 
b) a= (2, 3, —4, —1), a2= qd, —2, 1, 3); 


c) aq,= (4, 3, -I, ie 1), a2= (2, 1, -3, 2, —5), 
B= qd, -3, 0, 1, —2), a= dl, 55 2, —2, 6); 


d) a; = (2,3,5,-4,1), a2 = (1, —1, 2,3, 5). 


35 Subspaces 


3501. Find out whether the following sets of vectors form a subspace of appropriate 
vector spaces: 


a) vectors of the plane with the origin O whose ends belong to one of two 
given lines which are intersecting at the point O; 


b) vectors of the plane with the origin O whose ends belong to a given line; 
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c) 


d) 
e) 
f) 


vectors of the plane with the origin O whose ends do not belong to given 
line; 


vectors of the coordinate plane whose ends belong to the first quadrant; 
vectors of the space R” with integer coordinates; 


vectors of an arithmetic space F”, where F is a field, which are solutions 
of a given system of linear equations; 


vectors of a linear space which are linear combinations of the given vectors 
ay gooey ak, 


bounded sequences of complex numbers; 
convergent sequences of real numbers; 
sequences of real numbers with the fixed limit a; 


sequences u(n) of elements of a field F satisfying the recurrence equation 


u(n +k) = f(n) + agu(n) + ayu(n + 1) +--+ +ax-pu(n +k —1), 


1) 


m) 


n) 


0) 


where (f(n)) is a fixed sequence of elements of F, k is a fixed natural 
number, and a; € F; 


polynomials of even degree with coefficients in a field F; 


polynomials with coefficients in a field F which do not contain even 
powers of the variable x; 


elements of the space 2™ (see Exercise 409) of even cardinalities; 


elements of 2™ of odd cardinalities. 


3502. Prove that the following sets of vectors in a space F”, where F is a field, 
form subspaces. Find their bases and dimensions: 


a) 
b) 
c) 
d) 
e) 


vectors in which the first and last coordinate coincide; 

vectors in which the coordinates with even indices are equal to 0; 
vectors in which the coordinates with even indices are equal; 
vectors of the form (a, B, a, B,...); 


vectors which are solutions of a homogeneous system of equations. 
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3503. Find out if the following sets of matrices of size n over a field F form 
subspaces of the spaces of matrices M, (F). Find their bases and dimensions: 


a) all matrices; 

b) symmetric matrices; 

c) skew-symmetric matrices; 

d) nonsingular matrices; 

e) singular matrices; 

f) matrices with zero trace; 

g) matrices commuting with the given set of matrices; 


h) matrices X satisfying the equations Aj X + XB; = 0, where {A;, B;} is 
the given set of matrices. 


3504. Let R5 be a space of all functions defined on a set S and taking the real 
values. Find out if the following sets of functions f(x) € R5 form a subspace: 


a) functions with the value a at the given point s € S; 

b) functions with the value a at all points of some fixed subset T C S; 
c) functions vanishing at some point of the set S; 

d) functions with a limit a at x — oo (if S = R); 

e) functions with finitely many points of discontinuity (if 5 = R). 


3505. Let K™ be a space of infinite sequences of elements of a field K. Find 
out if the following sets of sequences form subspaces of K™: 


a) almost zero sequences; 
b) sequences in which only finitely many members are equal to zero; 


c) sequences in which all elements are distinct from 1. 


3506. Prove that in the spaces R© and C™ the following sets form subspaces: 


a) Cauchy sequences, that is: for any ¢ > 0 there exists a number N € N 
such that |x, — x,| < ¢ foralin,k > N; 


b) sequences satisfying the Hilbert condition: the series yi |x; |? 
converges; 


c) sequences of a polynomial growth, i.e. |x,| < Cn*, where C, k are natural 
numbers depending on the sequence; 
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d) sequences of an exponential growth, i.e. |x,| < Ce”, where C, n are 
positive real numbers depending on a sequence. 


3507, Find out if the following sets of polynomials form subspaces of the spaces 
R[x], (see Exercise 3412). Find their bases and dimensions: 


a) polynomials with a given root a € R; 

b) polynomials with a given roota € C\ R; 

c) polynomials with given roots a,...,a;% € R; 
d) polynomials with a given simple root a € R. 


3508. Prove that if a subspace of the vector space R[x], (see Exercise 3412) 
contains at least one polynomial of degree k for any k = 0, I, ..., m and does not 
contain polynomials of degree > m then it coincides with R{x]m. 


3509. Let R[x1,..., Xm] be a space of polynomials in variables x1,..., Xm. 
Find: 
a) the dimension of the subspace of all homogeneous polynomials of 
degree k; 


b) the dimension of the subspace of symmetric polynomials which are 
homogeneous polynomials of degree k. 


3510. Let V be an n-dimensional vector space over a field F with g elements. 
Find: 


a) the number of vectors in V; 

b) the number of bases of V; 

c) the number of nonsingular matrices of size n over F; 
d) the number of singular matrices of size n over F; 

e) the number of k-dimensional subspaces of V; 


f) the number of solutions of an equation AX = 0, where A is a rectangular 
matrix of rank r, X is a column of variables of height n. 


3511. Find a basis and the dimension of the linear span of the following system 
of vectors: 
(1, 0, 0, -1), a2 = (2, ly 1, 0), a= (1, 1; 1, 1), 
a4= ql, 2s 3; ), a5= (0, 1, 2, 3); 
( 
( 


), a2 = (I, 1,-1,-1,-1), a3 = (2,2,0,0, —1), 
), a5 = (1, —1, —1,0, 0). 
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3512. Let L; and L2 be subspaces of a finite-dimensional vector space V. 


Prove that 
a) if LZ; © L2, then dim L; < dim L2 and equality occurs only if L) = L2; 
b) if dim(Z; + L2) = 1 + dim(L; N L2) then the sum L; + L2 is equal 
to one of these subspaces and the intersection L, M Lz is equal to the 
other one; 
c) if dim ZL; + dim L2 > dim V then L;N L2 £0. 


3513. Let U, V, W be subspaces of a vector space. 


a) 
b) 
c) 
d) 


e) 


Is it possible to assert that UN (V + W) = (UN V)+(UNW)? 
Prove that the previous equality is valid if V C U. 
Prove that (U+W)N(W+V)N(V+4U) = [((W+V)NU]+[(V+U) NW). 


Prove that dim[(U + V)N W] + dim(U N V) = dim[(V + W)NU]+ 
dim(V N W). 


Prove that (UNV)+(VNW)+(WNU) C (U+-V)N(V+W)N(W+U) 
and that the difference of the dimensions of these subspaces is an even 
number. 


3514. Find the dimensions of the sums and intersections of the linear spans of 
the systems of vectors of the space R*: 


a) S=((1,2,0, 1), (1,1, 1,0)), 
T = ((1, 0, 1,0), (1, 3, 0, 1)); 
b) S=((1, 1, 1, 1), qd, -1, 1,-1), (1, 3, 1, 3)), 
T = ((1, 2, 0, 2), (1, 2, 1, 2), (3, 1, 3, 1)); 
c) S= ((2, —1,0, —2), (3, —2, 1,0), (1, -1, 1, -1)), 
T= ((3, -1,-1, 0), (0, -l, 2, 3), (5, —2, -1, 0)). 
3515. Find bases of the sum and of the intersection of the linear spans (a, a2, a3) 
and (b), bp, b3): 
a) a, = (1,2, 1), by = (1, 2, 2), 
a2 = (1, 1,—1), by = (2, 3,—-1), 
a3 = (1, 3, 3), b3; = (1, 1, —3); 
b) a, = (-1,6, 4, 7, —2), b, = (1, 1,2, 1, -1), 
a2 = (—2, 3, 0,5, —2), bz = (0, —2, 0, —1, —5), 


a= (-3, 6, 5, 6, —S5), b3 = (2, 0, 2, 1; —3); 
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c) a, = (1,1, 0,0, -1), b; = (1,0, 1,0, 1), 
a2 = (0, 1, 1,0, 1), b2 = (0,2, 1, 1,0), 
a= (0, 0, 1, 1, 1), b3 = (1, 2, 1,2, —1); 

d) a; = (1,2, 1,0), b, = (2, -1,0, —1), 
a2 =(-1,1, 1, 1), hb =(1,-1, 3,7); 

e) a= ql, 2; -l, —2), by = (2, 5; —6, —5), 
a2 = G3, 1, 1, 1), bo = (-1, 2, —7, —3). 


a3 = (-1,0, 1, -1), 


3516. Find the system of linear equations defining the systems of vectors: 
a) ((1,—1,1,0), (1, 1,0, 1), (2,0, 1, 1)); 
b) (01,-1,1,—-1,1), (1, 1,0, 0, 3), (G, 1,1, -1,7)). 
3517. Let Li,..., Ly be subspaces of a vector space. Prove that 
a) the sum of these subspaces is direct if and only if at least one of its vectors 


has a unique representation 


Xptees tye OF EL; i=1,...,k); 
b) the condition L; N Lj = 0 for any distinct i and j from 1 to k is not 
sufficient for the sum of these subspaces to be direct. 


3518. Let the subspaces U, V C R” be given by the equations 
Xp +4x24+-+-- +2, =0, Xp H XQ = = Xp 


Prove that R” = U @ V and find the projections of basic vectors into U in parallel 
with V and into V in parallel with U. 


3519. Put in the space R* 


U = ((1,1,1, 1), (—1, —2,0, 1)), Vv = ((-1, -1, 1, -1), (2,2,0, D). 


Prove that R* = U @ V, and find the projection of the vector (4, 2, 4, 4) into the 
subspace U in parallel with V. 


3520. Prove that for any subspace U C R" there exists a subspace V such that 
R"’ =UOV. 
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3521. Prove that the space of matrices M,, (IR) is the direct sum of the subspace 
of symmetric and the subspace of skew-symmetric matrices. Find the projections 
of the matrix 


11... 1 
01... 1 
O <O. ce 1 


into each of these subspaces in parallel with the other one. 
3522. Let U be the subspace of skew-symmetric matrices, V be a subspace of 
upper-triangular matrices in M, (R). 
a) Prove thatU @ V = M,(R). 


b) Find the projections of the matrices Ej; into U and into V. 


3523. Let U be the subspace of symmetric matrices, V be the subspace of 
upper-triangular matrices in M,,(R). 


a) Prove thatU @ V = M,(R). 
b) Find the projection of the matrix Ej; into U and into V. 


3524. Let F be a field with q elements, U be a subspace of dimension m of a 
space V of dimension n over F.. Find the number of subspaces W of V such that 
V=U®@V. 


3525. Let V be a linear space over an infinite field F and Vj,..., Vg be 
subspaces of V such that V = V, U--- U V,. Prove that V = V, for some 
P= seek: 


3526. Let V be a linear space over a field F, and U, W be subspaces of V such 
that U U W = V. Prove that either V = U or V = W. 


3527. Find an example ofa space V over a finite field such that V = U;\UU2UU3, 
where U1, U2, U3 are proper subspaces of V. 


36 Linear functions and mappings 


3601. Let Vo ay Vi 4 aoe Bae Vin be a sequence of linear mappings of vector 
spaces. Prove that 


m m 
>> dim Ker.A; — }* dim(V;/Im Aj) = dim Vo — dim Vin. 


i=l i=1 
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3602. Let F be a field with g elements. Find 
a) the number of linear mappings from F” to F*; 
b) the number of linear injective mappings from F" to F*; 
c) the number of linear surjective mappings from F" to F*. 


3603. Let the linear mapping A : V — W be given in the base (e), €2, 3) of a 
space V and in the base (fi, f2) of a space W by the matrix (3 : . Find the 
matrix of the mapping A in the bases (e;, e1 +e2, €1 +2 +3) and (fi, f; + f2). 

3604, Let L = K[x], (see Exercise 3412), (K is a field). Find the matrix of the 
linear mapping A : f(x) +> f(S) from the space L into the space M = M2(K). 
ere S= r : is a fixed matrix, and there are chosen the basis (1, x) in L, 
and the basis of matrix units in M. 


3605. Let A,B : V — W be linear mappings such that dim(ImA) < 
dim(Im B), Prove that there exist operators C, D on V and W such that A = DBC 
and C (or D) can be chosen as nonsingular. 


3606. Let A,B : V — W be linear mappings. Prove that the following 
conditions are equivalent: 


a) KerA < KerB; 
b) 8B=CA for some operator C on W. 


3607. Let A,B : V —> W be linear mappings. Prove that the following 
conditions are equivalent: 


a) ImACImB; 
b) A= BD for some operator D on V. 


3608. Let A : V — W be linear mappings. Prove that there exists a linear 
mapping B : W — V such that A = ABA, B = BAB. 


3609. Let V = R[x], and the mappings a7 (a € R), B', y' from the spaces V 
into R be given by the rules 


a(f)=fa), BIN=f9O, vif= / fla) dx. 
0 


Prove that the systems: 


a) aly... a, b) p°, p!,..., B", c) yyy ,..o¥ 


are bases of the dual space V*. 
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3610. 


a) Prove that for any basis of the dual space V* of V there exists a unique 
basis of V for which the given basis is dual. 


b) Find such a basis in Exercise 3609a. 


c) Find such a basis in Exercise 3609b. 


3611. Prove that for any nonzero linear function f on n-dimensional space V 
there exists a base (€), ..., €,) such that 


Sf (x1e1 +++ + Xen) = 21 


for any coordinates x1,..., Xn. 


3612. Prove that any k-dimensional subspace of n-dimensional space is the 
intersection of kernels of some n — k linear functions. 


3613. Let f be a nonzero linear function on a vector space V (not necessarily 
finite-dimensional), and U = Ker f. Prove that 


a) Uisamaximal subspace of V, i.e. it is not contained in any other subspace 
different from V; 


b) V=U@ (a) foranya ¢ U. 
3614. Prove that if two linear functions on a vector space have the same kernels 


then they differ only by a scalar coefficient. 


3615. Prove that n linear functions on n-dimensional space are linearly 
independent if and only if the intersection of their kernels is the zero subspace. 


3616. Prove that the vectors e},...,e, of a finite-dimensional space V are 
linearly independent if and only if there exist linear functions f!,--- , f* € V* 
such that det (f‘(e;)) # 0. 


3617. For any subset U of a finite-dimensional space V and for any subset W 
of the dual space V* we put 


U® ={f € V*| f(x) = 0 for any x € U}, 
W® = {x € V| f(x) = 0 for any function f € V*}. 


Prove that 
a) U°® is a subspace of V* and if U is a subspace then dim U + dim U° = 
dim V; 


b) if U; and U2 are subspaces of V then u? = us if and only if Uj; = U2; 
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c) for any subspace U of the space V 


(U°)° =U, (Uy + U2)® = UP NUR, (Uy NU2)° = UP + UP. 


3618. Prove that the space of the polynomials Q[x] is not isomorphic to its 
dual one. 


3619. Let /,, [2 be two linear functions on a linear space V and /,(x)l2(x) = 0 
for all x € V. Prove that one of the functions is zero. 


3620. Letl;, ..., / be linear functions on a linear vector space V over an infinite 
field. If )(x)...1,(x) = 0 for all x € V then one of the functions is zero. 


“ x * 
3621. Let K be a finite field with gq” elements, F be a subfield of K with g 
elements, and L(x) = x +2x%+--- +20 x € K. Prove that: 
a) Lisa linear operator on K considered as a vector space over F; 
b) the kernel of L consists of all elements a — a?, where a € K; 


c) F is contained in the kernel of L if and only if the characteristic of K 
divides n. 
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CHAPTER 8 


Bilinear and quadratic functions 


37 General bilinear and sesquilinear functions 


Throughout this section it is assumed that the characteristic of the main field is 
different from two. 


3701. What functions of two arguments are bilinear functions on appropriate 


spaces: 


a) 
b) 


f(x,y) ='x-y (x, y € F" are columns, F isa field); 

f(A, B)=tr(AB) (A, BeEM,(F), F isa field); 

f(A, B) = tr(AB — BA); 

S (A, B) = det(AB); 

F(A, B) = (A + B); 

f(A, B) = tr(A -'B); 

f(A, B) = tr((A - B); 

F(A, B) is the (i, j)-entry of a matrix AB; 

F(u, v) = R(uv); (u, v € C, C is considered as a vector space over R); 


f(u, v) = R(uv); 


f(u, v) = |uvl; 
f(u, v) = Sud); 
b 


f(@,v) = [ uvdt (u,v are continuous functions of f in the interval 
[a, b)); 
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n) f(u,v) = / uv’ dt (u, v are differentiable functions on the segment 


[a, b] and u(a) = u(b) = v(a) = v(b) = 0); 
b 
0) f(u,v) = / (u + v)*d¢; 


p) f@,v)=(uv)\@) (uve Fix], ae F); 
d 
qg fuv= 7 evv@: 


r) f(u,v) =|u+v/* —|ul? —|v|?_ (u,v € R); 


s) f(u,v) = &(uxv) (x is the vector product, e(x) is the sum of coordinates 
of a vector x in the given basis). 


3702. Choose a basis and find matrices of appropriate bilinear functions on 
finite-dimensional spaces from Exercise 3701. 


3703. Let F be a field and F (x) be the field of rational functions in the variable 
x. Prove that the mappings x +» ex* induce automorphisms of order two of F(x), 
where €, tT = +1 and (e, rt) # (1, 1). 


3704. Let p,q be distinct primes. Prove that the real numbers of the form 


a+b./p +c./q + d,/pq, where a,b,c,d € Q form a subfield Q(./p, ./@) 
of R. Check if the mapping 


x>x=a-—b/pt+cJ/q—d./pq 


is an automorphism of order two of this field. 


3705. Let F be a field with an automorphism x ~> x of order two. What 
functions of two arguments are sesquilinear functions on appropriate vector spaces: 


a) f(x,y)='x-y (x, y € F” are columns); 
b) f(x,y) =t(AB) (A, B EM,(F)); 

c) f(A, B) = det(AB); 

d) f(A, B) = w(A'B); 

e) f(A, B) =t(A-‘B); 

f) f(A, B) is the (i, j)-entry of the matrix AB; 
g) f(A, B) is the (i, j)-entry of the matrix A‘ B; 


h) f(u,v)= < (uiv(a), (u,v € F[x], a € F). 
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3706. Find the matrix of a bilinear function f in a new basis, given the matrix 
of f in the old basis and the matrix of the change of basis: 


a 23 e = 41-2, 
a) {4 5 6}, eo =e, +63, 
\7 8 9 €, =e1+er+e3; 
021 e, =e1 + 2e2 — 3, 
b) fis 2 0), €) = €2 — €3, 
Yel 0 3 é; = —e1 + €2 — 3¢3. 


3707. A sesquilinear function f on two-dimensional complex space with a basis 
€}, €2 is given by a matrix B. Find the matrix B’ of the function f with the basis 
e,, ¢4, where 


a) B=("h" 4) @;=er tie, ey =+ie +e; 
b) ax (2, aie ¢, =2e, —ie, ey = ie +e. 


3708. Let a bilinear function f be given in some basis by a matrix F. Find 
F(x, y) if 


1-1 1\ x = (1,0, 3) 
F={-2 -1 3), a 
7 ( 0 4 3) Pehle SD 


i 1+i 0 = baie S 
b) r=(-14i 0 as%h, 7 ae ot . 
2+i 3-i -l y = (-2 +i, ~i,3 + 2). 


3709. Find the value f(x, y) of a sesquilinear function given by a matrix B in 
some basis of complex space if 


a) a=(} 4B x=(i,-2, y=(1-1,3+i). 


b) a=(= eat x=(2,i+3), y=(-i,6—2i). 


3710. Let g be a bilinear function with a matrix G in some basis of a space V, 
and let A be a linear operator on V with a matrix A. Find in this basis the matrix 
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of the bilinear function f(u, v) = g(u, A(v)) if 


fi. a Br wi “i 

a) a= (2 0 2), a=(33 4 2); 
, 4 § { nes 
o*1 2 ( 14 § 

b) o=(4 0 2). Az=l # =1 -2). 
5 6 0 a a 


3711. Let g be a sesquilinear function with a matrix G in some basis of a linear 
space V, A be a linear operator on V with a matrix A. Find the matrix of the 
sesquilinear function f (u, v) = g(u, A(v)) in this basis if 


6 an(H Qh) (0 9) 


hah 2'= _(-i+1 0 
P) e=(*5 ae a=( 4 aN 


3712. Find the left and right kernels of a bilinear function f which is given in 
a basis (€, €2, €3) by a matrix 


2 31 4.32 
a) (3 -5 5); » (1 3 5) 
5 -8 6 \3 6 9 
3713. Let F = Q(./3) and ¥ = a — bV3 if x = a + bV3, where a,b € Q. 


Find, in a two-dimensional vector space over F, the left and the right kernels of 
the sesquilinear function which is given in the basis (e), e2) by the matrix 


‘ ‘te aoe): » (aA ayy. 


3714. Find the left and the right kernels of the bilinear function f(x, y) = 
(x, A(y)), where A is the linear operator with a matrix A in an orthonormal basis 
(e1, €2, €3) of Euclidean space: 


5 -6 1 2 -1 3 
a) a=(3 —5 2); wa=(3 —2 2) 
2 -1 3 \5 -4 0 
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3715. Let F, x be as in Exercise 3713. Find the left and the right kernels of 
the sesquilinear function f(x, y) = g(x, A(y)), where A is the linear operator 
with a matrix A, and g is a sesquilinear function defined by the identity matrix on 
two-dimensional space with a basis (e1, €2): 


_(14+3, 1), _{ 90, 0\ 
» A=( 0 as ») A=(.05 0): 
3716. Let f be a bilinear function with a matrix F on a vector space V, and U 
be a subspace of V. Find the left and the right orthocomplements of U with respect 


to f (i.e. the maximal subspaces U; and U2 such that f(U;, U) = f(U, U2) = 0) 
if 


/4 1 °=3N 

a) cml 3 6), U = ((1, -1,0), (—2, 3, 1); 
259 
6 -8 5 

b) ree -5 3), U = ((2, 0, —3), (3, 1, -5)). 
Mas 


3717. Let F, x be as in Exercise 3713 and f be a sesquilinear function with 
a matrix G on a vector space V, and U be a subspace of V. Find the left and the 
right orthogonal complements of U with respect to f if 


14/73 2 -¥3 
a) o=( 0 1% U = (1, 0, V3), (0, 2, 1)); 
1-/3 2 0O 
1 =-/3 2 
b) guls 0 i): U = ((1, —V3, 2)). 
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3718. Let F be a finite field with g? elements, and x = x? for all x € F. 
Assume that K is a finite field containing F and n = dime K. Prove that 


a) x — Xx is an automorphism of the second order of F; 
b) a function 
Fey) = ayt pal yl? po px yO, 
is a sesquilinear function on K as a vector space over F; 
c) a function f(x, y) from b) is nonsingular; 


d) find the left and the right orthogonal complements of F in K with respect 
to f(x, y). 
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3719. Let F = Q{i], K = F {./2]. Consider K as a vector space over F. 


Prove that 
a) dimr K =2,; 
b) afunction f(z; +2272, t +72) = z4f, +2z2f2 where the bar denotes 


c) 
d) 
e) 


the complex conjugation, is a sesquilinear function on K as a vector space 
over F. 


Find the matrix of f in the basis e) = 1, e2 = Jz. 
Prove that the function f is nonsingular. 


Find the left and the right orthogonal complements of F in K with respect 
to f. 


3720. Let F = C(x) be the field of rational functions with an automorphism 
such that x > ex", where e, r = +1, (e, t) ¥ (1, 1). 


a) 
b) 


c) 


e) 


Prove that the polynomial y* — x € F[y] is irreducible over F. 


Prove that the function 


f(u, v) = u(x, y)u(ix™, y) + u(x, iy)u(ex™, iy) + u(x, —y)v(ex™, -y) 
+ u(x, —iy)u(ex™, —iy) 


on the field K = F[y]/ (y4 — x) as a vector space over F, is sesquilinear. 
Find the matrix of f (u, v) in the basis I, y, y’, y> of the space K over F. 
Prove that the function f is nonsingular. 


Find the left and the right orthocomplements of the linear span (1, y) 
in K. 


Find a basis uo, ...,43 of K such that f(uj, y/) = 4;j, where i, j = 
0,...,3. 


3721. Under what elementary transformations of a basis does the matrix of a 
bilinear function change as the matrix of a linear operator: 


a) 
b) 
c) 


(1, «09 Oty eres On) > (e1,-..,AGj,... On); 
(€1, +++) Gin - +s On) > (€1,..-,€ HAG, .--,€n) Gi #1); 


(Oty ey Ci nes Cn nner Om) D (1, 000 Ofrccay ip acer On)? 
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3722. Find a relation between the matrices A, B, G of linear operators A, B 
and the bilinear (sesquilinear) function g in some basis of a space and the matrix 
F of a bilinear (sesquilinear) function 


f(x, y) = g(AG@), Biy)). 


3723. Prove that any bilinear (sesquilinear) function f of rank 1 can be 
factorized as a product of two linear functions p(x)q(y) (p(x)q(y), respectively). 
To what simplest form can the matrix of the function f be transformed by 
elementary changes of basis? 

3724. Lete = (€1,...,€n),€’ = (64, ..., &) be two bases of a space V, and let 
C be the matrix of a change of e to e’ and f be the bilinear (sesquilinear) function 
on V with matrices F and F’ in these bases. Find a relation between F and F’. 

3725. Prove that the bilinear and sesquilinear functions tr(AB), tr(A’ B), 
tr(AB), tr(A' B) on the space M,,(K) are nonsingular. 

3726. Prove that the dimensions of the left and the right kemels of a bilinear 
(sesquilinear) function coincide, although these kernels can be not coincident. 

3727. Let f be a nonsingular bilinear (sesquilinear) function on a space V. 
Prove that for any linear function p there is a unique vector v € V such that 
p(x) = f(x, v) for any x € V and the mapping p +> v is an isomorphism of the 
spaces V* and V. 


3728. Let F be the matrix of a nonsingular bilinear function f on a real space 
of dimension n. 


a) Prove that for odd n the matrix — F is not a matrix of f in any basis of V. 
b) Is the statement a) valid for even n? 


c) Is the statement a) valid for even n and for a diagonal matrix F? 


3729. For a non-zero bilinear (sesquilinear) function f on a space V, let there 
exist a number € such that for any x, y € V 


f(y, x) = ef (x, y) 


(f(y, x) = ef (x, y), respectively). Prove that 
a) € is equal either to 1 or to —1; 


b) if Uy and U2 are totally isotropic with respect to f subspaces of the same 
dimension and U;N U; = 0, then the restriction of f to their sum U; +U2 
is a nonsingular function; 


c) if W; and W2 are maximal totally isotropic with respect to f subspaces 
and W; N W2 = 0, then dim W, = dim W?; 
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d) if nonsingular bilinear functions f; and f2 satisfy the previous condition 
(with the same ¢), and with respect to each of them the space V is a direct 
sum of two totally isotropic subspaces, then the functions f; and f> are 
equivalent. 


3730. Let f be a bilinear (sesquilinear) function on a space V and for any 
x,y € V anequality f(x, y) = 0 implies f(y, x) = 0. Prove that 


a) if f is a bilinear function, then f is either symmetric or skew-symmetric; 


b) if f is a sesquilinear function, then f is either Hermitian or skew- 
Hermitian. 
3731. Let f1, f2 be bilinear (sesquilinear) functions on a space V with a basis 
(€1,..+,,). Define the bilinear function f on a space W with the basis 


(G11, G32, .-+5 Qin, G21, +--+) Ena e+ 0 Qnty oes Qnn) 


by setting 
S (@ij, ani) = fileis ek) f2(e;, €1). 


a) Find the matrix of f in the given basis. 


b) Prove that if V is a direct sum of subspaces totally isotropic with respect 
to f;, then W is a direct sum of subspaces totally isotropic with respect 


to f. 
3732. Find out, without calculations, if the bilinear functions are equivalent: 


a) fix, y) = 2x1 y2 — 3x1 y3 + x2y3 — 2x2y1 — x32 + 3x3y1, 
falx, y) = x12 — x2y1 + 2x2y2 + 3x1y3 — 3x3y1; 


b) fix, y) = x1y91 +ix1y2, 
fox, y) = 2xyy, + 1 + Dx y2 + (1 —i)xey, — ixeyr. 


3733. Reduce these skew-symmetric bilinear functions to the canonical form: 
a) x1y¥2 — X13 — X2y1 + 2x23 + x31 — 2x32; 
b)  2x1y2 + x13 — 2x2y1 + 3x2y3 — x31 — 3x3y2; 
c) x1y2 + x4y3 — x2y1 + 2x2y3 — 2x3y2 + 3x3y4 — X14 — 3x43; 


d) x1 y2 + X1¥3 +21¥4 — X2Y1 — X2Y3 + X32 + X34 — X41 — X43. 
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3734, Reduce these skew-Hermitian functions on a complex space to the 
canonical form: 


a) x1¥2 — ix, y3 — ixeys — X1y2 + ixiy3 + ix2y3 tix yy, — ix y1; 


b) (1 + a)x1y2 + 2x1 ¥3 + ini yg — (1 — i)x2¥3 — (1 — xy + ixiy4 + 
(1 + é)%2y3 + 2ixey2 — 2% y3. 


3735, Prove that the function h(f, g) = fo fg’ dx onthe space of polynomials 
of degree < 5, vanishing at points 0 and 1, is skew-symmetric. Find its canonical 
basis. 

3736. Prove that the determinant of an integer skew-symmetric matrix is the 
square of an integer. 

3737. Let f be a skew-symmetric bilinear function on a space V, W be 
a subspace of V, and W~ its orthocomplement with respect to f. Prove that 
dim W — dim(W N W+) is an even integer. 

3738. Prove that for any complex nonsingular skew-Hermitian matrix A, that 
there exists a nonsingular complex matrix C such that CA‘C is a diagonal matrix 
and that the entries of the principal diagonal are pure imaginary complex numbers. 

3739. Let f be a skew-symmetric bilinear function on a space V, V’ be its 
kernel, and W be the maximal totally isotropic subspace. Prove that 


‘ a, 
Gees dim V + dim V 
2 

3740. Let f be a nonsingular skew-symmetric bilinear function on n-dimen- 
sional space V. Let G = (gj;) be a skew-symmetric matrix of size n. Prove that 
there exist vectors vj,..., Un, € V, such that gj; = f (vj, vj). 

3741. Let f(x, y) be a Hermitian function on acomplex space, q(x) = f(x, x). 
Prove that 


4f (x,y) =q(+y) — q(x — y) tig(x + iy) — iq(x — iy). 


3742. Prove that the real and imaginary parts of a Hermitian function on a 
complex vector space V are symmetric and skew-symmetric functions on V, 
respectively, considered as 2n-dimensional vector space. 


3743. Prove that if f is a positive definite Hermitian form on a complex space 
then 


f(x, yf (x,y) < fx): fy, y). 


3744, Let A be a linear operator, and f be a positive definite Hermitian function 
on a complex vector space V. Prove that if f (A(x), x) = 0 for all x € V, then A 
is the zero operator. 
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Is this statement valid for symmetric bilinear functions on a real space V? 
3745. For what values of n can a nonsingular bilinear function on n-dimensional 
vector space have: 
a) a totally isotropic subspace of dimension n — 1; 
b) a totally isotropic subspace of dimension n — 2? 


Deduce the formula for the greatest possible dimension of a totally isotropic 
subspace. 


3746. Let A = (aij) € M,(R) be a symmetric matrix and 


be a differential operator on R[x), ..., X,]. Prove that 


a) if 
x1 yl 
e(:}-(7). C € GL, (), 
Xn Yn 


is a change of variables then 


L(f) = bij i 
ij=l dyi Ay; 
where (bij) = CA‘C; 
b) there exists a nonsingular linear change of the variables in R[x), ..., Xn], 

such that 

af af af af 

Lf) = eee od, 
dy? dyg Yea ay? 


with respect to the new variables y;,..., yz, whereO <k <s <n. 


38 Symmetric bilinear, Hermitian and quadratic functions 


In this section Hermitian functions are considered on complex spaces. 
3801. What bilinear functions in Exercise 3701 are symmetric? 
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3802. 
a) What sesquilinear functions in Exercise 3705 are Hermitian? 
b) Is the function f(x, y) from Exercise 3718b Hermitian? 
c) Is the function f(u, v) from Exercise 3720b Hermitian? 


3803. Find out, without calculations, if the bilinear functions are equivalent 


Six, y) = x1y1 + 2x1y2 + 3x1y3 + 4x2y1 + Sx2y2 + 6x23 + 7x31 
+ 8x3y2 + 10x3y3, 
fa(x, y) = 2x1y1 — x1¥3 + X22 — x31 + 5x33. 


3804, Find out, without calculations, for what bilinear functions f there exists 
a basis in which the matrix of f is diagonal: 
a) —x1y1 — 2x1 y2 — 2x21 — 3x2y2 + x31 — 4x33; 
b) —x1y2 — x2y1 + 3x2¥2 + Sx2y3 + 5x32 — x33. 


3805. Prove that orthocomplements to spaces with respect to a nonsingular 
symmetric (Hermitian) function satisfy the properties: 


a) (U+)+ =U; 
b) (U1 + U2) = UP NUZ; 
c) (Uj NU2)+ = Ut + Uy. 


3806. Find the orthocomplement of the linear span (f;, 2) with respect to the 
bilinear function with the matrix F if 


1 -1 -—2\ 
a) r=(-1 0 -3), fi = (1, 2, 3), fr = (4, 5, 6); 
2 -3 ti 


-1 2 S\ 
b) F= ( 22 8], fi =(-3,-15,21), f2=(, 10, —14). 
5 8 29 


3807. Find the orthocomplement to the linear span (e1, e2) with respect to the 
Hermitian function with the matrix G if 


i4i 2 -2/° €2 = (1 — 2i, -i, 3); 
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/ 0 —2+i -i \ e, = (-i + 1, 2, 0), 
e2 = (-1+33i, —3i, 2). 


3808. Applying the Jacobi method find the canonical form of the symmetric 
bilinear functions: 


a) 2x1y1 — X1¥2 + x1 y3 — X2y1 + x31 + 3x33; 
b) 2x12 + 3x1 y3 + 2x2y1 — X23 + 3x31 — X32 + 4393. 


3809. Applying the Jacobi method find whether the bilinear functions with the 


matrices 
fi 2 i) /1 3 OV 


(2 O.1 (3 ie ) 
3 -l1 3 01 5 
are equivalent 

a) over the field of real numbers; 

b) over the field of rationals. 


3810. What symmetric bilinear functions in Exercises 3701 and 3705 are 
positive definite? 

3811. For what values of A are the following quadratic functions positive 
definite: 


a) Sx + xt + ax} + 4x1 x2 — 2x)x3 — 2x2x3; 

b) 2x? -- x3 + 3x4 + 2Ax1 x2 + 24123; 

c) xP x2 + Sx? + 2axixg — 20143 + 42223; 

d) x2 + 4x2 +22 + 2axpx2 + 10x13 + 6x223; 

©) xyXy + ixpk2 — ix2%1 + Axzi2; 

f)  2xyH1 — (1 — i) x83 — (1 + 8)¥1x3 + 2Ax2H3 + Wkoxg + x2X2 + 5x3%3? 


3812. Prove that for any positive definite symmetric bilinear (Hermitian) 
function f, the inequality 


Vf@ty x+y <sVf@,04+V7f0,y), 


holds and equality occurs if and only if ax = By, where a, 8 are non-negative 
real numbers which are not equal to zero simultaneously. 
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3813. Prove, without application of the Sylvester criterion, that for positive 
definiteness of the quadratic function yD: j=i %j%iX; the condition aj; > 0 
(i = 1,..., 7) is necessary, but not sufficient. 


3814. Under what values of 4 are the following quadratic functions negative 
definite: 


a) —x? + xd - x3 + 4x)x2 + 8x2x3; 

b) Ax? — 2x} — 3x2 + Qxix2 — 2x1 x3 + 2x23; 
C) Ax, Xy + 3xoX2 — 1x1 X2 + 1X1 x2; 

d) 4x)%) — 2x2%2 — (A + i)xi1¥2 — A — i)X1x2? 


3815. Find the symmetric bilinear (Hermitian) functions associated with the 
quadratic functions: 


a) x? + 2xyx2 + 2x2 — 6x1 x3 + 4x23 — x3; 
b)  xyx2 +.21.x3 + x2x3; 

C) xyXy + ix4X2 — 1X1 x2 + 2x2KX2; 

d) (5 — i)xiX2 + (6 + i)X1x2 + x2%2. 


3816. Find the symmetric bilinear function associated with the quadratic 
function q(x) = f(x, x), where 


a) f(x, y) = 2x1y1 — 3x1y2 — 4x1y3 + x2y1 — Sx2y3 + x33; 
b) f(y) = —x1y2 + x21 — 2x2y2 + 3x2y3 — x31 + 2x33. 
3817. Are the quadratic functions 
a) t —2x4x2 +2x3 +4x2Xx3 +5x3 and te —4x 1x2 +2x12x3 +4x3 +x?; 


b) 2 + 9x3 + 3x3 + 8x)x2 — 4x x3 — 10x2x3 and 
2x; + 3x2 + 6x3 — 4x1x2 — 4x1x3 + 8x23; 


equivalent over the field of real numbers? 
3818. Find the normal form of quadratic functions applying Lagrange’s method 


a) xe + xe + 3x2 + 4x3 x2 + 2x323 + 20223; 
b) x? + 2x3 + x3 + 2xyx2 + 4x123 + 2x223; 
c) x? = 3x2 - 2x1X2 + 2x1%3 oe 6x2x3; 


dG) xyx2 + x4x3 + 1X4 + X2K3 + x2X4 + 13X45 


128 
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h) 


i) 


) 


)) 
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2B, — ix, 2 + iF x2 + 2x2%2; 
(1 —i)xy t+ (1 + i)Xpx2 + (1 — 26) xp%3 + (1 + 2i)K 113 + x2%3 + 2x3; 


n 
Ss a;ajx;x;, where not all numbers a), ..., @, are equal to 0; 
i,j=1 


Yet ss XjXj; 
i=1 


1si<j<a 


Ss XjXj; 


l<i<j<n 
a-1 

So xixis1i 
i=1 


DiGi — 5)?, 5 = (x ++ + n)/n3 
i=! 


yo le dle. 


lsi<jsn 


3819. Are the quadratic functions 
a) 5 — 2x4x2 + 2x1x3 — 2x12%4 + x2 + 2x2x3 — 4x2x4 + at = 2x7 and 


ae + X1X2 + .X3X4; 


b) x? +4x2 +22 + 4xyx2 — 2x13 and 


ie + 2x2 os xt + 4x1 x2 — 2x3x3 — 4x2x3; 


equivalent over the field of complex numbers? 


3820. Let q be a mapping from a real vector space V into the field R such that 
there exist quadratic functions a, b and a bilinear function c for which 


q(x + py) = 7a(x) + Auc(x, y) + u7b(y) 


for any A, u € R and x, y € V. Prove that q is a quadratic function. 


3821. Let fi,..., fr4+s be linear functions. Prove that the positive index of 
inertia of the function 


q(x) = [fie ? +--+ 1F- @) — ri @)P — +++ — fre (x)? 


does not exceed r and the negative index does not exceed s. 
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3822. Find the positive and the negative indices of inertia 
a) of the quadratic function q(x) = trx? on the space M,(R); 
b) of the quadratic function q(x) = trxx on the space M,(C). 


3823. Let f be anonsingular symmetric bilinear (Hermitian) function on a space 
of dimension > 3. Prove that if the function f is non-zero on a two-dimensional 
subspace U, then there exists a three-dimensional subspace W D2 U, on which the 
restriction of f is nonsingular. 


3824. Let f be a nonsingular symmetric bilinear (Hermitian) function whose 
negative index of inertia is equal to 1, and f(v, v) < 0 for some vector v. Prove 
that the restriction of f to any subspace, containing v, is nonsingular. 


3825. Let f be a nonsingular symmetric bilinear (Hermitian) function on a 
space of dimension > 3. Prove that any isotropic vector belongs to an intersection 
of two-dimensional subspaces such that on each of them the restriction of f is 
nonsingular. 


3826. Prove that the dimension of a maximal isotropic subspace with respect 
to a nonsingular symmetric bilinear (Hermitian) function is equal to the least of 
its positive and negative indices of inertia. 

3827. Find the positive and negative indices of inertia of a nonsingular quadratic 


function on a 2n-dimensional vector space, having n-dimensional totally isotropic 
subspace. 


3828. Let a nonsingular quadratic function g on a 2n-dimensional space V 
vanish on a n-dimensional subspace U. Prove that 


a) there exists a n-dimensional subspace U’ such that 
V=U@U', q(U’)=0; 
b) the function g has in some basis the form 


X1X2 + .X3X4 +++ + X2n-1X2n- 


3829. Prove that if some principal minor of size r of a symmetric matrix is 
non-zero and all its bordering principal minors of sizes r + 1 and r + 2 are equal 
to zero, then the rank of this matrix is equal to r. 


3830. Prove that a real symmetric (complex Hermitian) matrix A can be 
factorized as A='C-C (A ='C -C, respectively), where C is a square matrix, 
if and only if all principal minors of A are non-negative. 

3831. Find the dimension of the space of symmetric bilinear functions in n 
variables. 
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3832. Associate with each (nondirected) graph I’, with vertices vj, ..., v,, the 
quadratic function gr (x) = Li. jai 4jixj by setting 


2, ifi=j, 
aij = 4 —1, _ if v; and vu; are connected by an edge, 
0, if v; and vu; are not connected by an edge. 


Consider graphs 


nsiaer grapns cand 


An: O—O—:::—o—o; A,: : Sag 
Dy on ee Dn: ten 
En: it a al Es: . 


Ey: ee a a 


(The number of vertices in the graph I, is equal to n and in the graph I’, is equal 
ton + 1.) 

Prove that the function gr is positive definite for the graphs I, and gr (x) > 0 
for all x is positive semidefinite for the graphs I’,: 

3833. Let q be a nonsingular quadratic function on a space V over an arbitrary 
field F. Prove that if there exists a nonzero vector x € V for which q(x) = 0 then 
the mapping q : V > F is surjective. 

3834. Let f (x, y) be a Hermitian non-negative definite function and f(z, z) = 0 
for some z # 0. Prove that f(z, t) = 0 for all t. 

3835. Let f(x, y) be a positive definite Hermitian function and f(x,x) = 
f(y. y) = 1 for some x, y £ 0. Prove that | f(x, y)| < 1. 


CHAPTER 9 


Linear operators 


39 Definition of a linear operator. The image, the kernel, 
the matrix of a linear operator 


3901. Which mappings are linear operators on appropriate vector spaces: 
a) x a (aisa fixed vector); 
b) xt x +a (a isa fixed vector); 
c) x +> ax (a isa fixed scalar); 
d) xt» (x,a)b(V is an Euclidean space, a, b are fixed vectors); 
e) x +>» (a, x)x (V is an Euclidean space, a is a fixed vector); 
f) fx) f(ax +b) (f € R[x],; a, b are fixed numbers); 
8) f@)y fae+D-f@) (Ff € Rh); 
h) f(x)r> FO) Ff € Rixdn); 
i) (X41, 22,43) > (41 +2, x2 +5, 23); 
j) Cen, x2, x3) > (x1 + 3x3, 23, x1 +23); 
k) (x1, x2, 43) + (x1, x2, 41 + 2 + x3)? 


3902. Prove that a linear operator maps a linearly dependent system of vectors 
to a linearly dependent system. 


3903. Prove that on n-dimensional space for any linearly independent system 
of vectors a1,..., @, and an arbitrary system of vectors b;,..., b,, there exists a 
unique linear operator, which maps a; to bj (i = 1,...,7). 


3904. Prove that any linear operator on one-dimensional vector space is of the 
form x +> @x, where a is a scalar. 
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3905. Find the images and the kemels of the linear operators from Exercise 
3901. 


3906. Prove that the operator of differentiation 
a) is singular on the space of polynomials of degree < n; 


b) is nonsingular on the space of functions with the bases (cos, sin f). 


3907. Prove that any subspace of a vector space is: 
a) the kernel of some linear operator; 


b) the image of some linear operator. 


3908. Prove that two linear operators of rank 1 having the same kernels and 
images are commuting. 


3909. Let A be a F-linear operator on a subspace L of a space V different from 
V. Prove that there exist infinitely many linear operators on V, whose restriction 
to L coincides with A, provided the field F is infinite. 


3910. Let A be a linear operator on a space V, and L be a subspace of V. Prove 
that 
a) the image A(L) and the preimage A~!(L) are subspaces of V; 
b) if Ais nonsingular and V is finite-dimensional then 


dim A(L) = dim A~!(L) = dim L. 


3911. Let A be a linear operator on a space V, L be a subspace of V, and 
LKerA = 0. Prove that any linearly independent system of vectors in L maps 
by A to a linearly independent system. 


3912. Prove, for linear operators A, B, C, the Frobenious inequality 


tkBA + rk AC < rk A + rkBAC, 


3913. A linear operator A is a pseudoreflection, if rk(A — €) = 1. Prove that 
any linear operator on a n-dimensional space is a product of at most n pseudo- 
reflections. 


3914. Prove that the set of operators 7’, such that AV = 0 for a linear operator 
A on an-dimensional space, is a vector space. Find its dimension. 


3915. Find the matrix of the operator: 


a) (x1, X42, %3) > (X1, 41 + 2x2, x2 + 3x3) on the space R? with a basis of 
unit vectors; 
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b) of the rotation of the plane through an angle @ with an arbitrary ortho- 
normal basis; 


c) of the rotation of the three-dimensional space through an angle 27/3 
around the line which is given in a rectangular system of coordinates by the 
equations 
X) = X2 = x3 with the basis of unit vectors of the coordinate axes; 

d) of the projection of the three-dimensional space with the basis (e1, e2, €3) 
to the axis of the vector e2 in parallel with the coordinate plane of the 
vectors e; and €3; 


e) x t (x,a)a on an Euclidean space with the orthonormal basis 
(€1, €2, €3) ifa = e; — 2e3; 


a b 


f) Xr (? ) - X on the space M?(R) with a basis of matrix units; 


g) XH X- % 4 on the space M2(R) with a basis of matrix units; 


h) X +> ‘X onthe space M2(R) with a basis of matrix units; 

i) X +> AXB (A, B are fixed matrices in the space M2(R) with a basis of 
matrix units; 

j) X +» AX + XB (A,B are fixed matrices) on the space M2(R) with a 
basis of matrix units; 

k) of the differentiation on the space R[x], with the basis (1, x,...,); 

1) of the differentiation on the space R[x], with the basis (x”, ata! il); 


m) of the differentiation on the space R[x], with the basis 


— 1)2 _1\" 
(2-1. 95%... e-™). 


2 : n! 


3916. Prove that the space R? has a unique linear operator which maps the 
vectors (1,1, 1), (0, 1,0), (1,0, 2) to the vectors (1, 1,1), (0, 1,0), (1,90, 1), 
respectively. Find its matrix with a basis of unit vectors. 

3917, Let a vector space V be a direct sum of subspaces L; and L2 with bases 
(a1,..., ax) and (a41, ..., @,), respectively. Prove that the projection onto L, in 
parallel with L2 is a linear operator and find its matrix with the basis (a1, ..., an). 


3918. Find the general form of matrices of linear operators on the n-dimensional 
space with a basis (a1,..., @, @k41,---,@n), which map the given independent 
vectors a;,..., a4 (k <n) to the given vectors bj, ..., by. 
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3919. Let a linear operator on a space V have, with a basis (e1,..., e4), the 


matrix 
a ee 
5 4 0 -1 
3.2 0. 3 
6 1-1 7 


Find the matrix of this operator with the bases: 
a) (€2, €1, €3, €4); 


b) (e1, e1 +2, €1 te2 +3, €1 ter +63 + 4%). 


3920. Let a linear operator on the space R[x]2 have, with the basis (1, x, x?), 
the matrix 
00 1 
( 01 0) | 
VR a 


(3x? + 2x +1, x74+3x 42, 2x? +x 43). 


Find its matrix with the basis 


3921. Let a linear operator on the space R? have, with the basis 


((8, —6, 7), (-16, 7, —13), (9, -3, 7), 


1 -18 15 
(- —22 20) : 
1 -—25 22 


Find its matrix with the basis 


the matrix 


((1, —2, 1), 3, -l, 2), (2, 1, 2)). 


3922. Let a linear operator A on a n-dimensional vector space V map linearly 
independent vectors a), ..., @, to vectors b;,..., b,. Prove that the matrix of A 
with some basis e = (€1, ..., &,) is equal to BA™, where the columns of matrices 
A and B consist of coordinates of the given vectors the bases e. 

3923. Find the general form of the matrix of a linear operator A with a basis 
whose first k vectors form: 


a) abasis of the kernel of A; 
b) a basis of the image of A. 
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3924. Prove that if f(t) = f1(t) fo(t) is a factorization of a polynomial f(r) 
into coprime factors and a linear operator A satisfies the condition f(A) = 0, then 
the matrix of A with some basis has the form G ‘ ). where f;(A1) = 0, 
f2(A2) = 0. 


40 Eigenvectors, invariant subspaces, root subspaces 


4001. Find the eigenvectors and eigenvalues 
a) of the operator of differentiation on the space R[x],; 


b) of the operator X +» 'X on the space M,(R); 


d 
c) of the operator X oe on the space R[X],; 


x 
d) of the operator _ ‘| Ff (t)dt on the space R[X],; 
0 


a" f 
e) of the operator f > an 


on the linear span 
(1, cos x, sinx,...,CoSmx, sinmx); 
f) of the operator f —> {> f(t)dt on the linear span 


{1,cosx, sinx,...,CoSmx, sinmx). 


4002. Prove that the linear operator f > f(ax +b) on the space R[x], has 
the set of eigenvalues 1, a,...,a”. 

4003. Prove that an eigenvector of a linear operator A with an eigenvalue 
A is an eigenvector of an operator f(A), where f(t) is a polynomial, with an 
eigenvalue f(A). 

4004. Prove that if an operator A is nonsingular then operators A and A7! have 
the same eigenvectors. 

4005. Prove that all nonzero vectors of a space are eigenvectors of a linear 
operator A if and only if A is a homothety x +> ax, where a is some fixed scalar. 


4006. Prove that if a linear operator A on a n-dimensional space has n distinct 
eigenvalues then any linear operator commuting with A has a basis consisting of 
its eigenvectors. 
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4007. Prove that the subspace V,(A), consisting of all eigenvectors of an 
operator A with an eigenvalue A and a zero vector, is invariant under any linear 
operator B commuting with A. 


4008. Prove that for any (possibly infinite) set of commuting linear operators 
on a finite-dimensional complex space 


a) there exists a common eigenvector; 


b) there exists a basis in which the matrices of all these operators are upper- 
triangular. 


4009. Prove that if an operator A? has an eigenvalue A? then one of the numbers 
A and —A is an eigenvalue of A. 


4010. Prove that 


a) coefficients c),..., Cp of the polynomial 
|A — AE] = (—A)™ +.0,(—A)*7! + +n 


are sums of principal minors of corresponding sizes of the matrix A; 


b) the sum and the product of eigenvalues of the matrix A are equal to its 
trace and its determinant, respectively. 


4011. Prove that any polynomial of degree n with the leading coefficient (—1)” 
is a characteristic polynomial of some matrix of size n. 


4012. Prove that if A and B are square matrices of the same size then matrices 
AB and BA have the same characteristic polynomials. 


4013. Find eigenvalues of a matrix ‘A - A, where A is a row (a},..., Gn). 


4014. Prove that all eigenvalues of a matrix are different from zero if and only 
if this matrix is nonsingular. 


4015. Find the eigenvalues and eigenvectors of the linear operators given in 
some bases by the matrices: 


a a (01 OV 4 -5 2 

o( 533 2); es Ol: o (3 7 a); 
=i 0 <3 a ae ae © 2 6 -9 4 
7-12 6\ ae ‘oa 

6 (w ~19 10) ey aye l. SAO ol ae ae 
12 -24 13 4. O° 5% ht aS 
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4016. Find out if the following matrices can be reduced to diagonal ones by a 
change of basis over the field R and over the field C: 


= / -5\ 442 —-5\ 
a) (= 5 -1); b) (+ ; 0): c) i 4 -9); 
ail 


$4 f 1 9 537 
2 oe oe. 
bd oSt og 

ie Cae ee ae 
Late 4 


Find this basis and the corresponding form of the matrix. 


4017. Given a matrix with the entries a, ...,@, on the secondary diagonal, 
and all other entries equal to zero, under what conditions is the matrix similar to 
a diagonal matrix? 

4018. Given a matrix A of size n, whose entries on the secondary diagonal are 
equal to 1, and all other of whose entries are equal to zero, find a matrix T such 
that B = T~!AT is a diagonal matrix. Calculate the matrix B. 

4019. Prove that the number of linearly independent eigenvectors of a linear 
operator .A, with an eigenvalue A, is less or equal to the multiplicity of A as a root 
of the characteristic polynomial of A. 

4020. Let A;, ..., A, be eigenvalues of a linear operator A on an n-dimensional 
complex space. Find the eigenvalues of A as an operator on the corresponding 2n- 
dimensional real space. 


4021. Let A1,..., An be roots of the characteristic polynomial of a matrix A. 
Find the eigenvalues: 


a) of the linear operator X +> AX‘ A on the space M,(R); 
b) of the linear operator X > AX A~! on the space M,,(R) (the matrix A 
is nonsingular). 
4022. Find all invariant subspaces of the operator of differentiation on the 
space R[x],. 


4023. Prove that a linear span of any system of eigenvectors of a linear operator 
A is invariant under A. 


4024. Prove that 
a) the kernel and the image of a linear operator A are invariant under A; 
b) any subspace containing the image of an operator J is invariant under A; 


c) ifasubspace L is invariant under A then A(L) and A7!(L) are invariant 
under A; 
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d) ifa linear operator A is nonsingular then any subspace invariant under A 
is invariant under A~!. 


4025. Prove that any linear operator on n-dimensional complex space has an 
invariant subspace of dimension n — 1. 


4026. Let a linear operator on a vector space over a field K have the matrix 


a 10. 0 
a 01 0 
a@,-1 0 0 1 
a, 0 0 0 
with some basis, where the polynomial x” —a,x"—!~...—a,_1x—ay is irreducible 


over K. Prove that the operator has no nontrivial invariant subspaces. 


4027. Let a linear operator A on an n-dimensional space have, with some basis, 
a diagonal matrix with distinct entries on the diagonal. Find all subspaces invariant 
under A. 


4028. Find all invariant subspaces for a linear operator having, with some basis, 
the matrix consisting of a Jordan box. 


4029. Find in three-dimensional vector space all subspaces invariant under the 
linear operator with the matrix 


4 —2 2 
( 2 0 2) ) 
-1 11 
4030. Find in three-dimensional vector space all subspaces invariant under two 
linear operators given by the matrices 


5 - -1\ [rs 5 
(-1 -1) and 2 -3 s). 
= a | 3 62 


4031. Find in R[X], and C[X], all subspaces invariant under operators 


xf. 


xX 
1 
a Afaxd, b) A= 5 | f(nae. 
0 


4032. Find in the linear span of functions 


(cos x, sinx,..., cosmx, sinnx) 
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all subspaces invariant under the operator 


d 
a) A(f)= a. 


b) AUS) = if Fat. 
0 


4033. Let A, B be linear operators on a finite-dimensional vector space V over 
the field C such that A? = B? = E. Prove that there exists either a one-dimensional 
or two-dimensional subspace of V which is invariant under A and B. 


4034. Prove that a complex vector space with only one line invariant under 
a linear operator A is indecomposable into a direct sum of nonzero subspaces 
invariant under A. 


4035. Find the eigenvalues and the root subspaces of the linear operator given 
in some bases by the matrix: 


44 -5 2 1 -3 4) 2.6 -15 
a) (5 =7 s); b) (: —7 &h: c) f1 1 -s); 
-~9 4 6 = X1 2 +6 
9. 34 4% 
ie it. 20 
®) ie 0 2 0} 
AA o=f 0 4 


4036. Prove that a linear operator on a complex vector space has a diagonal 
matrix in some basis if and only if all its root vectors are eigenvectors. 


4037. Prove that if a linear operator on a complex vector space has a diagonal 
matrix in some basis then its restriction to any invariant subspace L also has a 
diagonal matrix in some basis of L. 


4038. Prove that any root subspace of a linear operator A is invariant under any 
linear operator B commuting with A. 


4039. Prove that if a matrix of a linear operator A is reduced to the Jordan form 
then any invariant subspace L is a direct sum of intersections of L with the root 
subspaces of A. 


* * * 


4040. Let A € M,(C). Consider an operator L, on the space M,xm(C) where 
La(X) = AX. Find the eigenvalues of L4. Find the root subspaces of L4 where 
A is an upper-triangular matrix. 


4041. Let A € M,(C), B € M,,(C) and A, B have no common eigenvalues. 
Prove that 
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a) if X is a matrix of sizen x m and AX — XB = O then X = 0; 


b) the equation AX — XB = C where X, C are matrices of size n x m has 
a unique solution. 


4042. Let A be a linear operator on a finite-dimensional complex vector space 
V. Prove that there exists a basis of V in which the matrix of A is upper-triangular. 


4043. Let A be a linear operator on a finite-dimensional real space V. Prove that 
there exists a basis of V in which the matrix of A has the block-upper-triangular 


form 
“ 
[ 42 | 
0 
where the square blocks A1,..., A, have size two at most. 


4044. Let A, B be linear operators on a finite-dimensional complex vector space 
and let the rank of the operator AB — BA not exceed 1, Prove that there exists a 
common eigenvector for A and B. 


41 Jordan canonical form and its applications. 
Minimal polynomial 


4101. Find the Jordan form of the matrix: 


1-3 4 / 4 -§ 7 4 60 
a) (« —7 8); b) \ 1 —4 2): c) (-3 -§ 0); 
6 —7 7 —-4 OQ 5 —-3 -6 1 


-1 -4 8) 
oe 0 0 0 
i ae ee, 0 1-1 0 0 0 
oe ee ee 0 0 “i 0 0 
lo o 4 -8]° | San ek ER 
0 0 2-4 0 0 0 0 LS 
0 000... 0 
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1 1 1 1 nn-l n-2 1 
01 i 1 0 n n-Jl 2 

i) |}0 0 1 1 {2 p | 0 0 n 3:13 
00 0 1 0 0 0 chai st 
10 0 0\ peek g 

0010 0 

eae 0001 0 

k) J 1 2 3 0]; 1) ; 
Cian eeahciaw esos 000 0 i 
1 2 3 n/ 1000 
@ a2 a3 Qin 
0 a ax a2n 

m) | 0 0O a a3n 1, 
0 0 ¢) a/ 


where @)2, 423, .--,@n—1,n F 9. 


4102. Prove that the Jordan form of the matrix A + @E is equal to Aj + aE 
where A; is the Jordan form of the matrix A. 


4103. Let A be a Jordan box of size n with an element a at the principal diagonal. 
a) Find the matrix f(A) where f(x) is a polynomial; 
b) find the Jordan form of the matrix A?. 


4104. Find the Jordan form of the matrix 


a 0 10 0 0) 
0 aol 0 0 
0 0a 0 0 0 
0 00a 0 0 
00 0 0 a 0 

0 0 0 0a 


4105. Find the Jordan form of the matrix: 
a) A’, 
b) A7! (Ais anonsingular matrix), 


if A has the Jordan form A;. 
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4106. Find the Jordan form of the matrix A, and find out the geometrical meaning 
of the corresponding linear operator A, if 


a) A? =E; b) A? =A. 


4107. Prove that any periodic complex matrix is similar to a diagonal matrix. 
Find the form of this diagonal matrix. 

4108. Prove that a matrix is nilpotent if and only if all its eigenvalues are equal 
to zero. 

4109. Prove that for any linear operator A of rank 1 on a complex vector space 
there exists an integer k such that A? = kA. 

4110. Find the Jordan form of the matrix of the linear operator A and a basis 
(fi, ---, fn), with which A has this matrix if A is given with a basis (e1,..., én) 
by the matrix: 


32 -3 ( a 
a) (« 10 -12)}; ae a a); 
6 AT. X=2 2 4 
OMT =1 Ay 6 -9 5 4 
=i 22, S14 ae. 7 2132 8.9 
1 ree of: 9 is -17 18 
at. 1. OF AY, 1 22 7D 


4111. Find the Jordan form of a matrix of a linear operator on a complex vector 
space which has only one invariant line. 


4112. Prove that the maximal number of linearly independent eigenvectors of 
a linear operator A with an eigenvalue A is equal to the number of boxes with A as 
a diagonal entry in the Jordan form of the matrix of A. 
4113. Prove that the set of linear operators on a n-dimensional complex vector 
space commuting with the given operator A is a vector space of dimension > n. 
4114. Prove that if a linear operator B on a complex vector space commutes 
with any linear operator commuting with the operator A, then 8 is a polynomial 
in A. 
4115. Prove that if matrices A and B satisfy the relation AB — BA = B then 
the matrix B is nilpotent. 
4116. The operator A: f(x, y) > f(x+1, y+1) acts on the space of complex 
polynomials of degree at most two in x and y. Find the Jordan form of A. 
a a 
4117. The operator A = a + a acts on the space of complex polynomials 
x y 
of degree n at most. Find the Jordan form of A. 
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4118. Prove that any matrix is similar to its transpose. 


4119. Consider the linear operator L4(X) = AX on the space M2(C), where 
X € M2(C) and A is a fixed matrix from M2(C). Find the Jordan form of La in 
terms of the Jordan form of A. 


4120. Prove that for any nonsingular square complex matrix A and any natural 
number k the equation X* = A has a solution. 


4121. Solve the equations: 


y 3.4 F : 6.2 
a) X =(3 y b) X =(5 ay 


4122. Using the Jordan form and Exercises 1707-1709 calculate 


50 64 
*) te 3) ») (i =) 


4123. Find the minimal polynomial of a diagonal matrix with distinct entries 
at the principal diagonal. 


4124. Find the minimal polynomial of a Jordan box of size n with a number a 
at the principal diagonal. 


4125. Prove that the minimal polynomial of a block-diagonal matrix is equal 
to the least common multiple of the minimal polynomials of its blocks. 


4126. Find the minimal polynomial: 
a) of the identity operator; 
b) _ of the zero operator; 


c) of the projection operator of a n-dimensional space V onto its k- 
dimensional subspace L (0 < k < n); 


d) of a reflection operator; 

e) of a nilpotent operator of index k. 

f) of the operator A from Exercise 403 1a; 
g) of the operator A from Exercise 4031b; 
h) of the operator A from Exercise 4032a; 
i) of the operator A from Exercise 4032b; 
j)_ of the operator L4 from Exercise 4040; 
k) of the operator A from Exercise 4116. 
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4127. Find the minimal polynomial of the matrix: 


2 Sealy Aah. Lax 
a) (0 2 0): b) (-s 7 =i 
ee oe 6 6 -4 


4128. Let a linear operator A with a basis (e1, €2, €3) of a space V have the 


matrix 
100 
( : i). 
-1 0 1 


Find the minimal polynomial g(t) of A, and decompose the space V into a 
direct sum of invariant subspaces according to the factorization of the minimal 
polynomial into coprime factors. 


4129. Prove that the minimal polynomial of a matrix of size > 2 and of rank 1 
has degree 2. 


4130. What can be said about the Jordan form of a matrix of a linear operator 
Aon acomplex space if A> = A2? 

4131. Prove that some power of the minimal polynomial of a matrix is divisible 
by its characteristic polynomial. 

4132. Prove that for similarity of two matrices it is necessary, but not sufficient 
that they have the same characteristic and minimal polynomials. 


4133. Prove that if the degree of the minimal polynomial of a linear operator 
A is equal to the dimension of the space then any operator commuting with A is 
a polynomial in A. 

4134. A linear operator is termed semisimple if any invariant subspace has an 
invariant complementary subspace. Prove that 


a) the restriction of a semisimple operator to an invariant subspace is also a 
semisimple operator (see Exercise 4037); 


b) a linear operator is semisimple if and only if the space is the direct sum 
of the minimal invariant subspaces; 


c) a linear operator A is semisimple on the whole space if there exists a 
decomposition of the space into the direct sum of invariant subspaces, 
such that on each of them the restriction of A is semisimple. 


4135. Prove that if the minimal polynomial of a linear operator A on a space V 
is the product of coprime polynomials g; (x) and g2(x), then V can be decomposed 
into the direct sum of two invariant subspaces such that the restrictions of A to 
these subspaces have minimal polynomials g) (x) and g2(x), respectively. 
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4136. Prove that for any linear operator there exists a decomposition of the 
space into a direct sum of invariant subspaces such that minimal polynomials of 
its restrictions to these subspaces are powers of distinct irreducible polynomials. 


4137. Prove that if the minimal polynomial of a linear operator A is an irre- 
ducible polynomial of degree k, then for any x # 0 the vectors x, Ax,..., A*~'x 
form a basis of a minimal invariant subspace. 


4138. Prove that a linear operator is semisimple if and only if its minimal 
polynomial has no multiple irreducible factors. 


4139. Prove that a linear operator on a vector space over a field K of 
characteristic 0 is semisimple if and only if it has an eigen-basis over some 
extension of K. 


4140. Prove that the sum of two commuting semisimple linear operators over 
a field of characteristic 0 is a semisimple operator. 


4141. Let Abe a linear operator on a vector space over a field K of characteristic 
O and K[.A] be the ring of linear operators represented by polynomials in A. Prove 
that if the minimal polynomial of A is a power of an irreducible polynomial p(x) 
then 


a) elements of K[.A] which are divisible in this ring by the element p(A) 
form an ideal J different from K [A]; 


b) for any operator B € J the minimal polynomial of the operator A + B is 
divisible by p(x); 


c) there exists an operator B € J such that the minimal polynomial of the 
operator A + B is equal to p(x). 


4142. Prove that any linear operator A on a vector space over a field of 
characteristic 0 can be represented as the sum of a semisimple and of a nilpotent 
operator which are polynomials in A. 


4143. Prove that any linear operator A can be uniquely represented as a sum of 
commuting semisimple and nilpotent operators. 


4144. Let A be a linear operator on a vector space V over a field K with the 
minimal polynomial g(x). Assume that g(x) is a power of a polynomial irreducible 
over K and the degree of g(x) is equal to the dimension of V. Prove that 

a) V cannot be decomposed into the direct sum of two invariant subspaces; 


b) V is cyclic with respect to A. 
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4145. Let Aj, ..., An be eigenvalues of a matrix A € M,(C). Prove that 
a) for any natural number k 


trAk = ak 4... 48; 


b) the coefficients of the characteristic polynomial of A are polynomials in 


trA,...,trA’; 
c) iftrA =trA? =-.--=trA" = 0 then the matrix A is nilpotent. 
x * 
4146. Let 


0 asx 1 
r-(: ae J emec 
Ll a 0 


and § = AE + iB). For a Jordan box J(n, 4) € M,(C), prove the equality 


Fi 
1 n—1 

SJ(n, dS"! =AE + 5 DoE cat + Bette + iEn—te+1 — En—t,t-1)]. 
k=1 


4147. Prove that each complex matrix is similar to a symmetric one. 


42 Normed vector spaces and algebras. Non-negative matrices 


4201. Let K be a normed field (see Exercise 6535) with a norm |x|. Prove that the 
following functions on K" are norms: 


a) |\(@i,.--,@n) |] = lai] +--+ lanl: 
b)  [(@1,.--.@n)]] = max(|aj|,..., lanl); 


af. TRE 
c) [I\(a1,...,@n)l] = Vlail? +--- + lanl?. 


4202. Let K be a locally compact normed field, and V be a finite-dimensional 
vector space over K. Prove that any two norms {|x||1, ||x||2 on V are equivalent, 
i.e. there exist positive real numbers C;, C2 such that 


Cilla S leila S Calle 


for all x € V. 
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4203. Let K be a normed field, and V be a finite-dimensional vector space 
with a basis (€;,..., @m). Let %, = Xn1€1 + °°: +Xnmém € V, xij € K,n > 1. 
Prove that a sequence of vectors x, converges if and only if the sequences xj, 
i=1,...,m, converge. 


4204. Let K be a complete normed field and V be a finite-dimensional normed 
vector space over K. Prove that V is a complete normed space. 


4205. Let K be a normed field and V be a normed vector space over K. Denote 
by L(V) the set of all linear operators A on V such that the number ||A(x)|| is 
bounded provided ||x || = 1. Prove that 


a) L(V) is a subspace of the space of all linear operators on V; 
b) L(V) is a normed algebra with the norm 


Aj] = sup }A(x)]]; 
xW=1 
c) if V is finite-dimensional then L(V) is the space of all operators on V. 
4206. Let K be a normed field and let norms a), b) from Exercise 4201 be 


given on K". Prove that the corresponding norms on M,,(K) = L(V), defined in 
Exercise 4205, are of the form 


a) Al = max (Se): b) All = max (Sui). 


4207. Let K be a normed field. For A = (a;;) € M,(X) put 


n 
a) |All = 2 lajj\; b) Alla = 
ij=l 


c Allg =n- max |a;;|. 
) IAlls Ly ij | 


Prove that each of these functions induces on M,,(K) the structure of a normed 
algebra. 


4208. Prove that for any matrix A € M,(C) the matrices e4, sin A, cos A are 
well-defined. 


4209. Let A € M,(C). Prove that 


a) sin2A = 2sinAcosA; b) e'4 —cosA+isinA; 


1 
c) snA= 5 tei" = et); d) cosA= tei" +e7!A), 
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4210. If A, B € M,(C) and AB = BA thene4*¥ = ee. 
4211. Let A be a normed algebra over a complete normed field K. Prove that 
if x € A, then there exists a limit 


p(x) = lim |x" "7", 


* * * 


4212. Let x be an element of a Banach algebra A over a complete normed field 
K. Prove that the radius of convergence of the series oe t"x" € Al[[t]} is equal 
to p(x)—! (see Exercise 4211). 

4213. Let x be an element of a Banach algebra A over a complete normed field 
K. A spectrum Sp(x) is the set of all A € K such that the element x — A is not 
invertible in A. Prove that 


a) the radius of the least disc in K with the centre at the origin which contains 
Sp(x) is equal to p(x); 


b) the set Sp(x) is compact in K. 
4214. Let A € M,(C) and Aj, ..., An be all the eigenvalues of A. Prove that 
max |A;| = p(A) < |IAIl, 
l<isn 


where ||A{| is an arbitrary norm on the algebra M,,(C) induced by virtue of 
Exercise 4205b by some norm on C”. 

4215. Let x be an element of a Banach algebra A over a complete normed field 
K and let f(t) € K[[t]]. Prove that if p(x) is less than the radius of convergence 
of f(t), then the series f(x) converges. 

4216. Let x be an element of a Banach algebra A over a complete normed field 
K and let g be an invertible element in A. Let f(t) € K[{t]]. Prove that the series 
f (x) converges if and only if f(gxg—1) converges and f(gxg~!) = gf (x)g7!. 

4217, Let a be an element of a Banach algebra over a complete normed field K. 
Assume that f(t) € K[[t}] and the series f(a) converges. Let a have an annihilator 
polynomial of degree n. Prove that f(a) € (1,a,a”,...,a"—'), 

4218. Let A € M,(C) and Ao,...,A, be all roots of the characteristic 
polynomial of A of multiplicities ko, ..., kn. Assume that Ao,..., A, lie inside 
the disc of convergence of a series u(t) € C[{{t]]. Prove that 


u(A) = Honey x |F 50%): fib) pag (A ney 


k=0 [=0 


where Gj(t) = []j4;(¢ — ay)". 
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4219. Calculate 
42-5 
e 3) 2 =) fas -9 
a) eS! 1/; b) e 6-3}. c) e\53 7/; 
4 -15 6 re 1 
d) in(1 = 2); e) sin ( + cre 


4220. Find the determinant of the matrix e4, where A is a square matrix of 
size n. 
4221. Let A € M,(C) and 


x(t) 
x(t) = 
Xm(t) 


be a continuously differentiable vector-function. Prove that the solution of the 
system of differential equations with constant coefficients 


20) = Ax(t), 
at 


with initial condition x (fo), is the vector function x(t) = e4‘x(to). 

4222. Let A be a non-negative matrix, and A* for some natural number k be a 
positive matrix. Prove that p(A) > 0. 

4223. Find an example of a non-negative 2 x 2 matrix such that A? is a positive 
matrix. 

4224, Let anon-negative matrix A have a positive eigenvector. Then A is similar 
to a non-negative matrix in which the sums of entries of each row are equal. 

4225. Let A, B be positive matrices and suppose that the matrix A — B is also 
positive. Prove that p(A) > p(B). 

4226. Let A be a nonsingular non-negative matrix and suppose that the inverse 
matrix A™! is also non-negative. Then A = DP where D is a diagonal non- 
negative invertible matrix, P is a permutative matrix. 

4227. Let A be a non-negative matrix, x be a nonzero complex vector such that 
(Ax — ax) is anon-negative vector for some real number a. Prove that p(A) > a. 

4228. Let A be a non-negative matrix and ‘A have a positive eigenvector. If 
Ax — p(A)x is anon-negative vector for some nonzero vector x, then Ax = p(A)x. 

4229. Let A be anon-negative matrix and suppose that the matrix A* is positive 
for some natural number k. Prove that 
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a) A has a positive eigenvector; 


b) (A) is an eigenvalue of A of multiplicity 1. 


4230. Let a non-negative matrix A have an eigenvector x = (x1, ..., X,) where 
X1,-.2,Xp > 0, X41 = +++ = X,_, = O. Then there exists a permutative matrix P 
such that 

ai _f{B8 Cc 
ptap=(2 S), 


where B € M,, D € M,-,+, and B has a positive eigenvector. 


4231. Let A be a non-negative matrix. Prove that there exists a positive matrix 
B commuting with A if and only if there exist positive eigenvectors of matrices A 
and ‘A. 


4232. Let A be a non-negative tridiagonal matrix. Prove that all eigenvalues of 
A are real. 


4233. Let A be a non-negative matrix. Then p(E + A) = 1+ p(A). 
4234. Find p(A) and non-negative eigenvectors x for the non-negative matrix A: 


a) i yy: b) (5 fe 


14 3\ 
o (02 5); d) 
100 
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CHAPTER 10 


Metric vector spaces 


43 Geometry of metric spaces 


4301. What vector spaces with bilinear forms in Exercise 3701 are metric? 


4302. Prove that the real part f(x, y) and the imaginary part g(x, y) of an 
Hermitian function on a complex vector space V are invariant under multiplication 
by i; ie. for any vectors x, y € V 


f(ix,iy) = f(x,y), g(ix, iy) = g(x, y). 


4303. Prove that a metric vector space is a direct sum of a subspace L and its 
orthocomplement L+ if and only if the scalar product on L is nondegenerate and 
that in this case the scalar product on L+ is also nondegenerate. 


4304, Let M,,(C) be a space with an Hermitian scalar product 
(X,Y) = wX'Y. 
Find the orthocomplement of the subspace: 
a) of all matrices with zero trace; 
b) of all Hermitian matrices; 
c) of all skew-Hermitian matrices; 
d) of all upper-triangular matrices. 


4305. Show that Hermitian and Euclidean spaces are normed. 


4306. What norms on the spaces R", C” in Exercise 4201 are induced by 
Euclidean or Hermitian metric? 


4307. Complete the system of vectors in Euclidean and Hermitian spaces to an 
orthogonal basis: 
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a) (a, —2, 2, —3), (2, -3, 2, 4)); 
b) ((1, 1, 1, 2), (1, Zz 3, —-3)); 


» (G4). GD) 
© (G44): Git) 


e) (,1-i,2), (2,-14+3i,3—4)); 
f) ((-i,2,-4+%), (4-i,-1,i)). 


4308. Find the orthogonal projection of a vector x in Euclidean (Hermitian) 
space into the linear span of the orthonormal system of vectors (1, ..., €k). 

4309. Prove that it is possible to choose orthonormal bases (e),..., e,) and 
(fi,.--, ff) of any two subspaces of Euclidean (Hermitian) space such that 
(ei, fj) = Oifi 36 j and (ei, fi) = 0. 

4310. Let (€),..., e%) and (f1,..., ff) be orthonormal bases of subspaces L 
and M of Euclidean (Hermitian) space, and let A = ((e;, f;)) be the matrix of 
size k x 1. Prove that all characteristic numbers of the matrix ‘A - A belong to the 
segment [0, 1] and do not depend on the choice of bases of the subspaces L and M. 

4311. Prove that any real symmetric matrix of rank < n with non-negative 
(positive) principal minors is the Gram matrix of some (linearly independent, 
respectively) system of vectors of n-dimensional Euclidean space. 

Prove the similar statement for a Hermitian matrix and Hermitian space. 

4312. Prove that the sum of squares of lengths of projections of vectors of any 
orthonormal basis of Euclidean (Hermitian) space into k-dimensional subspace is 
equal to k. 

4313. Let G be the matrix of the scalar product in a basis (€),...,é€,) of 
Euclidean space V. Find the matrix of the change of the base to the dual one 
(fi,.-+» fn) and the matrix of the scalar product in the dual basis. 

4314. Let S be the matrix of a change of the basis e to the basis e’. Find the 
matrix of the change of the basis e’ dual to e to the basis f’ dual to f: 


a) in Euclidean space; 
b) in Hermitian space. 


4315. Construct, with the help of the orthonormalization process, an orthogonal 
basis of the linear span of the system of vectors in Euclidean (Hermitian) space: 


a) ((1, 2, 2, -1), (i, 1, -5, 3), 3, 2, 8, —7)); 
b) (1, 1, =1; —2), (65, 8, —2, —3), 3, 9, 3, 8)); 


Metric vector spaces 153 


ce) ((2,1,3, —1), (7,4, 3, —3), (1, 1, —6, 0), (5, 7, 7, 8)); 
d) ((2,1, -i), (1 —i, 2, 0), (-i, 0, 1 —i)); 
e) ((0, 1 —i, 2), (—i, 2 + 3, i), (, 0, 2i)). 
4316. Find a basis of the orthocomplement of the linear span of the system of 
vectors in Euclidean (Hermitian) space: 
a) ((1,0, 2, 1), (2, 1,2, 3), (0, 1, —2, 1)); 
b) (C1, 1,1, 1), (-1, 1, -1, 0), (2, 0, 2, 0)); 
c) ((0,1+ 2i, -i), (1, —1,2—i)). 
4317. Prove that the systems of linear equations determining a linear subspace 
of R” and its orthocomplement are connected as follows: the coefficients of the 


linearly independent system determining one of these subspaces are coordinates 
of vectors of a basis of the other subspace. 


4318. Find the equations determining the orthocomplement of the subspaces 
given by the system of equations: 
a) 2x1 +x2 +3x3 —x4 =0, 
3x1 +2x2 —2x4 = 0, 
3x) +x2 +4x3 —x4 = 0; 
b) 2x1—3x2 +4x3 —3x4 = 0, 
3x, —x2g+11x3-—13x4 = 0, 
4x, +2x2+18x3—23x4 = 0; 


c) xy +(1 — i)x2—ix3 = 0, 
ix) +4x2 = 0. 


4319. Find the projection of the vector x on the subspace L and the orthogonal 
component of x where: 


a) L=((1,1,1,1), (1,2, 2, -1), (1,0, 0, 3)), 
x = (4,—1,—-3,4); 


b) L= ((2, 1,1, —1), (1, 1,3, 9), (1, 2, 8, 1)), 
x = (5, 2, —2, 2); 


c) Lis given by the system of equations 
2x, +22 +23+3x4 = 0, 
3x1} +2x24+2x3 +x4 = 0, 
X1+2x2+2x3—424 = 0, 
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x= (7, —4, -1, 2); 

d) L= ((-i, 2+ i, 0), (3, —t+ 1,i)), 
x = (0,1+i,-i); 

e) Lis given by the system of equations 


(2+i)x, —ix2+2x3+ix4 = 0, 
(2+ i)x, —ixet2x3+ix4 = 0, 
5x1 4+(—1+i)x2 +23 = 0, 


x = (i,2—i,0). 

4320. Let the orthogonalization process transform the system of vectors 
a,...,@, into the system b;,...,5,. Prove that the vector by is the ortho- 
gonal component of the vector a; with respect to the linear span of the system 
Qj,..-, Qg-y (kK > 1). 

4321. Find the distance between the vector x and the subspace given by the 
system of equations: 


a) x = (2,4,0, -1); 
2x, +2x2+ x3+ x4 =0, 
2x1 + 4x2 + 2x3 + 4x4 = 0; 


b) x = (3, 3, —4, 2); 
Xx) +2x2+2%3-— x4 =0, 
Xj + 3x2 + 2x3 — 3x4 = 0; 
c) x =(Q,3,-1,1,-1); 
2x1 — 2x2 + 3x3 — 2x4 + 2x5 = 0; 
d) x= G3, 3, -l, 1, —1); 
X1 — 3x2 + 2x4 — x5 = 0; 
e) x= (0,—-i, 1+); 
xX, +ixe — (2 —i)x3 = 0; 


f) x=(1,-1,4); 
xy + (54+ 41)x2 —ix3 = 0. 


4322. Bessel inequality. Parceval equality. Let (e1, ..., ex) be an orthonormal 
system of vectors in n-dimensional Euclidean (Hermitian) space V. Prove that for 
any vector x the inequality holds in 


k 
> 1G. ei)? < bxl?. 


i=l 
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Prove that the equality holds for any x if and only if k = n, i.e. the given system 
of vectors is an orthonormal basis of V (the Parceval equality). 


4323. Applying the Cauchy inequality prove that 


k 
> abi 
i=l 


for any complex numbers a1,..., a4, Di, ..., Dg. 


4324, Prove that the square of the distance between a vector x in Euclidean 
(Hermitian) space and a subspace with a basis (e1, ..., €,) is equal to the ratio of 
the Gram determinants of the systems of vectors (e1, ..., ek, X) and (e1,..., &k). 


4325. Prove that the Gram determinant of any system of vectors 


wy? oe 
< }F tai? 


ij=l 


a) does not change under the orthogonalization process; 
b) is non-negative; 
c) is equal to zero if and only if the system is linearly dependent; 


d) does not surpass the product of squares of lengths of vectors of the system, 
and equality takes place if and only if either the vectors are pairwise 
orthogonal or one of them is equal to zero. 


4326. Prove that the determinant of the matrix of a positively definite quadratic 
form does not surpass the product of entries of its principal diagonal. 


4327. Hadamard inequality. Prove that for any real square matrix A = (aj;) of 
size n the inequality 
a n 
(det A)? < || S44) : 
i=1 \j=1 
holds and the equality takes place if and only if either 


n 
Danae =0 GJal.m i# fs 
k=1 


or the matrix A has a zero row. 

Formulate and prove the similar statement for a complex matrix A. 

4328. Find the lengths of the sides and the internal angles in the triangle abc in 
the space R?: 
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4329. Prove with the help of the scalar product of vectors that 


a) the sum of squares of the diagonals in a parallelogram is equal to the sum 
of the squares of its sides; 


b) the square of a side of a triangle is equal to the sum of the squares of two 
other sides minus the double product of these sides by the cosine of the 
angle between them. 


4330. Solve the system of linear equations by the method of least squares: 


a) xy + x2 -—3x3=-1, b) 2x; —5x2+3x3+ x46 =5, 
2x1 + x2 —2x3=1, 3x, — 7x2 +3x3 —- x4 =-—l, 
Xp+ xo+ x3 =3, 5x, — 9x2 + 6x3 + 2x4 = 7, 
xy + 2x2 — 3x3 = 1; 4x) — 6x2 + 3x3+ x4 =8. 


4331. n-dimensional Pythagorean theorem. Prove that the square of a diagonal 
of an n-dimensional rectangular parallelepiped is equal to the sum of squares of 
its edges outgoing from one vertex. 

4332. Find the number of the diagonals in an n-dimensional cube which are 
orthogonal to a given diagonal. 

4333. Find the length of a diagonal and the angles between the diagonals of the 
cube and its edges in an n-dimensional cube with an edge a. 

4334, Find the radius R of a sphere circumscribed around an n-dimensional 
cube with an edge a, and solve the inequality R < a. 

4335. Prove that the length of an orthogonal projection of an edge in an 
n-dimensional cube onto any of its diagonals is equal to 1/n of the length of 
the diagonal. 


4336. Calculate the volume of an n-dimensional parallelepiped with sides: 
a) (1, -1, 1, —1), (1, 1, 1, 1), (1,0, —-1, 0), (0, 1, 0, —1); 
b) ql, 1, 1, 1), qd, -1, ~1, 1), (2, 1, 1, 3), (0, 1, -1, 0); 


c) (l, l, 1, 2, 1), (1, 0, 0, 1, —2), (2, 1, —1,0, 2), (0, 7, 35 —4, —2), 
(39, —37, 51, —29, 5); 


d) (1,0,0,2,5), (0,1,0,3,4), (0,0,1,4,7), (2,~—3,4, 11, 12), 
(0, 0, 0, 0, 1). 
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4337. Prove, for the volume of a parallelepiped, the inequality 


Viai,...,@,51,...,51) < V(ai,...,@¢)-V(bi,..., by), 


and show that the equality takes place if and only if (a;, b;) = 0 for all i and j. 
4338. Find the angle between the vector x and the subspace L: 


a) 
b) 
c) 
d) 


L= (3, 4, —4, -1), (0, 1, -1, 2)), z= (2, 2, 1, 1); 
L = ((5, 3, 4, —3), (1, 1, 4, 5), (2, —1, 1, 2)), x = (1,0, 3, 0); 
L = ((1, 1, 1, 1), (1, 2, 0, 0), (1,3, 1, 1)), x = (1, 1,0, 0); 


L = ((0,0, 0, 1), (1, —1, -1, 1), (—3, 3, 3, 0)), x = (1, 2, 3,0). 


4339. Prove that if the angle between any two of k distinct vectors in Euclidean 
space V is equal to 7/3, then k < dim V. 


4340. Prove that if the angle between any two of k distinct vectors in Euclidean 
space V is obtuse, then k < 1+ dim V. 

4341. Find the angle between a diagonal of an n-dimensional cube and its 
k-dimensional face. 

4342. Find the angle between two-dimensional sides aga1a2 and aga3a4 in the 
regular four-dimensional simplex apa1a2a3a4. 

4343. Find the angle between the subspaces 


((1, 0,0, 0), (0, 1,0,0)) and ((1,1,1,1),(1,—1,1,—-1)). 


4344. Polynomials of the type 


ke 


1 
Po(x) = 1, AG) = so 4[@?- | ed, honen) 


are Called Legendre polynomials. 


a) 


b) 
c) 
d) 
e) 
f) 


Prove that Legendre polynomials form an orthogonal basis of Euclidean 
space R[x], with the scalar product 1 ae f(x) g(x) dx. 


Find the explicit form of the polynomials P,(x) for k < 4. 

Prove that deg P,(x) = k and find the expansion of P; (x) for all k. 
Calculate the length of the Legendre polynomial P; (x). 

Calculate the value of P;(1). 


Prove that the orthogonalization process applied to the basis 
(1, x, x7,..., x") of the space R[x], gives us a basis which differs only by 
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constant multipliers from appropriate Legendre polynomials. Find these 
multipliers. 


g) Prove that the integral ro f (x)? dx, where f(x) is a polynomial of 
degree n with real coefficients and with the leading coefficient 1, achieves 
the minimum 


2, # mol 
x) = —=—P, (x). 
(2n + 1)(*) (7) 


4345. Find in the space R[x], with the scalar product 7 SF (x)g(x) dx: 
a) the volume of the parallelepiped P(1,x,..., x"); 


b) the distance between the vector x” and the subspace R[x],,-1. 


4346. Let L be the space of continuous functions in the segment [—7, 77] with 
the scalar product 


1 x 
(f, 8) = = il F(t)g(t)at. 


Find the projection of the function t” into the subspace 


V = (l,cost?, sint,..., cosnt, sinnt). 


4347. Let V be a pseudoeuclidean space of signature (p, q) and let W be a 
subspace of V. Prove that 
a) if the scalar product in W is definite positive, then dim W < p; 
b) if (x, x) = 0 for any x € W, then dim W < min(p, q). 
4348. Let a nonsingular scalar product of signature (p,q) in a vector space 
be given, such that its restriction to a subspace W is a nonsingular scalar product 


of signature (p’,q’). Prove that the restriction of the scalar product to W+ is 
nondegenerate and has the signature (p — p’, q — q’). 


4349. Prove that a pseudoeuclidean space of signature (p,q), where p and q 
are distinct from zero, has a basis consisting of isotropic vectors. 


44 Adjoint and normal operators 


4401. Prove the following properties of the operation of passing to adjoint operators 
on metric space: 
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a) A*™ =A: 
b) (A+B)* = A* +B"; 
c) (AB)* = B*A®; 
d) (AA)* =AA"; 
e) A*Aand AA* are selfadjoint operators; 
f) if an operator A is nonsingular, then (A~")* = (A*)~?, 
4402. Find the matrix of an operator A*, with a basis e, of a metric vector space 


V if the operator A has the matrix A with this basis and the scalar product has the 
matrix G. 


4403. Let (e1, €2) be an orthonormal basis of a metric vector space and an 


a) Find the matrix 


operator A have, with a basis (e1, e) +2), the matrix ( 
of the operator A* with this basis. 


4404. Find the adjoint operator to the projection of the coordinate plane on the 
abscissa axis in parallel with the bisectrix of the first and third quadrants. 


4405. Let .A be a projection of a metric vector space V on a subspace V, in 
parallel with a subspace V2. Prove that 
a) V= vi ® V3; 
b) A’* is a projection of the space V onto vit in parallel with Ve: 
4406. Prove that if a subspace of a metric vector space is invariant under a linear 
operator A, then its orthocomplement is invariant under the operator A*. 


4407, Prove that the keel and the image of the adjoint operator A* are the 
orthocomplements to the image and the kernel of the operator A, respectively. 


4408. Prove that if x is an eigenvector of operators A and A* on a metric vector 
space with eigenvalues 4 and yz, respectively, then z = A. 


4409. Let V be the space of real infinitely differentiable periodic functions of 
a period h > 0 with the scalar product f”, f (x)g(x) dx. 


a) Find the adjoint operator to the operator of differentiation D. 


b) Prove that mappings A and B given by the rule 
Af) = uP (f), BUA) = \(-1' Dif), 
i=0 i=0 


where ug, u1,-.., 4, € V are fixed functions, are linear operators on V 
and B = A*. 
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c) Prove that the operator given by the rule 
A(f) = sin? 7 Df) + - sin * DU), 
is selfadjoint. 
4410. Let V be the space of real infinitely differentiable functions on the segment 


[a, b] with the scalar product f f(x)g(x) dx. Prove that 


a) if the functions uo,...,u, € V satisfy conditions 
Di (uj)(a) = Di (uj)(b) =0 G=1,...,m3i=0,1,...,7-D, 


then the mappings A and B given by the rules 
Af) = udp), BA) =)CvID wif), 
i=0 i=0 


are linear operators on V and B = A*; 


b) the linear operator A given by the rule 
A(f) = (& — a)?(x — bP D?(f) + 2x — a)(x — b)D(F), 
is selfadjoint. 
4411. Let the linear operators A and B on the space R[x] with the scalar product 
ft F(x)g(x) dx are given by the rules 


b b 
A(f) = / P(x, y)f()dy, Bf) = / P(x, y) f(y) dy, 


where P(x, y) € R[x, y]. Prove that B = A*. 

4412. Prove that if A is a selfadjoint operator then the function f(x, y) = 
(Ax, y) is Hermitian. 

4413. Prove that if A and B are selfadjoint operators on a metric vector space 
V and (Ax, x) = (Bx, x) for all x € V then A= B. 

4414, Prove that an operator A on Euclidean or Hermitian space V is normal 
if and only if | Ax| = |A*x| for all x € V. 

4415. Prove that if x is an eigenvector of a normal operator A in Euclidean or 
Hermitian space with an eigenvalue A, then x is an eigenvector of the operator A* 
with the eigenvalue A. 
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4416. Prove that eigenvectors of normal operators in metric vector spaces with 
distinct eigenvalues are orthogonal. 
4417, Prove that 


a) the orthocomplement of a linear span of an eigenvector of a normal 
operator A on a metric vector space is invariant under A; 


b) an operator on Hermitian space is normal if and only if it has an 
orthonormal eigenbasis; 


c) an operator on Euclidean or metric space is normal if and only if each of 
its eigenvectors is an eigenvector of the adjoint operator. 


4418. Prove that any set of commuting normal operators on Hermitian space 
has a common orthonormal eigenbasis. 


4419. Prove that if a normal operator A on Hermitian space commutes with an 
operator B then A commutes with B*. 


4420. Let A, B be normal operators on Hermitian space and the characteristic 
polynomials of these operators be equal. Prove that the matrices of the operators 
A and 8 with any basis are similar. 


4421. Let A be a normal nilpotent operator on Hermitian space. Prove that 
A=0. 


4422. Prove that an operator A on Hermitian space is normal if and only if 
A* = p(A) for some polynomial p(r). 


4423. Put f(x) = 7.9 4;x' for any polynomial f(x) = )-7_9 ax! € K(x]. 
Let A be an operator on a metric space. Prove that 


a) f(A)" = f(A"), 
b) if f(A) =0, then f(A*) = 0. 


4424. Let A be a normal operator on a metric vector space V and f(x) € K[x]. 
Prove that 


a) the kernel Ker f (A) is invariant under A*; 
b) Kerf(A*) = Kerf(A); 


c) if f(x) = fi(x) fo(x) where fi (x) and f2(x) are coprime then Ker f (A) 
is the orthogonal direct sum of subspaces Ker f(A) and Ker f2(A); 


d) if (f(A))" =O then f(A) = 0. 
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4425. Let A be a normal operator on Euclidean space V and A? = ~E. Prove 
that A® = —A. 


4426. Let p(t) = t? +.at+b bea real irreducible polynomial. Assume that A is 
a normal operator on Euclidean space and p(A) = 0. Prove that A* = —A—aE. 


4427, Let A be a normal linear operator on Euclidean space V and U be a two- 
dimensional subspace of V invariant under A. Assume that A has no eigenvectors 
in U. Prove that 


a) U is invariant under A*; 
b) U7+ is invariant under A and A*. 
4428. Let A be a normal linear operator on two-dimensional Euclidean space U 


such that A has no eigenvectors. Let e = (e1, €2) be an orthonormal basis. Prove 
that the matrix of A in the basis e has the form 


(; 2’): 


4429. Let A be a normal operator on Euclidean space V. Prove that there exists 
an orthonormal basis V in which the matrix of A has a block-diagonal form 


7 


in which the size of a block .A; is two at most, and blocks A; of size two have the 


form 
( aj —b; ) 
(Gj a J 


4430. Prove that any operator on Euclidean (Hermitian) space is the sum of a 
symmetric and a skew-symmetric (of Hermitian and skew-Hermitian, respectively) 
operator. 


4431. Prove that an operator A on Euclidean space V is skew-symmetric if and 
only if the vectors x and Ax are orthogonal for any x € V. 


4432. Prove that for any skew-symmetric operator on Euclidean space there 
exists an orthonormal basis in which its matrix has a block-diagonal form and the 
entries of the principal diagonal either equal zero or have the form 


( ae (w ER). 
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45 Selfadjoint operators. Reduction of quadratic functions to 
principal axes 


4501. Prove that the product of two selfadjoint operators on a metric vector space 
is a selfadjoint operator if and only if these operators commute. 


4502. Let A and B be selfadjoint operators on a metric vector space. Prove that 
a) the operator AB + BA is selfadjoint; 
b) if A = —A then the operator A(AB — B.A) is selfadjoint. 
4503. Prove that the projection of a metric space L; © L2 onto the subspace L, 
in parallel with L2 is a selfadjoint operator if and only if L; and L2 are orthogonal. 


4504. Find an orthonormal eigenbasis, and the matrix in this basis, of the 
operator given in some orthonormal basis by the matrix: 


+4 i 2.28 17 -8 4 

a) (j ay b) ( 22 0): c) (-8 17 -); 
~810 5 4 -4 11 

Ce oe 00 1\ ae ar 

d) (- 5-1); e) [0 1 a Pe 1 5 ae 
= ae. A1 0 0 ar, 


ae ae 
j: Dated 
hau Py 
e.g 


4505. Prove that the functions 

: cos x, sinx cos sin nx 
a) ’ veces nx, 
V2 


; d? 
constitute an orthonormal eigenbasis for the symmetric operator Gat on the space 
x 


Va = {ap + a) cosx +b; sinx +-+-+a,cosnx+b,sinnx | a;,b; € R} 


with the scalar product - / FS (x)g(x) dx. 
- 
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4506. Prove that Legendre polynomials (see Exercise 4343) constitute an 
eigenbasis for the selfadjoint operator given by the rule 


(ACf))(x) = (x? — 1) f(x) + 2xf"(2), 


on the space of polynomials of degree < n with the scalar product ie 1S @&)g(x) dx. 


4507. Find an orthonormal eigenbasis and the matrix in this basis of the 
Hermitian operator given in some orthonormal basis by the matrix: 


3 242i), anit B21 
a) (rs 1 )i 2 ( 3): °) Ge 7 ). 


4508. In the space of matrices M,,(C) let 
(A, B) = tr(A-'B). 
Prove that 
a) M,(C) is an Hermitian space; 
b) any unitary matrix in this space has the length ./n; 
c) the operators X +» AX and X + ‘AX on M,(C) are adjoint; 
d) the operator X + AX is unitary if A is an unitary matrix. 
4509. Prove that selfadjoint operators on Eucidean or Hermitian spaces are 
commuting if and only if they have a common orthonormal eigenbasis. 
4510. Prove that a selfadjoint linear operator on Euclidean or Hermitian space 
a) is non-negative if and only if all its eigenvalues are non-negative; 
b) is positive if and only if all its eigenvalues are positive. 
4511. Let A be an operator on Euclidean or Hermitian space. Prove that A*.A 


is a non-negative selfadjoint operator. Prove that A*.A is positive if and only if A 
is invertible. 


4512. Prove that if two non-negative selfadjoint operators on Euclidean or 
Hermitian space commute, then their product is a non-negative selfadjoint operator. 

4513. Prove that for any non-negative (positive) selfadjoint operator A on 
Euclidean or Hermitian space there exists a non-negative (positive, respectively) 
operator B such that B? = A. 


4514. Let an operator A on three-dimensional Euclidean space in some 
orthonormal basis be given by the matrix 


/13 14 4\ 
ty 24 18). 
4 18 29 


Find, in this basis, the matrix of a positive selfadjoint operator B such that B? = A. 
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4515. Prove that the eigenvalues of the product of two non-negative selfadjoint 
operators on Euclidean or Hermitian space, one of which is invertible, are real and 
non-negative. 


4516. Prove that a non-negative selfadjoint operator of rank 7 on Euclidean or 
Hermitian space is a sum of r non-negative selfadjoint operators of rank 1. 


4517. Prove that any linear operator A on Hermitian space has a unique 
decomposition A = A; + iA2 where A; and A: are Hermitian operators. 


4518. Let A be a real Jacobi matrix, i.e. a matrix of the form 


a By vee. “ORNS 
Bi a2 fp... O 

O fo a... 0 

0 0 0 Bn-1 
0 O O ap 


where $B, -...+ Ba—1 # 0. Prove that A has no multiple eigenvalues. 


4519. Find an orthogonal transformation reducing the quadratic function to the 
principal axes: 


a) 
b) 


a) 


6x? + 5x3 + 1x4 — 4x1 x2 + 4x1 23; 

11x? + 5x3 + axi + 16x1x2 + 4x1x3 — 20x2x3; 
xe + xt + 5x3 — 6x4 x2 — 2x1x3 + 2x2x3; 

x} + xe + x + 4x) x2 + 4x23 + 4x2x3; 

x — Se + — + 4x1x2 + 2x1x3 + 42223; 

2x1x2 — 6x1x3 — 6x2x4 + 2x3x4; 

3x? + 8x,x2 —- 3x2 + 4x3 — 4x3x4 + Ri: 

te + 2x1x2 + a -_ 2x3 — 4x3x4— 2x2: 

9x? + 5x3 + Sx; + 8x? + 8x2x3 — 4x2x4 + 413x4; 


4x? — 4x2 — 8x2x3 + 2x2 — Sx? + 6xax5 + 3x2. 


4520. Prove that if f(x) = S-)_, Aix? then 


max(|A;|,---.lArl) = pax If @)I.- 
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4521. Reduce the Hermitian quadratic function to the principal axes: 
a) S\xy|? + iV3x1%2 — 13%) x2 + 6[x2/7. 
b) hay)? + |xol? + 2ixrt2 — 2X x2 + ZiK2xg — 2ix2Ks. 
c) |xa|? + 2|x2l? + 3]x3]? — 2k px2 + ZixiX2 + 2itex3 — ixezs. 


46 Orthogonal and unitary operators. Polar factorization 


4601. Prove that orthogonal (unitary) operators form a group with respect to 
multiplication. 

4602. Prove that if an operator on Euclidean (Hermitian) space preserves the 
lengths of vectors then it is orthogonal (unitary, respectively). 

4603. Prove that if vectors x and y on Euclidean (Hermitian) space have the 
same length, then there exists an orthogonal (unitary, respectively) operator which 
maps x to y. 

4604. Let x1,...,x4 and yj,..., yx be two systems of vectors in Euclidean 
(Hermitian) space. Prove that there exists an orthogonal (unitary, respectively) 
operator which maps x; to yj (i = 1,...,k ), if and only if (x;, xj) = (yi, ys) for 
alli and j from 1 to k. 

4605. 


a) Let w be a nonzero vector in Euclidean (Hermitian) space. For any 
(x, w) 


(w, w) 


vector x we put Uy(x) = x —2 w. Prove that U,(w) = —w 
and U,(y) = y if x € (w)+. 
b) Let x, y be nonzero vectors in Euclidean (Hermitian) space and y ¢ (x). 


Prove that there exists a vector w such that Uy(x) = —y. 


llyl 


4606. Find a canonical basis, and the matrix in this basis, of the orthogonal 
operator given in some orthonormal basis by the matrix: 


if 2 2 Oth , 1 1 —/2 
a) +( —_ 2); bd sf1 1 v2]; 
-l 2 2 J2 -vJ3 0 
1/2 -1 2 7 1 -V6 
c) 3( 2° 2 -1); ad z{ 3 V6; 
“1 2 2 \¥6 -V¥6 2 
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a ih -/2 -1\ af) 1 1 
esti v2 -1); Peete. eee 
5) oe. 1. Tt 
/2 0 J2/ es es | 

<a ee 1(2 2-1 
g) = ; ho -[-1 2 2); 
oy a ee a 
= a 
if 1 384 pase 4 
i) 5( 4 4 7); 5D) 1( G3 2); 
ae ee TR. Eg 3 
me ori ae ee 
/2 /2 4 4 4 
Pt) bee eee 1) 1 3. vf 
3/2 3/2 372 4 4 4 
- 1 2 4 VW 1 
ee -— +— = 
3 3 3 4 4 a) 7 


4607. Find an orthonormal eigenbasis, and the matrix in this basis, of the unitary 
operator given in some orthonormal basis by the matrix: 


cosa —sine f 1 /1+i 1 \, 
» eae ae) men): ») 43 \ =-1 ay 

a ee 1 (2+31 —¥v3 
c) -~|{ —4i 4-31 —2-—6i ]; d) 4 \ V3 23 = 

9\6+2i -2-6 1 4 


W2X—-l tp 
4608. Prove that a unitary matrix of size 2 with determinant 1 is similar to a 
real orthogonal matrix. 


4609. Let A be a unitary operator on Hermitian space and the operator A — € 
be invertible. Prove that the operator i(A — £)~!(A + €) is Hermitian. 


4610. Let A be an Hermitian operator. Prove that 
a) the operator A — i€ is invertible; 
b) the operator B = (A — i€)—!(A+€) is unitary; 
c) the operator B — € is invertible; 
d) A=i(B-€)"(B+8). 
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4611. Prove that for any Hermitian operator A the operator eA is unitary, and 
conversely, any unitary operator is presentable in the form e'4 for some Hermitian 
operator A. 

4612. Let V be Euclidean space with a basis (e), e2, e3) and A be an orthogonal 
operator on V with determinant 1. Prove that A = A,BgAy where A, and Ay 
are rotations in the plane (e), e2) on angles g and w, respectively, and Bg is a 
rotation in the plane (e2, e3) on the angle 0. 

4613. Let V be the space of Hermitian matrices of size 2 over the field R with 
zero trace and (A, B) = trAB (A, B € YV). Prove that 


a) V is Euclidean space with the orthonormal basis 


0-6 2) AED): o-A(4 D) 


b) the operator given by the rule X ++ AX'A (X € V), where A is a unitary 
matrix, is orthogonal; 


c) for any orthogonal operator A on V, there exists a unitary matrix A of 
size 2 with determinant 1 such that A(X) = AX'A for all X € V. 


4614, Prove that any orthogonal operator A on Euclidean space is a product of 
reflections with respect to hyperplanes, and the minimal number of these factors 
is equal to the codimension of the subspace Ker(.A — €). 


4615. Prove that if A, B are positive selfadjoint operators, A = BC and the 
operator C is orthogonal (unitary), then C = €. 
4616. Factorize an operator, given in some orthonormal basis by the matrix: 


42 2 
2 -1)\, 1-4), 
Tae 8 GP 2 (ate) 


into the product of a positive selfadjoint and an orthogonal operator. 

4617. Prove that the factorization A = BC of an operator on Euclidean 
(Hermitian) space where B is a non-negative selfadjoint symmetric (Hermitian, 
respectively) operator, and C is an orthogonal (unitary, respectively) operator, is 
unique. 

4618. Prove that for any unitary operator A and for any natural number k, there 
exists a unitary operator B which is a polynomial in A such that B* = A. 
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4619. Prove that a selfadjoint operator A is positive when the coefficients 
C1,..-, Cn Of its charactenstic polynomial t” + cyt?! +---+c, are non-zero and 
have alternating signs. 

4620. Let A, B be selfadjoint operators and A be positive. Prove that the 
eigenvalues of the operator AB are real. 


4621. Let A be a positive and B be a non-negative operators. Prove that the 
eigenvalues of AB real and non-negative. 


4622. Let A be selfadjoint operator. Prove that the following conditions are 
equivalent: 


a) all eigenvalues of A belong to a segment [a, ); 


b) the operator A — AE is negative for A > b and is positive for A < a. 


4623. Let A, B be selfadjoint operators whose eigenvalues belong to segments 
[a, b] and [c, d], respectively. Prove that the eigenvalues of A + B belong to the 
segment [a + c,b +d). 


4624. Let A be a selfadjoint operator. Prove that the operator e“ is positive and 
selfadjoint. 


4625. Let A = BU be a polar factorization of an operator A where B is a non- 
negative selfadjoint operator, and U/ is a unitary operator. Prove that A is normal 
if and only if BU = UB. 

4626. Let A = BU be a polar factorization of an operator A, where B is 
a non-negative selfadjoint operator, and WU is a unitary operator. Assume that 
Ai = --- > Aq > O are the eigenvalues of B. Consider the norm on the 
space of operators corresponding to the norm on the Hermitian space given in 
Exercise 4205b. Prove that 


a) All =A1; 


1 
b) if the operator A is invertible then A, > 0 and {| A7!|| = i: 
n 
4627. Let A be a nonsingular square complex matrix of size n. Consider 
the system of linear equations AX = b. Let Xq be its solution and Xj, be its 
approximation, and r = b — AX, be the vector of asidual error. Prove that 


Xo — X1I) -1, Ir 
——— < |JAl]- (AT! |] - — 


IXoll oi” 


4628. Let A be a square complex matrix. Prove that A = U; DU», where U;, 
U2 are unitary matrices, and D is a diagonal matrix. Prove that the entries of the 
principal diagonal of D are the square roots of the eigenvalues of the matrix A -' A. 
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4629. Let A = (a;;) be a complex square matrix of size n. Prove that 


a) sata ti) < (Siu) sees (Seu): 


i=l i=l 
b) det A] <3 - (max |aij))"; 
j 
c) the estimate mentioned in b) is sharp. 


4630. Let A € M,(C). Prove that A = UR, where U is a unitary matrix, and R 
is an upper-triangular one. If A € M,(R) then A = QR, where Q is an orthogonal 
and R is a real upper-triangular matrix. 

4631. Let A € M,(C). Prove that‘AA ='RR where R is an upper-triangular 
matrix. If A € M,,(R) then R can be chosen in M,, (R). 

4632. Prove that any unitary matrix is the product of a real orthogonal and a 
complex symmetric matrix. 

4633. Let V be a complex vector space with a scalar product (we take the 
identity automorphism of the field C). Prove that for any symmetric operator A on 
V, there exists a Jordan basis in which the matrix of the scalar product is block- 
diagonal with blocks of the same sizes as the Jordan boxes of the matrix of A. 
These blocks are of the form 


0 0 1 
0 0 1 0 
0 1 0 0 


CHAPTER 11 


Tensors 


47 Basic concepts 


In this section V is n-dimensional vector space, n > 2, (€),..., €n) is a basis of 
V, and (e!,..., e”) is the dual basis of the space V*. 


4701. Which tensors, given by their coordinates, are decomposable: 


a) ty =i); 
b) tj = bj; 
ce) th =itj; 


d) th = iti+e. 
©) ty me 8ij5je3 
f)  tije = 5;j5j5k1? 
4702. Find the value F(v, f) of the tensor 
F =e! @e2 +7 @(e; + 3e3) € TI(V), 


where v = e; + Sez+4e3, f =e! +e7 +3. 
4703. Find the value of the tensor A@B — B@A € T(V) at the tuple 
(v1, ..., US): 
a) A=elet+eerset+eroee TA(V), 
B=e'ee'a(e!_eye T2(V), 
yey, vz2=e,+e2, V3 =e2+63, V4 = V5 = 2; 
b) A=eloe*+e*ee +e ee! € TRV), 
Be T9(V), all coordinates of the tensor B are equal to 1, and 
vp =er+e2, v2=e24+63, v3=—e3 +1, V4 = U5 = E2. 


17 
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4704. Find the value F(v,v,v, f, f) of the tensor F =e TA(V) if all 


coordinates of F are equal to 3, and v = e; + 2e2 + 3e3 + 4e4, f = e! — ef, 


4705. Find the coordinate ra of the tensor T € T3(V) with the basis 


1} 2. 3 
(41, €2, €3) = (€1,€2,63)[ 0 1 2), 
\O0 0 1 


if all its coordinates with the basis (e1, e2, €3) are equal to 2. 
4706. Find the coordinates with indices 1, 2, 3, 3, 3 of the products A @ B and 


B® A of the tensors 
A=elee+eoec TX), 
B = B(v, v2, v3) € T3(V), 
where B(v;, v2, v3) is the determinant composed of the coordinates v;, v2, v3 with 


the basis (e1, €2, €3). 
4707. Find the coordinates: 


a) #1, of the tensor e! @ e? @ (e1 + €2) € T}(V) with the basis 
— | 
(é1, €2) = (€1, €2) G I 
b) #}? of the tensor T € T?(V) with the basis 


G2) =(enen(2 §)3 


if all its coordinates are equal to 1 with the basis (e1, e2); 
c) a of the tensor e? @e! @e3@e, + eee @e, @en € T3(V) with the 
basis 


0 0 


1 
1.82.85) = (er,€2,¢3) (2 1 0}. 
\3 2 17, 


4708. Find the coordinates of the tensors: 
a) (€1 + €2) @ (e; — €2); 


b) (e1 +62) @(e1 + 2); 
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c) (e1 + 2e2) @ (ey + €2) — (€1 + €2) @ (e1 + 22); 
d) (e1 + 2e2) ® (e3 + €4) — (e1 — 2e2) @ (e3 — €4). 
4709. Letn = 4, T =e! @e2 +e? @e3 +e? @e4 € T}(V). Find all 
a) f € V* such that T(v, f) = 0 for any v € V; 
b) vu V such that T(v, f) = 0 for any f € V*. 


4710. Let n = 3, the field K = Z, and T = e! @e2 +e? @e3 € T!(V). Find 
the number of pairs (v, f) € V x V*, for which T(v, f) = 0. 


4711. Find the rank of the bilinear functions: 
a) (e! +7) @(e! +e) —e! ee! —e* ae?; 
b) (e! — 2e3) @ (e! + 3e? — e4) + (e! — 23) @e4; 
c) (e! +e) @(e? + e4) — (e? — e*) a(e! — e). 
4712. Prove that 


a) the rank of the bilinear function u@v is equal to 1, if the elements 
u,v € V“ are different from 0; 


b) the rank of the bilinear function Pe uj @vu; does not exceed k, if 
Uj,...,Uk, U1, ..-, UR E V™. 


4713. Find the total contraction of the tensors: 
a) (e; + 3e2 — €3) @(e! — 2e? + 3e4) — (e; + €3) @ (e! — 3e? + 4); 
b) (e1 + 2e2 + 3e3) @ (e' +e? — 2e3) — (e1 — €2 + €4) @ (e? — 2e* — 3e4); 
c) eo(e!+e7+e% +e") +07 @ (e! +-2e? +23 +4e*) +23 @ (e! —e?-e'). 


4714, Let a : V*@V — L(V) be acanonical isomorphism. Calculate a(t)v 
for n = 4, where 


a) ¢ =e! @e;3, ve; +e2 +63 + e4; 

b) t=(el +e*)o(e3+e4), v= 2c, + 32 + 2e3 + 3e4. 
4715, Find x € V*@ V, such that a(x) = a(t)? for ¢ equal to 

a) (2e! — e5) @(e; + €2); 

b) el @e2 + (e! + 2c”) ae3. 
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4716. Suppose that on a space V there is given a scalar product with the matrix 
2 0 0 


0 0 
1 1 
i. 2 


oo- 
ooo fH eS 


Make the lowering and the rising indices of tensors: 
a) e! ez +e? @e4: 
b) (e! +67) @(e3 +4) — (e! +e?) @e3; 
c) ti = 82; + 84;; 
d) tj =i8;. 
4717. Prove that if an operator A is diagonalizable then the operator A® is 


also diagonalizable. 
4718. Let a be the trace of an operator A and d be its determinant. Find: 


a) tr(A@A); b) tr(A®’); c) det(A@A). 


4719. Find the Jordan form of the matrix of the operator A @ B, if the matrices 
of A and B respectively, have the Jordan forms: 


, 10 0 
0 (i°%)- 0 2 O}; 
Oey 003 
i mae 
» (oi) (6 2) 
: 10 
11 
SUS se 


48 Symmetric and skew-symmetric tensors 


4801. Establish an isomorphism between the spaces (T; ; (V))* and TA(V). 
4802. Prove the following properties of the operators Sym and Alt on the 
space T}(V): 


a) the intersection of the kernels KerSym and KerAlt is equal to zero if 
q = 2 and is different from zero if q > 2; 
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b) Sym- Alt = Alt -Sym = 0; 
c) the operator P = (€ — Sym)(E — Alt) is a projection. 


Find the rank of the operator P for q = 3. 


4803. Prove that if the basic field has characteristic 0 then the span of tensors 
of the form v* (v € V) coincides with S*(V). 


4804. Establish an isomorphism between: 
a) S%(Vi@V2) and @4_,S'(V;)@S%-(V2); 
b) A%(V;@V2) and @f,A'(Vi)@AI"(V2). 


4805. Prove that if dim V > 2 then the spaces A2(A2(V)) and A4(V) do not 
coincide. 


4806. Prove that for any nonsingular bilinear function f on a space V there 
exists a nonsingular bilinear tensor F in the space A?V such that 


— der ( f(r. 03) F (v1, v4) \ 
ROWAN Ree \ f(v2, 03) f (v2, v4) ) 


4807. Find the trace of an operator A4(A), where the operator A is given by 
the matrix: 


1 —2 00 

ae 1 4 00 
a) (0 2 2) (q=2); » lo 9 caa =: 
00 3/ 0 0-31 

10 12 

O. 2 20 
) Ty es ol Oa). 

00 1 3 


4808. Find the Jordan form of the matrix of the operator A?(A) if the matrix 
of A has the Jordan form: 


1100 210.0 oh agape tt 
Olen ya lawns 2 2S Oe elo. 02 0-0 
cot 0031 fe a> ata 
0001 0003 Bh a aad 


4809. Prove that if trA7(A) = 0 for all g > 0 then the operator A is nilpotent. 


176 Ad. Kostrikin 


4810. Let A be a nonzero operator on n-dimensional space V. Prove that a 
nonzero operator A"~!(A) on A”—!(V) either is nonsingular or has rank 1. 
4811. Prove that k-dimensional subspace W C V is invariant under a linear 
operator A if and only if A* W is invariant under A*(A). 
4812. Prove that for any bivector & € A2(V) there exists a basis (€1, ..., én) 
of V such that 
E =e, ANe2 ez Neg t sss bep-1 Ae 


for some even integer k. 

4813. Cartan’s lemma. Let a system vj,..., v% of vectors of a space V be 
linearly independent and t),..., % € V. Prove that uy; At) +--- +u Ah =0 
if and only if t},...,%& © (v1,.-., Ug) and the matrix composed by elements aj; 
such that t; = py A @jj vj, is symmetric. 

4814. Prove that a bivector € is decomposable if and only if § A & = 0. 

4815. Prove that for € A?(V), x € V,x #0, the equality € A x = 0 holds 
if and only if & = x A 6 for some 6 € A?—!(V). 

4816. Let & € A?(V) be a nonzero p-vector and W = {x € VIE Ax = 0}. 
Prove that 

a) dim W < p; 

b) dim W = pif and only if & is decomposable; 

c) the least subspace whose pth power contains the p-vector & is equal to 
U = {&(v,..., up—1) |v; € V"); 


d) dimU > panddimU = p if and only if € is decomposable. 
4817. Prove that the operation of internal multiplication i(v*) where v* € V*, 


is a differentiation of the algebra S(V). 


4818. Prove that the operators of internal multiplication i(vf) and i (v3) 
(vj, v3 € V*) commute in the algebra S(V) and anticommute in the algebra 
A(V). 


CHAPTER 12 


Affine, Euclidean, 
and projective geometry 


49 Affine spaces 


4901. Prove that ab + bc = @¢ for any points a, b, c of an affine space. 


4902. Prove that if }-*_, A; = 0, then the vector )“*_, Aj@aj does not depend 
on the point a for any points a), ..., a, of an affine space. 


4903. Prove that if }*_, A; = 1, then the point a + )*_, Aj@aj (denoted by 
bese A; a;) does not depend on the point a for any points a;,..., a, of an affine 
space. 


4904. Let (P, U) be an affine subspace (a plane) of an affine space. Prove that 
a) U=({pq|p.q€é P}; 
b) P=p+U for any point p € P. 


4905. Prove that the intersection of any family of planes in an affine space is 
either the empty set or a plane. 


4906. Let S be a nonempty subset of an affine space A. Prove that 


a) the subset (S) = a + (ax | x € S), where a € S, does not depend on a 
and it is the least plane, containing S; 


k k 
b) (S)=}>oaia | Soa =1, a eS, keEN). 
i=] i=l 
4907. Prove that a subset of an affinely independent set is affinely independent. 
4908. Prove that any maximal affinely independent subset of a set S in an affine 
space contains k + 1 points, where k = 1 + dim(S). 
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4909. Let, in an affine space (A, V), two systems of affine coordinates be given: 
(a, ej, +++ €n), (@’, €},-.+,&)- Suppose that (a1,...,@,) are the coordinates of 
the point a’ in the first system, B = (b; j) is the matrix of the change of the basis 
(1, ..., &n) tothe basis (e}, ..., €,) in the vector space V. Express the coordinates 
(x1,...,2n) of a point x € A in the first system via its coordinates (x1, dpe x) 
in the second system and vice versa. 


4910. Find a system of equations and parametric equations determining the 
affine hull of the set: 


a) (-1, 1, 0, 1), (0, 0, 2 0), (-3, -l, 5; 4), (2, 2, ~3, —3); 
b) (1, 1; 1, -1), (0, 0, 6, —7), (2, 3, 6, -7), G3, 4, 1, —1). 
4911. Let a; = (aj1,...,@jn) (i = 1,..., 5) be points in n-dimensional affine 
space. Prove the inequalities 


tk(a;;) — 1 < dim(a),..., as) < rk(a;;). 


Under what conditions does each inequality turn into an equality. 

4912. Prove that any two lines in affine space are contained in a three-dimen- 
sional plane. 

4913. Let P;) = a; + Li, P2 = az + L2 be two planes in affine space. 
Prove that 


a) P, P2 = O if and only if ajaz ¢ Ly + L2; 
b) if P) N Po # @, then 
dim(P; U P)) = dim P; + dim P) — dim(P; N P2); 
c) if P) NP) =@, then 
dim(P; U P2) = dim Py + dim P2 — dim(Z; N L2) + 1. 
4914. Prove that for any planes P;,..., Ps of affine space 
dim(P, U---U P;) < dim Py} +---+dim P, +5 —1. 


4915. Prove that the degree of parallelism of two disjoint planes P}, P2 is 
equal to: 
a) the greatest number k for which there exist parallel planes Q; C P and 
Q2 © P» of dimension k; 


b) the greatest dimension of a plane contained in P, and parallel to Po, if 
dim P; < dim P2. 
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4916. Find the dimension of the affine hull of the union of planes P; and Pz 
and the dimension of their intersections or the degree of parallelism, if 


a) P, 23x; +2x24+2x34+2x4=2, Po 22x) +2x2 4+ 3x3 + 4x4 =5, 


2x, + 3x2 + 2x3 + 5x4 = 3, 5x1 — x2+3x3 —5x4 = 2; 
b) Py 2 2x) + 3x2 + 4x3 +5x4=6, Po :xy =1-—h, 
6x1 + 5x2 + 4x3 + 3x4 = 2, xg = 1420, +h, 
x3=1-2t +2h, 
xg=1+t +h; 
c) Py :3x; =14+2h, Pz :x;} = —6+ 41, 
x2 = 3+ 2h, x2 =2+ 31, 
x3 = 5+ 4h, x3=2+7t, 
x4 = 44 3% + 202, x4 = —-2+4+5t, 
x5 = 244+ 2h, x5 = —3 +31. 


4917. Let P; = a; + L and P2 = a2 + L2 be two disjoint planes. Prove that 
the minimal dimension of a plane, containing P; and parallel to P2 is equal to 


dim P; + dim P2 — dim(L; N L2). 


4918. Let P;, P2 be two planes in affine space A over a field K, (P, U P2) = A, 
P| M P2 = @ and let A be the fixed element of K, A # 0, 1. Find the locus of all 
points Aa; + (1 — A)a2, where a, and a2 run over P; and P2, respectively. 


4919. Let P) = a; + Ly and Py = a2 + Lz be skew planes in affine space. 
Prove that for any point b ¢ P; U P2 there exists at most one line passing through 
b, intersecting P,; and P2. This line exists if and only if b € (P, U P2), but 
ab ¢ Ly + Lz and anb ¢ L + Lo. 


4920. Find a line passing through the point b and intersecting the planes P; 
and P): 


a) b=(6,5,1,-1), 
Py : —xy +2x24+23=1, Pr 1x, =4+1, 
xy + x= 1, x2 =442zr, 


x3 =5+3t, 
x4 = 444; 
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b) b = (5, 9, 2, 10, 10), 
Py 2x, — xz —x4 + x5 =2, Po :x) =3, 
x1 — 33 —- x4 +x5 = 1, xo = 2+ 6t + 5to, 
5x, + 3x2 — 2x3 — x5 =0, x3 =0, 


x4 = 5+ 4t + 32, 
xg = 64% + 2h; 


c) b= (6, —1, —-5, 1), 


Py 2x1 =3+22, Pp : —6x, + 2x2 — 5x3 + 4x4 = 1, 
x2=5—f, 9x1 — x2 + 6x3 — 6x4 = 5S. 
x3=3-1, 
x4 = 6+, 


4921. Let ao, ai, ..., a, be affinely independent points in n-dimensional affine 
space A. Prove that every point a € A has a unique decomposition a = )-7_» Aiai, 
where }7_9 Ai = 1. 

4922. Let (ao, €1,-..,@n) be an affine system of coordinates in affine space 
(A, V), a; = ao + 6; (i = 1,..., 2). Find the barycentric coordinates of a point 
x = (x1,...,Xn) with respect to the system of points a9, 41, ..., Qn. 

4923. Let (A, V) be an affine space over a field K, |K| > 3, and P be a non- 
empty subset of A. Prove that P is a plane if and only if P contains a line (a, b) 
for any two distinct points a, b € P. Is this statement correct for a field K with 
two elements? 

4924. Prove that an affine transformation has a fixed point, provided 1 is not an 
eigenvalue of its differential. 

4925. Prove that for any two points a, b in an affine space (A, V) and any 
nonsingular linear operator A in V there exists a unique affine transformation f 
of (A, V) such that f(a) = b and Df = A. 

4926. Prove that for any affine transformations f and g 


D(fg) = Df - Dg. 


4927. Let f be an affine mapping of an affine space A into an affine space B 


over a field K, and aj,...,a@s; € A,@j,...,@s € K. Prove that 
s a z 
a) if doa; =1, then f (3a) = > ai f(a); 
i=] i=1 i=] 


/ 


b) if Yim =0, then Df (Xa) = > ahGnt 
i=l 


i=l 
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4928. Let f be an affine transformation of finite order n in affine space (A, V) 
over a field K. Prove that if charK {n, then f has a fixed point. Is this statement 
correct when charK | n? 


4929. Prove that if G is a finite group of affine transformations over a field K 
and charK }{ |Gj, then transformations from G have a common fixed point. 


4930. Let ap, a1,..., @, and bo, by, ..., By be two sets of affinely independent 
points in n-dimensional affine space A. Prove that there exists a unique affine 
transformation f : A — A for which f(a;) = b; (i = 0,1,...,7). 


4931. Find all points, lines and planes in three-dimensional affine space that 
are invariant under the affine transformation which maps the points ao, a), a2, a3 
to the points bp, b;, b2, b3, respectively: 


a) ao =(1,3,4), a) =(2,3,4), a2=(1,4,4), a3 =(1,3,5), 
pecan by = (8,9, 9), 
bp = (—2, —2, -6), bs = (5,7, 8); 

b) a= (3, 2; 3), aqy= (4, 2; 3), a2z= (3, 3, 3), a= 3, 2: 4), 
bo = (2,4, 6), 5b; = (1,8, 12), 
b2 = (—1,-5,-1), b3 = (6, 12, 11); 

c) a9 =(2,5,1), a1 =(3,5,1), a2 =(2,6,1), a3 = (2,5, 2), 
bo = (37,3), 6; = (6, 11,6), 
bz = (5, 17,9), b3 = (0, -5, —4); 

d) a9 =(2,5,4), a1 =(3,5,4), a2 =(3,6,4), a3 = (2,5,5), 
bo = (1,6, 6), 6; = (8, 16, 18), 
by) = (-11, —13, —18), 563 = (7, 16, 19). 


4932. Prove that two configurations P;, P2 and Q;, Q2 in affine space are affine 
congruent if and only if 


dim P; = dim Q1, dim P; = dim Q2, 
dim(P; U P2) = dim(Q) U Q2), 


and both pairs have simultaneously an empty or a nonempty intersection. 


4933. Does there exist an affine transformation mapping the points a, b, c to 
the points a, b;, c, respectively, and the line / to the line /), if 


a) a=(1,1,1,1), b=(2,3,2,3), c=(,2,3,2), 
1= (1,2, 2,2) + (0, 1,0, 1), 
a, =(-1,1,-1,1), 5: =(,4,0,4), oc: = (2,2, 2,2), 
ly = (-1, 2,0, 3) + Cl, —5, 1, —5)s; 
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b) a=(2,-1,3,-2), b=(,1,6,-1), c=6,1,4,1), 
1 = (2,0, 4, —1) + (0, 1,2, O)t, 
a, = (1, —-2,3,5),  b) = (2,1,8,7), c1 = (3,2, 10, -6), 
l, = (1, -1, 5, —2) + (0, 2, 3, —3)8; 


c) a=(2,-1,2,2,), b=(5,—4,0,3), c= (4,4, 6, 8), 
1 = (7,4, 10, 9) + (4, 4,5, Oe, 
a, = (1,3,2,—2),  b; = (4,—2,0,0), 1 = (—3, 10, 6, 2), 
l, = (5, —6, —1, 5) + (2, —6, —3, 2)t? 


4934. Does there exist an affine transformation mapping the points a, b, c, d to 
the points a1, 51, c1, di, respectively, and the line / to the line /;, if 


a) a=(l,2,3,4), a; = (1, —1, 4, 2), 

b= (1,3, 3, 4), b, = (2, ~2, 5, 3), 

c = (1, 2, 2, 4), c1 = (2, 0, 3, 3), 

d = (1, 2, 3, 3), d, = (2,0, 5, 1) 

1 = (-—3, 2, 4, 1) + (2, 1, -—1, —2)t, ly = (1, —5, 2, -12) + (1, 1, 1, 18; 
b) a=(-3,0, 2,4), a, = (-1, 1, 2, 3), 

b = (-3, 1, 3, 5), b; = (1, —4, 3, 5), 

c = (-2, 0, 3, 5), c; = (-4, 8, 1,7), 

d = (—2, 1,2, 5), d, = (4, —8, 4, 10), 


I= (-1,5, 5, 6) + (1, 1, 1, 0)t, l; = (4,5, -1, 1) + (4, —6, 1, 2)t? 


4935. Let an affine space A be equal to (P; U P2), where P; and P2 are skew 
planes, and let G be a subgroup of the affine group of the space A consisting of 
transformations under which P; and P» are invariant. Find the orbits of the action 
of G in A. 

4936. Let (A, V) be an affine space over a field K. A bijective mapping 
f : A— Aisacollineation if, for any three points a, b,c € A belonging to one 
line, the points f(a), f(b), f(c) also belong to one line. Prove that if |K| > 3, 
then the image and the preimage of a plane P C A underacollineation f : A — A 
are planes of the same dimension as P. Is the statement correct for |K| = 2? 

4937. Let V be a vector space over a field K. The mapping g : V > V is 
called semilinear with respect to some automorphism o of K if 


g(x + y) = 9(x) + ¢(y), vlax) =a(a@)g(x), where x,yEV, ae K. 


A semiaffine transformation of an affine space (A, V) is a pair (f, Df), where 
f:A—7A, Df : V > V satisfy the conditions: 
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(1) Df isa bijective semilinear mapping with respect to some automorphism 
of K; 


(2) f(a@+v) = f(a) + Df(v) foreverya € A,v eV. 
Prove that 
a) a semiaffine transformation is a collineation; 


b) if (A, V) is an affine space over K and if |K| > 3, then any collineation 
f : A— Aisa semiaffine transformation. 


4938. Let (B, U) be a plane in an affine space (A, V) and W be a subspace 
of the space V complemented to U. Prove that any point a € A has a unique 
decomposition a = b + w, where b € B, w € W and that the mapping a +> b of 
the projection onto B in parallel with W is an affine mapping of the space (A, V) 
into the space (B, U). 


50 Convex sets 


5001. Prove that any plane in an affine space is an intersection of finitely many 
half-spaces. 

5002. Prove that a subset of a plane P in an affine space A is a convex polyhedron 
in P if and only if it is a convex polyhedron in A. 

5003. Let a convex polyhedron M in an affine space be given by a system of 
linear inequalities 


fix) 20 G@=1,...,k; fi # const). 


For any nonempty subset J ¢ {1,..., k} let M/ denote the nonempty set given 
by conditions f;(x) = Oifi € J, fj(x) > Oifi ¢ J. Prove that nonempty M7 isa 
side of the polyhedron M and, conversely, any side of the polyhedron M coincides 
with M/ for some set J ¢ A eee, 4 

5004. Let ao, a), ..., @, be points in n-dimensional affine space in the general 
position, and let H; (i = 0,1,...,) be a hyperplane passing through all these 
points, except for a;, and H;* be the half-space containing a; and bounded by this 
hyperplane. Prove that 


conv{ap, @),...,4n} = oH; - 


5005. Prove that the sides of the n-dimensional simplex conv{ao, a}, ..., an} 
are convex hulls of all possible proper subsets of the set {ap, a1, ..., Qn}. 


5006. Find the sides of an n-dimensional parallelepiped given in some system 
of affine coordinates by inequalities 0 < x; < 1(i = 1,2,...,7). 
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5007. Find the vertices and describe the form of the convex polyhedron in 
three-dimensional affine space, given by the inequalities 


msl, x2<1, 23<1, 
ytx2>—-1l, xytx3>—-1, x24+232>-1. 


5008. Let a four-dimensional parallelepiped be given by the inequalities 
0 <x; < 1(@ = 1,2, 3, 4). Find its vertices and describe the form of its sections 
by the planes: 
a) xy x2 +23 424 = 1; 
b) xy + x2 +243 4+ x4 =2; 
Cc) x +2x2+2%3= 1; 
qd) xp +x. = 2x3 4+2%4 = 1. 


5009. Prove that the closure of a convex set is convex. 


5010. Prove that the open kernel M® of a solid convex set M is convex and its 
closure contains M. 


5011. Prove that the image and the preimage of a convex set under an affine 
map are convex sets. 


5012. Prove that under a surjective affine map 
a) the preimage of a hyperplane is a hyperplane; 
b) the preimage of a half-space is a half-space. 


5013. Prove that the convex hull of a set S consists of all possible combinations 
> Sm Aja;, where 


k 
aj€S, AO G=1,...,h), aed = 1. 
i=] 


5014. Let M be a convex set and a € M. Prove that 


conv(M Ua) = Upemab. 


5015. Let S be a subset of n-dimensional affine space A. Prove that if (S) = A, 
then convS is a union of n-dimensional simplices whose vertices belong to S. 

5016. Prove that the convex hull of a compact set is compact. 

5017. Let M be a convex subset of two-dimensional affine space and a ¢ M® 
(see Exercise 5010). Prove that it is possible to draw a line passing through a such 
that M belongs to one of the half-planes associated with this line. 
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5018. Let M be a convex subset of n-dimensional affine space A and a be a 
point not belonging to M® (see Exercise 5010). Prove that it is possible to draw 
a hyperplane through a such that M belongs to one of the half-planes associated 
with the hyperplane. 


5019. Prove that it is possible to draw a hyperplane of support through any 
point of a closed convex set, not belonging to its open kernel. 


5020. Prove that any closed convex set M is equal to an intersection (in general 
of infinitely many) half-spaces. 


5021. Prove that any closed convex cone in a vector space is equal to an 
intersection (in general of infinitely many) half-spaces whose boundaries contain 
the origin. 

5022. Let fj (@ = 1,...,k) be affine linear functions on an affine space A. 
Prove that the system of inequalities fj(x) < 0 @ = 1,...,&) is incompatible if 
and only if there exist numbers A; > 0 such that ee Ai fi is a positive constant. 


5023. Let M be a compact convex set containing a neighborhood of the origin 
in a vector space V, considered as an affine space, and let 


M* ={f € V* | f(x) < 1 for any x € M}. 


Prove 
a) M* is acompact convex set in the space V* containing a neighborhood 
of origin; 
b) M** = M under the canonical identification of the space V** with V. 


5024. Prove that any compact convex set coincides with the convex hull of the 
set of its extreme points. 


§025. Prove that the maximum of an affine linear function on a compact convex 
set is reached at some extreme point, but possibly it is also reached at some other 
points. 

5026. Prove that the extreme points of a convex polyhedron are its vertices. 


5027. Prove that any bounded convex polyhedron coincides with the convex 
hull of the set of its vertices. 


5028. Prove that a convex hull of finitely many points is a convex polyhedron. 


5029. Write down a system of linear inequalities defining the convex hull of the 
given points in four-dimensional affine space and find three-dimensional sides of 
this convex polyhedron: 


a) O=(0,0,0,0), a=(1,0,0,0), b=(0,1,0,0), c=(1,1,0,0), 
d = (0,0, 1,0), e=(0,0,0,1), f = (0,0, 1,1); 
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b) oO = (0, 0, 0, 0), a = ql, 0, 0, 0), b = (0, 1, 0, 0), c = (0, 0, 1, 0), 
d=(l, 1,0, 0), e=(1,0, 1,0), f=, Ll; 1,0), g= (i, 1, 1,0), 
h = (0, 0,0, 1). 


5030. Let M and N be convex sets of an affine space (A, V). Prove that 


a) the midpoints of intervals connecting points of M with points of N, form 
a convex set in A; 


b) the vectors connecting points of M with points of N form a convex set 
in V. 

5031. Let M and N be disjoint closed convex sets in an affine space A, one of 
which is bounded. Prove that there exists an affine linear function f on the space 
A such that f(x) < 0 for all x € M and f(y) > O forall ye N. 

5032. Let M be a compact convex set of an affine space A and N be a compact 
convex set of a vector space L of all affine linear functions on A. Let there exist 
for each point a € M a function f € N such that f(a) > 0. Prove that there exists 
a function fp € N such that fo(x) > O for allx eM. 

5033. Duality theorem in linear programming. Let F be an affine bilinear 
function on the direct product of affine spaces A and B. Let M and N be compact 
convex subsets of A and B, respectively. Prove that 


a) me) = oa ee F(x, y); 


b) there exist points x9 € M, yo € N such that forallxe M,yeN 


F(x, yo) < F (xo, yo) < F (xo, y). 
5034. Prove that 


a) the maximal number of parts (convex polyhedrons) on which n- 
dimensional real affine space can be decomposed by k hyperplanes, is 


equal to 
k+1 k+1 k+1 
(ail ea eb) a Gn) ee 


b) the number of these parts is maximal if and only if the intersection of 
any m given hyperplanes is an (7 — m)-dimensional plane (the empty set 
form > n); 

c) ifthe number of these parts is maximal, then the number of bounded parts 


: k-1\ 
is equal to ( } 
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5035. Find out if the polyhedrons given by the following inequalities are 


bounded: 
a) 
b) 
c) 


—3x, +5x2 510, 5x) +2x2 < 35, 


—xj+%2<2, Sx; —x2 < 10; 
3x1 -42 24, —x1 +3x2 24; 

3x1 + 4x2 < 47, 
5x1 — 2x2 < 26, 


5x1 — 2x2 < 36, 


—3x; + 4x2 < 17, 
—x1) + 2x2 <6, 
5x1 — 2x2 > 6, 
Find the vertices of the polyhedrons: 


x1 + 2x2 + x3 + 3x4 4+ 2x5 = 5, 
x1 +23 — 2x4 = 3, 
x120, x220, 


x3>0, x4>0, 


b) xy +2x2 —2x3 = 10, 
x) —x2+7x3 =7, 


x, 20, x22>0, x3 >0; 


cC) 4x, + 5x2 +234 2x4 = 29, 
6x} — x2 —x3+2x4 = 11, 


m20, x22>0, x320, x4>0; 


d) x) +2x2+x3 =4, 
2x1 + 2x2 + 5x3 = 5, 


x20, 220, xx32>0. 


5037. Find the maximal and minimal values 
bounded polyhedrons: 


a) x) +2x24+2x34+3x4 +25 = 5, 
2x1 + 2x3 — 2x4 = 3, 
4120, x220, 320, 
Z =X, — 2x2 + x3 + 3x5; 


x4 > 0, 


b) 3x, —x2+2x3 4+ 44 +Xx5 = 12, 
xy — 5x2 —x4 +x5 = —4, 
x20, x220, x320, 420, 
Z= 4x, — x2 +243 4-25; 
C) 5x) + 2x2 — x3 +24 +4%5 = 42, 
4x, — 419 +13 +14 = 16, 
420, 2220, 2320, x4 20, 


Z =X — 2x2 + 4x4 — Xs; 


4120, x2 290; 


xy—42 <4, x1 +2x2>0; 


x1 + 2x2 > 10; 


2<x <7. 


x5 > 0; 


of the linear functions z on the 
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d) x1 — 3x2 +13 + 2x5 = 8, 
4x2 — 3x4 — x5 = 3, 
x20, x20, 1320, x20, x5>0, 
= xy — 2x2 +13 — X5. 


51 Euclidean spaces 


5101. Find the necessary and sufficient conditions under which a given set () 
of non-negative real numbers is a set of distances between 


a) 1 affinely independent points in Euclidean space; 
b) 7 arbitrary points in Euclidean space. 


5102. Does there exist a set of points a1, a2, 43, a4, a5, in Euclidean space such 


that A is the matrix of distances (o(a;, aj))? What is the smallest dimension of a 
space in which this set can be placed: 


1 
0 
c) A= V5 
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5103. Prove the equivalence of the following two properties of a pair of planes 
{P, Q} in Euclidean space: 


a) any line belonging to one of these planes is perpendicular to any line 
belonging to the other plane; 


b) the planes P, Q are perpendicular and either they are skew or they have 
only one common point. 


5104. Let Q C P be planes in n-dimensional Euclidean space E. Prove that 
any plane P’ Cc E, which is perpendicular to P and PM P’ = Q, has the dimension 
< n—dim P+dim Q. There exists a unique plane of dimension n—dim P +dim Q 
with this property. 


5105. Let P be a plane in Euclidean space and a ¢ P. Prove that 


a) there exists a unique line passing through a, intersecting P and perpen- 
dicular to P; 


b) if c is a point in P and z is the orthogonal component of the vector ac 
with the respect to the directing subspace of the plane P, then a + (z) is 
the line mentioned in a) and a + z is the point of the intersection of this 
line with P; 


c) p(a, P) = |zl. 
5106. Find the line in Euclidean space, passing through the point a, intersecting 
the plane P and perpendicular to P, if 
a) a=(5,—4,4,0), P=(2,—-1,2,3)+ (1, 1, 1,2), (2,2, 1, 1); 


b) a=(5,0,2, 11), P :xy+5x2+x4 = 10, 
5x1 + x2 + 3x3 + 8x4 = —1. 


5107. Find in Euclidean space the distance between the point a and the plane 
P, if 


a) a= (4, 1, —4, —5), P= G, —2, 1, 5) + ((2, 3, —2, —2), (4, 1,3, 2)); 
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b) a=(1,1,-2,-3,-2), P =(,7,—-5,4,1) + (C1, 1,2,0, 1), 
(2, 2, 1, 3, 1); 


c) a=(2,1,-3,4), P : 2x; — 4x2 — 8x3 + 13x4 = -19, 
Xp+ x2-— x3+ 2x4 =1; 


d) a=(l1,—3,—-2,9,—4), P :x, —2x2 —3x3+3x4+ 2x5 = —2, 
Xy — 2x2 — 7x3 + 5x44 3x5 = 1. 


5108. Find in n-dimensional Euclidean space the distance between the point 
(by, ..., by) and the hyperplane }-7_) ajx; = c. 
5109. In the space of polynomials with scalar product 


i 
(f, a) = J f(x)g(x) dx 
-1 


find the distance between the polynomial x” and the subspace of polynomials of 
degree less than 7. 


5110. In the space of trigonometrical polynomials with scalar product 
x 
a= f fereenrax 
—% 


find the distance between the function cos"*+! x and the subspace 


(1, cos x, sinx,...,cosmx, sinnx). 


S111. Let P be a plane in n-dimensional Euclidean space E. Prove that there 
exists a unique plane Q of dimension n — dim P passing through a point a € E, 
perpendicular to P and intersecting it at only one point. 

$112. Find in Euclidean space the plane of the maximal dimension, passing 


through a point a, perpendicular to the plane P and intersecting it at only one 
point, if 
a) a= (2, -l, 3, 5), P =(7, 2; -3, 4) + ((-1, 3, 2, 1), qd, 2; 3; —1)); 


b) a= 3, —2, 1,4), P : 2x1 + 3x2 — x3 — 2x4 = 4, 
3x, + 2x2 — 5x3 +44 =5. 
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5113. Let Py) = c; + L; and Py = cz + L2 be two disjoint planes in Euclidean 
space, y and z be the orthogonal projection and the orthogonal component of the 
vector €]C2 with respect to the subspace L + L2, respectively, and let y = y; + yo, 
where y; € Lj, y2 € L2. 


a) Prove that the line c; + y; + (z) is perpendicular to the planes P;, P2 and 
intersects P; at the point c; + y;, and P2 at the point cz — yo. 
b) Find the distance p(P,, P2). 


c) Establish the bijective correspondence between L;M L2 and the set of all 
lines which are perpendicular to P, and P2 and intersect both planes. 


d) Show that all lines described in c) are parallel and that their union is a 
plane of dimension dim(L; MN L2) + 1. 


5114. Find in Euclidean space the distance between the planes P, and Po, if 


a) Py 2 xy +3x2+2x3 +24 =3, 
Xx) + 3x2 —x3 + 2x4 = 6, 
P2 = (0, 2, 6, —5) + ((—7, 1, 1, 1), (—10, 1, 2, 3)); 
b) Py s — xy +22 +243 +24 =3, 
— 3x2 + 2x3 — 4x4 = 4, 
P2 = (1,3, —3, —1) + ((1, 0, 1, 1); 
c) Py 2x1 +%3 +24 — 2x5 = 2, 
x2 +.x3 — x4 — x5 = 3, 
XxX, —X2+2x3 — x5 =3, 
P2 = (1, —2, 5, 8, 2) + ((0, 1, 2, 1, 2), (2, 1,2, —1, 1)); 


d) Py 2X, — 2x2 +2x3 —2x44+ 3x5 = 6, 
Xx) — x3 —%4 + 3x5 = 0, 
Py = (—4, 3, —3, 2, 4) + ((2, 0, 1, 1, 1), (—5, 1,0, 1, 1)). 


5115. The distance between any two of the points ao, a1, ..., @, in Euclidean 
space is equal to d. Find the distance between the planes (ap, a),...,@,) and 
(4k+1, aveneg Gn). 

$116. Prove that the configurations of two planes 


{ay + Ly, a2 + L2) and {a; + L}, a, +L) 


in Euclidean space are metrically congruent if and only if p(a,; + L1,a2 + L2) = 
p(a; +L}, a, + L;) and the configurations of the subspaces Li, L2, L}, L3 are 
orthogonally congruent in the corresponding Euclidean vector space. 
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5117. Find out if the given pairs of planes in Euclidean spaces are metrically 
congruent: 


P; = (0,9, 8, —12, 11) + ((0, 2, 2, 2, 1), 3, 1,1,1,-1)), 
Pz = (-3, —4, —5, 11, —12) + ((7, 5, —5, —1, —5), (3, 5, —1, 11, 13)); 


Qi = (2, —5, —11, —8, —10) + ((2, —1, 1, -1, 1), (2, —2, 1,0, 1)), 
Q2 = (8, 8, 10, 9, 11) + ((0, 3, 4, —4, —3), (14, —2, —5, 3, 4)); 


R, = (7, —3, —9, —14, 5) + ((0, 0, 0, 1, 2), (2, —1, 2, 0, —6)), 
R2 = (0, 10, 9, 14, —5) + ((1, 7, 2, 0, 6), (4, —1, 0, 2, —2)). 


5118. Find the locus of points in Euclidean space such that there exists a line 
passing through these points and intersecting planes P; and P2, perpendicular to 
P, and P»: 


a) P; = (1, 2, —1, —9, —13) + ((2, 3, 7, 10, 13), (3, 5, 11, 16, 21)), 
Pz :3xy — 5x2 +2x3 — x4+ X5 = —22, 
2x1 + 4x2 + 3x3 — x4 — 3x5 = —4, 
9x; + 3x2 + x3 — 2x4 — 2x5 = —138; 


b) P; = (3, 7, 2, 4, —3) + ((2, 5, 4, 5, 3), (4, 5, 6, 3, 3)), 
Py : —3x1 + 2x2 + x3 — 2x4 4+x5 = —14, 
6x) — x2 — 4x3 + 2x4 — x5 = 16, 
2x1 — X2 + 2x4 — 3x5 = 26. 


5119. Prove that 


a) if an isometry of Euclidean space has two skew invariant planes, then it 
has a fixed point; 

b) an isometry f of n-dimensional Euclidean space with a fixed point has 
two skew invariant planes of positive dimensions if either f is proper and 
n > 5 is odd or f is improper and n > 4 is even. 


5120. Let ao, a),..., as and bo, by,..., bs be two sets of points in Euclidean 
space. Prove that there exists an isometry, mapping each one of the points a; to the 
point b;, respectively, if and only if 


p(aj, aj) = p(b;, bj) GJ =I,...,5). 


5121. Prove that, for any isometry f of Euclidean space, the set of points a 
such that the distance p(a, f(a)) is minimal, form a plane invariant under f and 
the restriction of f to this plane is a parallel transfer. 
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§122. Prove that if two tetrahedrons in three-dimensional Euclidean space have 
equal corresponding dihedral angles, then these tetrahedrons are similar. 


5123. Find the geometrical description of the proper isometry f of a Euclidean 
plane if 


a) pp=($ ey. f(O) = (-2, 4); 
b) of == (i Ee f(0) =(1, 0) 
J/2 1 1]’ oe 


5124. Find the geometrical description of the improper isometry f of a 
Euclidean plane if 


S og=(3 4c f(0) = (1,0); 
b) of =3( Js ”)s f(0) = (1, -V3). 


5125. Find the geometrical description of the proper isometry f of three- 
dimensional Euclidean space if 


1 2 -1 2 
a) Df = 3 ( 2 ; -1), f(O) = (1, 0, -1); 
-1 2 
1 4 1 -8 
b) br =3(7 4 ‘), f(O) = (-1, —7, 2); 
4 -8 1 
1/7 3 «(6\ 


$126. Find the geometrical description of the improper isometry f of three- 
dimensional Euclidean space if 


pete f= 8y 

a) Df =-5 i 4 ‘). f(O) = (1, 1, -2); 
4.48 4 
1 ( 2 => 

b) Df=5) 2 -1 2), f(O) = (4,0, 2); 
Nido 2: oad 
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pyatl2 2 

c) Braet 1 22}; f(0) = (2,0,0); 
i mee 
a 

d) pp =1/ A arse -2), f(O) = (-3, 1,2). 
6 -2> 3 


52 Hypersurfaces of second degree 


The notations and concepts used in the exercises in this section can be found in 
the section Theoretical material IT. 


§201. Prove that for any x, y € V the equality 


Olan + x+y) =Q(y) +2f (x, y) + U(y) + Q(a0 + x) 


holds. 

5202. Prove that if b = ag + v (v € V) is a central point of a quadratic 
function Q, then Q(b + x) = Q(b — x) for all x € V and the linear function 
y > 2f(v, y) +1(y) is zero. 

5203. Prove that the set of central points (the center) of a quadratic function Q 
is given by the system of equations 2 =0 (G=1,...,n). 

i 

5204. Let the passing from an affine system of coordinates (ag, €1, ..-, €n) to 

a system of coordinates (ao, €;, ..., €,) be given by the formula 


x1 x th 
Xn ca tn 
Prove that the matrices of quadratic forms Q and q in the new system of coordinates 


are connected with their matrices in the old system by the formulae 


Ag='TAgT, A, ='TAT, 


where a 
pai © a 
tn 
\ 0...0 fl 


is the matrix of the affine change of coordinates. 
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§205. Prove that the points of intersection of an affine line x, = x? + ryt 
(k = 1,...,m) with a quadric Q(x1,...,x,) = 0 are determined by the values ¢ 
which satisfy the equation 


At? +2Bt4+C =0, 


where 


A=aqr)= >> ayrirj, C= O@9....,x9), 
i,j=l 


n a n 
B= > seat, ates x9); = Lows + b;)r;. 


$206. Find the center of the quadratic function over the field R given in some 
affine system of coordinates: 


a) 2 ys naj +20 +1; 


l<i<j<n fel. 
n 
b) +2 Se xxj+2 > +1 
l<i<j<n i=l 
a-l 
c) >> mxi41 +xit3nt1; 


i=l 


d) Yixe +2 > Xjxj +X}. 
i=1 


lsi<j<n 


5207. Two quadratic functions Q; : A — K (i = 1,2) are equivalent if there 
exists an affine transformation f : A — A, such that Q2(x) = AQi(f(x)) for 


some A € K* and for all x € A. Find the number of classes of equivalent quadratic 
functions over the fields Z3 if 


a) the dimension of A is equal to two; 


b) the dimension of A is equal to three. 


§208. Find the number of classes of equivalent quadratic functions on n-dimen- 
sional affine space: 


a) over the field C; 
b) over the field R. 
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5209. Let a point apo in affine space (A, V) belong to a quadric X and a vector 
u € V determine an asymptotic direction. Prove that the line x = ap + tu either 
lies entirely on the surface X, or intersects the quadric at only one point. 

5210. Let u € V be a nonasymptotic vector for a quadric X op, that is q(u) # 0. 
Prove that the midpoints of chords of Xg, which are parallel to u belong to the 
same hyperplane. Find its equation. 

§211. Prove that the direction u is not asymptotic for a quadric X given by the 
equation in affine coordinates. Find the equation of the hyperplane conjugate to 
this direction: 


a) u=(1,1,1,1), X 2 XyxX2 + .x2x3 + -x3X4 — xy — x4 = O; 
b) u=(1,0,...,0, 1), Yo xixp triton = 1. 
l<i<j<n 


§212. Prove that if a center of a quadric is nonempty then it is contained in a 
hyperplane conjugate to any nonasymptotic direction. 


§213. Prove that the set of singular points of a quadric is equal to its intersection 
with its center. 

§214. Prove that singular points of a quadric, if they exist, form a plane. Write 
down its equations. 

5215. Find the points of the intersection of the quadric with the line: 


a) x3 4 xyx2 — x2x3 — x1 = 0, 
. So Bag ty — 10: 
i= 39" 

b) 5x? + 9x3 + 9xd — 12x1x2 — 6x1x3 + 12x, — 36x3 = 0, 
ae ee 4 
3 = = 3 ; 

c) x? — 2x2 + x2 — 2xy x2 — 4 _ = 
1 ) 3 1X2 — X2X3 + 4x12x3 + 3x) — 5x3 = 0, 
x1 +3 

a =x2, x3=0. 


5216. Find all lines which belong to the quadric 
+x + 5x3 — 6x1 x2 + 2x2x3 -— 2x1x3 — 12 = 0 


and which are parallel] to the line 
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5217. Find all lines passing through the origin and lying on the complex quadric 
x? + 3x,x2 + 2x2x3 — x1x3 + 3x) + 2x3 = 0. 


5218. Find the equation of the quadric Q after the shift of the origin to the 
point O’: 


a) Q :x? + 5x3 +4x4 + 4x4x2 — 2x2x3 — 4x1x3 — 2x, — 10x2 + 4x3 = 0, 
oO’ = (3,0, 1); 

b) @ 2 + 2x2 +x? — 4x) x2 + 6x2x3 — 2x1x3 + 10x; —5 =0, 
oO’ = (-1, 1, 2). 


5219. Find the affine type of the curve which is the intersection of the quadric 
and the plane: 

a) 3x3 + 4x3 + 24x, + 12x2 — 72x3 + 360 = 0, 
x1 —424+23=1; 
b) xP + Sud + x8 + 2xp.x2 + 2xox3 + 6x1.x3 — 2x1 + 6x2 + 2x3 = 0, 
2x1 — x2 +23 = 0; 
c) xd — 3x2 + x9 — 6x 1x2 + 2x2x3 — 3x2 +43 -—1=0, 
2x; — 3x2 —x3 +2 =0; 
d) x? + x2 + x3 — 6x) — 22. +9 =0, 
x, + x2 —2x3-1=0. 


§220. Find the affine and the metric type of the quadric, given in Euclidean 
space R"*! by the equations: 


n 

a) Sort So xixy tt rng =0; 
i=! lsi<j<n 

b) Do xixjp tartrate tin =0. 
l<i<j<n 


5221. Determine the affine type of the quadric and its location with respect to 
the initial system of coordinates by transforming the left-hand side of its equations. 
Find the center. 


a) 4x? + 2x2 4 12x? — Airy + Bxox3 + 12x23 + 14x) — 10x2 +7 = 0; 
b) 5x? + 9x3 + 9x3 _- 12x1x2 = 6x1x3 + 12x) ra 36x3 = 0; 
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c) Sxf + xf + 2x} — Qxpx2 ~ 4x2%3 + 2123 — 4x2 — 423 +4 = 0; 
d) xf — 2x5 +x} + Ox2x3 — 4x 1x3 — 8x1 + 10x. = 0; 
e) x2 4 Qxyx2 +22 — x2 + 2x3 -1 =0; 

f) 3x? + 3x3 + 3x? — 6x1 + 4x2 —1 =0; 

g) 3x? + 3x2 — 6x1 + 4x2 — 1 =0; 

h) 3x? + 3x3 — 3x3 — 6x1 + 4x2 + 423 +3 = 0; 

i) 4x? + x2 — 4x1x2 — 36 =0; 

D Ee + 4x3 + 9x? — 6x1 + 8x2 — 36x3 = 0; 

k) 4x? — x2 — x2 4+ 32x, — 12x3 + 44 = 0; 

1) 3x? — x3 + 3x2 — 18x, + 10x2 + 12x3 + 14 = 0; 
m) 6x? + 6x3 + 5x1 + 6x2 + 30x3 — 11 =0. 


5222. Determine the metric type of the following surfaces in Euclidean space 
and the location with respect to the initial system of coordinates. Find out whether 
the surface is a surface of rotation. 


a) x2 = 2x42; 
b) x3 = x1%2; 
c) 4 = 3x; + 4x2; 
d) x2 = 3x? + 4x12; 
e) xP =x} + 2xyx2 +33 +1; 
f) x? + 4x3 + 5x3 + 4x1 x2 + 4x3 = 0; 
g) x? + 2x1 + 3x2 + 4x3 +5 =0; 
h) x3 = x? + 2x1x7 +x3 +1; 
i) x? — 2x3 4.22 +4x)x2 —8x1x3 —4x2x3 — 14x) — 14x2 + 1423 +18 = 0; 
jp Sr + 8x3 + 5x3 — 4x1 x2 + 8x1 x3 + 422x5 — 6x1 + 6x2 + 6x3 + 10 = 0; 
k)  2x,x2 + 2x32x3 + 2x2x3 + 2x1 + 2x2 + 2x3 4+:1 = 0; 
1) 3x} +3x2 + 3x2 — 2xyx2 — 2x1x3 — 2x2x3 — 2xy — 2x2 — 203-1 = 0; 
m) 2x] + 6x} + 2x3 + 8x1x3 — 4x1 — 8x2 +3 =0; 
n) 4x? 4x2 +4x2 — 4x12 — 8x123 +4x2x3 — 28x1 + 2x2 + 16x3 +45 = 0; 
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0) axe + 5x3 ++ 2x? — 2x1 x2 — 42123 + 2x2x3 + 2x1 — 10x72 — 2x3 -—1 = 0; 
p) 7x2 +723 + 16x3 — 10X}x2 —8x1x3 —8x2x3 — 16x; — 16x. -—8x3+72 = 0; 
q) 4x2+4x2 —8x3 — 10x, x2 +4x1x34+42x2x3 — 16x; — 16x2+10x3—2 = 0; 
tr) 2x? —7x3 4x3 +42x1 x2 —16x123+20x2%3+4 602] — 12x2+12x3—90 = 0; 
8) 2x1x2+2x1x3—2x1 x4 —2x2x3+2x9x44+223x4—2X2—-4x3—6x44+5 = 0; 


t) a +3x2 +3x? +3x2 — 2x x2 — 2x1 x3 — 2x1 x4 — 2x2.x3 —2x2x4 —2x3x4 
= 36. 


5223. For what values of the parameter a is the quadric 
xt + xe +x? + 2ax1x2 + 2ax,x3 + 2ax2x3 = 4a 
an ellipsoid? 


5224. What are the necessary and sufficient conditions in order that two 
hyperboloids have a common asymptotic cone? 


5225. Find the affine and the metric type of the quadric, given in Euclidean 
space R"*+! by the equation 


n atl 
a x? + 2b by XjXj +2c > x; =0, 
i=l lsi<jsn i=l 


depending on the values of parameters a, b and c. 


5226. A quadric is k-planar if for any of its points there exists a k-dimensional 
plane passing through this point and entirely belonging to the quadric but each 
(k + 1)-dimensional plane is not contained in the quadric. Prove that 


a) aquadric of the type I, , over R is k-planar, where k = min(s, n — s); 


b) a nonsingular quadric of the type I,,; over R is (s — 1)-planar, if 
0 <s <1n/2, and is (nm — s)-planar, if s > n/2; 


c) anonsingular quadric of the type II,,; over R is s-planar, if0 < s < n/2, 
and is (n — 1 — s)-planar, ifs > n/2. 
5227. For what values of parameters a,b,c # 0 does a plane of maximal 
dimension lie on the quadric 
n+l 


atx? +2 ee XX; + 2c >> x; =0 
i=l i 


l<i<j<n i=l 
in the space R"+!? Find the dimension of this plane. 


* * * 
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§228. Let (e;,...,@,) be a basis of a vector space V over a field K of 
characteristic different from 2. 


a) 


b) 


c) 


d) 


e) 


Prove that if n = 4 then all decomposable elements v; A v2 in A\’ V 
satisfy a nonsingular homogeneous quadratic equation Q(x, ..., x5) 
= 0 (Pliicker quadric). 


Prove that all decomposable vectors in the spaces N Vi,2<r<n-2, 
satisfy a system of homogeneous quadratic equations Q; | xo, ..., x ( n ) 

r 
= 0. 


Let Q be a nondegenerate quadratic form in the space V. Then it is 
possible to introduce in the space A?V a quadratic form Q°?) by the 
formulae 


om =1, 
/Q(v1,1) «.. Q(v1, vp) 
Oring A: At, yadet | ois. ie isee les aires 
Q(v1,01) ... Q(vp, vp)/ 


Prove that the obtained extension of Q to the algebra A(V) is a nonsin- 
gular quadratic form in A(V). 


An orientation of n-dimensional vector space with a nonsingular 
quadratic form Q is the element d € A"V, for which Q™(d) = 1. 
Prove that if det Q is a square in the field K, then in V there are exactly 
two orientations and for any of them, say, d, it is possible to define an 
isomorphism of vector spaces Ag : V > A"~'V satisfying the relation 


VAX = Q(v, Ag x)d = OQ" (gv, v)d. 


Applying the isomorphism Ag from d), let there be defined in the case 
dim V = 3 a bilinear mapping V x V — V by the formula 


Ix,y}=agixay) Gye V). 


Prove that this multiplication induces in V a structure of a Lie algebra 
over K. 
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53 Projective spaces 
§301. Find the projective transformation of the plane which maps the first pair of 
lines to the second pair: 


a) x=O0Orx=0, y=Orx=1; 
b) xty=lpyx=l, x+y=0pny=0. 


5302. Find the projective transformation of the plane which maps the given 
curve to the other: 


a) P+yaln y=x?; 
b) veo-yalpx+ye=l. 


§303. Find the projective transformation of the plane which maps the circle 
x? + y? = | to itself and 


a) the point (0, 0) to the point (. 0); 
b) the line x = 2 to the point at infinity. 


5304. Find the projective transformation of the space which maps the given 
quadric to the other: 


a) ve+ey¢2alra—2=1; 
b) xyezpxwt+y?—2=1; 
c) xy =z y=x?, 


5305. Find the maximal dimension of the planes which are contained in the 
quadric: 


a) Xp be be Xe i = Hh 
b) xp tess xp — apy 22 = an. 
5306. Prove that over the field of complex numbers any projective transforma- 


tion has at least one fixed point. 


5307. Prove that in real projective space of even dimension any projective 
transformation has a fixed point. 


5308. Prove that if a projective transformation of n-dimensional projective space 
over an infinite field has finitely many fixed points, then the number of these points 
does not exceed n + 1, 
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5309. Prove that for any finite set of points A in the projective space over an 
infinite field there exists an affine chart containing A. 


5310. Prove that any (k — 1)-dimensional subspace of P” can be covered by k 
affine charts and it cannot be covered by a smaller number of affine charts. 


§311. Find the number of points in n-dimensional projective space over a field 
with q elements. 


§312. Find the number of k-dimensional subspaces of n-dimensional projective 
space over a field with g elements. 


5313. Find the number of projective transformations of n-dimensional projec- 
tive space over a field with g elements. 

§314. Let M, and Mp2 be disjoint planes in P”, and L; and L2 be disjoint 
planes of the same dimensions as M, and M2, respectively. Prove that there exists 
a projective transformation which maps M to L; and M2 to L2. 


5315. Prove that if a projective transformation maps some affine chart to itself 
then it induces an affine transformation of this chart. 


5316. Prove that any bijective transformation of a two-dimensional projective 
plane is projective if it maps lines to lines and preserves the cross-ratio of points 
on each line. 

5317. Prove that any four lines in a projective plane, any three of which have no 
common point, can be mapped with the help of a suitable projective transformation 
to any four lines with the same property. 


5318. Prove that there exists a projective transformation of a plane which 
preserves a given triangle and which maps a given internal point to any other 
internal given point. 

5319. Prove that there exists a projective transformation of a plane which 
preserves a circle and which maps a given internal point to another given internal 
point. 

5320. Prove that it is impossible to construct the center of a given circle with 
the help of a straight edge. 


5321. Prove with the help of projective transformations that the segments 
connecting the vertices of a triangle with points A, B, C on opposite sides, have 
a common point if and only if A, B,C are points of tangency of some ellipse 
inscribed in the triangle. 

§322. An avenue of trees is represented on a picture. Let / denote the distance 
from the first tree to the line of the horizon along the line of the avenue, and a, the 
distance between the kth and (k + 1)th trees. Express: 


a) a3 in terms of a, and a2; 


b) a2 in terms of / and a}. 
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§323. A projective transformation of a plane is a homology, if it preserves all 
points, lying on some line (the axis of homology) and all lines, passing through 
some point (the center of homology). Prove that 


a) there exists a unique homology with the given axis / and the given center 
O which maps the given point A # O, A ¢ I, to the given point A’ # O, 
A’ ¢ I, lying on the line OA; 


b) any projective transformation of a plane is the product of two homologies. 


§324. Prove that there exists a unique projective transformation of a plane 
preserving the circle x? + y? = 1 and mapping three given points on this circle to 
three other given points also lying on this circle. 

5325. Desargues theorem. Prove that if the lines AA’, B B’, CC’ have acommon 
point, then the points of intersections of the lines AB and A’ B’, BC and B’C’, AC 
and A’C’ lie on one line. 


5326. Pascal theorem. Prove that the points of intersection of opposite sides of 
a hexagon, inscribed in a circle, lie on one line. 

5327. Pappus theorem. Prove that the points of intersection of opposite sides 
of a hexagon, whose vertices belong in turn to the two given lines, lie on one line. 


5328. Let a1, a2, a3, a4 be lines on a plane, passing through the point O, and / be 
a line not passing through O. Prove that the cross-ratio of the points of intersection 
of the lines a), a2, a3, a4 with the line / does not depend on I (the cross-ratio of 
lines a, a2, a3, a4). 


§329. Let f be a nonsingular bilinear function on an (n + 1)-dimensional vector 
space V. Associate with each (k + 1)-dimensional subspace, U C V, a (n — k)- 
dimensional subspace 


u+ = {ye V | f(x, y) = 0 for every x € U}. 


This correspondence in a projective space P(V) induces a mapping Ky, which 
associates an (n —k—1)-dimensional plane (correlation with respect to the function 
Ff) with each k-dimensional plane. Prove that 


a) acorrelation preserves incidence: 
U; C U2 «> Kg(U)) D Kg (U2); 


b) if the function f is symmetric or skew-symmetric then the correlation 
Ky is involutive: 


Ks(Kz(U)) =U; 
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c) a composition of a correlation with a projective transformation is a 
correlation; 


d) anycorrelation is acomposition of a fixed correlation with some projective 
transformation. 


§330. Prove that any correlation of a projective line acts on its points as some 
projective transformation. 

§331. Prove that a correlation of a projective plane preserves the cross-ratio. 

§332. Prove that a correlation of a projective plane with respect to a symmetric 
bilinear function f maps each point of the curve f(x, x) = 0 onto the tangent to 
this curve at this point. 

5333. Formulate the Brianchon theorem, obtained from the Pascal theorem (see 
Exercise 5326) by application of a correlation. 

5334. Let a circle be given. For any chord passing through a fixed internal point, 
consider the point of intersection of the tangents to this circle, conducted through 
the ends of this chord. Prove with help of the notion of correlation that all these 
points of intersection lie on one line. 
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CHAPTER 13 


Groups 


54 Algebraic operations. Semigroups 


5401. Find out if the operation * on the set M is associative: 


a) 
b) 
c) 
d) 
e) 
f) 


8) 


5402. Let S be the semigroup of matrices 


the operation of multiplication. Find in this semigroup the left and right neutral 
elements. Find elements which are left invertible and right invertible with respect 


M=N, x*y=x; 
M=N, x*y= gcd(x, y); 
M=N, x*y=2xy; 
M=Z, x*y=x-y; 
M=Z, x*y=x*+y?; 
M=R, x*y=sinx-siny; 


M=R*, xey=x-yV/blo 


x y 
0 0 


to these neutral ones. 


5403. The operation o is defined on a set M by the rule x o y = x. Prove that 
(M, 0) is a semigroup. What can be said about neutral and invertible elements of 


this semigroup? In what case it is a group? 


5404. Let M be a set. Define an operation o on M? by the mule (x, y) 0 (z, t) = 
(x, t). Is M? a semigroup with respect to this operation? Does there exist a neutral 


element in M2? 
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), where x,y € R, with 
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5405. How many elements does the semigroup contain which consists of all 
powers of the matrix 


~-1 0 0\ 
( 00 1 i 
0 0 0 
Find out whether this semigroup is a group. 
5406. Prove that the semigroups (2™, U) and (2™, N) are isomorphic. 
5407. How many nonisomorphic semigroups of order 2 exist? 
5408. Prove that in any finite semigroup there exists an idempotent. 
§409. A semigroup is monogenic if it consists of positive powers of some of its 
elements (these elements are called generators). Prove that 
a) amonogenic semigroup is finite if and only if it contains an idempotent; 
b) a finite monogenic semigroup either is a group or has only one generator; 
c) any two infinite monogenic semigroups are isomorphic; 


d) any finite monogenic semigroup is isomorphic to a semigroup S(n, k) 


which is defined on the set {a;, ..., @,} as follows: 
Qj+j, if i+j<n, 

aj +aj = a Mae > 4 
Ok+i+1; if i+j>a, 


where / is the remainder of the number i + j —n — 1 divided by n — k. 


55 Concept of a group. Isomorphisms of groups 


5501. Find whether the following sets of numbers with the given operations are 
groups: 

a) (A,+), where A is one of the sets N, Z, Q, R, C; 

b) (A,-), where A is one of the sets N, Z, Q, R, C; 

c) (Ao,-), where A is one of the sets N, Z, Q, R, C, and Ap = A \ {0}; 

d) (nZ, +), where n is a natural number; 

e) ({-L, 1}, +); 


f) the set of powers of the given real number a ¥ 0 with integer exponents, 
with respect to multiplication; 


g) the set of all complex roots of | of the fixed order n, with respect to 
multiplication; 
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the set of complex roots of 1 of all orders, with respect to multiplication; 
the set of complex numbers with the fixed absolute value r, with respect 
to multiplication; 

the set of nonzero complex numbers with absolute values bounded by the 
fixed number r, with respect to multiplication; 


the set of nonzero complex numbers located on rays outgoing from the 
origin and forming angles ¢; ¢2, ..., Qn with the ray 0X, with respect to 
multiplication? 


5502. Prove that the semi-interval [0, 1) with the operation @, where a @ B is 
the fractional part of a + 8, is a group. To which group from Exercise 5501 is it 
isomorphic? Prove that any of its finite subgroups are cyclic. 


5503. Prove that 2” is a group with respect to the operation of symmetric 
difference A (see Exercise 104). 


5504, Find out whether the following mappings from the set M = {1,2,..., 7} 
to itself form a group, with respect to multiplication: 


a) 
b) 


k) 


the set of all mappings; 

the set of all injective mappings; 

the set of all surjective mappings; 

the set of all bijective mappings; 

the set of all even permutations; 

the set of all odd permutations; 

the set of all transpositions; 

the set of all permutations, fixing elements of some subset S C M; 


the set of all permutations such that the images of all elements of some 
subset 5 € M belong to this subset; 


the set {E, (12)(34), (13)(24), (14)(23)}; 
the set (E, (13), (24), (12)(34), (13)(24), (14)(23), (1234), (1432)}? 


5505. Find out whether the following sets of square real matrices of fixed size 
form a group: 


a) 
b) 


the set of symmetric (skew-symmetric) matrices with respect to addition; 


the set of symmetric (skew-symmetric) matrices with respect to multipli- 
cation; 
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P) 


q) 


r) 
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the set of nonsingular matrices with respect to addition; 
the set of nonsingular matrices with respect to multiplication; 


the set of matrices with a fixed determinant d with respect to multipli- 
cation; 


the set of diagonal matrices with respect to addition; 
the set of diagonal matrices with respect to multiplication; 


the set of diagonal matrices with nonzero diagonal entries with respect to 
multiplication; 


the set of upper triangular matrices with respect to addition; 

the set of upper niltriangular matrices with respect to multiplication; 
the set of upper niltriangular matrices with respect to addition; 

the set of upper unitriangular matrices with respect to multiplication; 
the set of all orthogonal matrices with respect to multiplication; 


the set of all matrices of the form f(A), where A is a fixed nilpotent 
matrix, and f(t) is an arbitrary polynomial with nonzero constant term, 
with respect to multiplication; 


the set of upper niltriangular matrices with respect to the operation 
XoY=X+Y-XY; 

the set of nonzero matrices & f ) (x,y € R) with respect to 
multiplication; 

the set of nonzero matrices i ) (x, y € R), where A is a fixed real 
number, with respect to multiplication; 


the set of matrices 


l+(o 1): *(0 4): *(1 0): #07 o)f 


with respect to multiplication. 


5506. Prove that the set of upper niltriangular matrices of size 3 is a group with 
respect to the operation 


J 
XoY=X+¥+ 1X, ¥). 
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5507. Let X be a set of points of the curve y = x3, / be a line passing through 
points a, b € X (tangent to X if a = b) and c be the third point of its intersection 
with X. Let m be a line passing through the origin O and through the point c 
(tangent to X if c = 0). 

Put a @ b = d where d is the third point of the intersection of m and X or O if 
m is tangent to X at the point O. Prove that (X, @) is a commutative group. 

5508. Prove that the set of functions y(x) = (ax + b)/(cx + d), where 
a, b, c, d € Rand ad — bc # 0, is a group with respect to the operation of 
composition of functions. 


5509. Prove that the commutator [x, y] = xyx~!y7! of elements x, y of a 
group G has the following properties: 


a) [x,y =Ly,2) 

b) [xy, z] = xLy, zx! Lx, z]; 

ce) [z, xy] = [z, x]x[z, ylx7!. 
5510. Do the following equalities hold identically in the group S3: 
a) 2° =; b) (x, y],z] = 1; ? ols 
5511. Prove that the group of upper unitriangular matrices of size 3 satisfies the 

identity 
(xy)" =a" y"[x, "PF me N). 


5512. Prove that if a group G satisfies the identity [[x, y],z] = 1, then G 
satisfies the identity 
(x, yz] = [x, y][x,z], [xy,z] = [x, zy, 2]. 


5513. Prove that if a group G satisfies the identity x? = 1, then G is 
commutative. 


5514. Find out whether the following mappings of the groups f : C* +> R* 
are homomorphisms: 


a) f(z) =lek: b) f(z) = 2el: c) fa= a 
d) f(Q)=1+ zh; e) f(z) =e; f) f(z) =1; 
8) f(2)=2? 


5515. Find out, for the groups G, whether the mapping f : G + G defined by 
the rule: 


a FG) =22 b) f(x) =x7, 


is a homomorphism? Under what condition is this mapping an isomorphism? 
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5516. Associate with each matrix (2 : 


ax+b 
ex+d 

5517. Decompose the following groups into classes of isomorphic groups: 

Z; nZ; Q; R; Q*; R*; C*; UT2(A), where A is one of the rings Z, 
Q, R, C. 

§518. Find all isomorphisms between groups (Z,4, +) and (Zz, -). 

5519. Prove that a group of order 6 is either commutative or isomorphic to the 
group S3. 

5520. Prove that if a 4 0 is a rational number then the mapping ¢ : x +> ax is 
an automorphism of the group Q. Find all automorphisms of the group Q. 

5521. Let G be a nonzero additive group consisting of real numbers such 
that each bounded interval contains only finitely many elements of G. Prove that 
G~Z. 

5522. Find examples of planar geometrical figures whose groups of symmetries 
are isomorphic to: 


) € GL(2, C) the function y = 


(see Exercise 5508). Is this mapping a homomorphism? 


a) Zp; b) Z3; c) $3; d) V4. 
5523. Find out whether some of the following groups are isomorphic: 
— the group D4, of symmetries of a square; 
~ the group of quaternions Qs; 
— the group from Exercise 5504k; 
— the group from Exercise 5505r. 


5524. Prove that the groups of proper symmetries of a tetrahedron, of a cube 
and of an octahedron are isomorphic to the groups Aq, S4, S4, respectively. 


§525. Prove that 


a) the set of al] automorphisms of an arbitrary group is a group with respect 
to composition; 


b) the mapping o : x ++ axa™', where a is a fixed element of a group G, 
is an (inner) automorphism of G; 


c) the set of all inner automorphisms of an arbitrary group is a group with 
respect to composition. 


5526. Find groups of automorphisms of the groups: 


a) Z; b) Zp; c) Ss; d) V4; e) Da; f) Qs. 
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5527. Prove that the mapping a +> o, which associates with each element a of 
a group G the permutation o : x ++ ax of the set G, is an injective homomorphism 
of the group G into the group Sg. 


5528. Find subgroups of groups S, which are isomorphic to the groups: 
a) Zs; b) Da; c) Qs. 


5529. For any permutation o of degree n let Ag = (6;0(;)) denote the square 
matrix of size n. Prove that if G is a group of permutations of degree n then the 
set of matrices Ag, where o € G, forms a group isomorphic to G. 


5530. Find subgroups of the groups of matrices GL, (C) which are isomorphic 
to the groups: 


a) Zs; b) Da; c) Qs. 


§531. Find a subgroup of the group of real matrices of size 4 which is isomorphic 
to the group Qs. 


5532. Prove that the group Upeo cannot be mapped homomorphically onto a 
nontrivial finite group. 
5533. Are the following groups isomorphic: 


a) SL2(3); b) Sa; c) As? 


56 Subgroups. Orders of elements of groups. Cosets 


5601. Prove that in any group 


a) the intersection of any set of subgroups is a subgroup; 


b) the union of two subgroups is a subgroup if and only if one of these 
subgroups is contained in the other; 


c) if a subgroup C is contained in the union of subgroups A and B then 
eitherC CAorC CB. 


5602. Prove that a finite subsemigroup of any group is a subgroup. Is this 
Statement valid for infinite subsemigroups? 


5603. Find the order of the element of the group: 


[2-34 a 12-9 45 eh. ae 
a) Gee ic: ” Cait 


214 
c) Be hiec: 
0100 
0010 
J) Bo 690 TERS oe: 
1000 
) (1) <Gtacr 
Al * «ce 68 
an at 3 €GL,(), 
0 O An 


1 


d pee 
, 2 
f) (i 
b) (? 


where A}, ..., A, are distinct roots of 1 of order k. 
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1 
—-—ieC; 


V2 


4 € GL,(C); 


1) € GL2(C); 


5604. Let p be a prime odd number, X an integer square matrix of size n, and 
the matrix E + pX lie in SL, (Z) and have a finite order. Prove that X = 0. 


5605. Prove that 


3 4 
a) the element 5 “fe 3! of the group C* has infinite order; 


1 4 
b) the number = arctan 3 is irrational. 


5606. How many elements of order 6 are contained in the group: 


a) C*; b) D2(C)*; 


5607. Prove that in any group 


a) the elements x and yxy~! have the same order; 


c) Ss; 


b) the elements ab and ba have the same order; 


d) As? 


c) the elements xyz and zyx can have different orders. 


5608. Let elements x and y of a group G have finite orders and xy = yx. Prove 


that 


a) if the orders of the elements x and y are coprime, then the order of the 
product xy is equal to the product of their orders; 


b) there exist exponents k and / such that the order of the product xy! is 
equal to the least common multiple of orders of x and y. 


Are these statements valid for noncommuting elements x and y? 
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5609. Prove that 
a) if an element x of a group G has infinite order then x* = x! if and only 
ifk =1; 
b) if an element x of a group G has order n then x* = x! if and only 
if n|(k — 1); 


c) if anelement x of a group G has order n then x* = e¢ if and only if n|k. 


5610. Prove that in the group S,, 
a) the order of an odd permutation is an even number; 
b) the order of any permutation is equal to the least common multiple of the 
lengths of disjoint cycles occurring in its decomposition. 


5611. Find the order of an element x*, if the order of x is equal to n. 


5612. Let G be a finite group, a € G. Prove that G = (a) if and only if the 
order of a is equal to |G|. 


$613. Find the number of elements of order p™ in the cyclic group Zp», where 
pisaprime,0 <m <n. 


5614. Let G = (a) be a cyclic group of order n. Prove that 


a) elements a* anda’ have the same order if and only if the greatest common 
divisors (k, n) and (/, m) are equal; 


b) anelement a* isa generator of G if and only if k and n are coprime; 
c) any subgroup H C G is generated by an element a%, where d{n; 


d) for any divisor d of the number n there exists a unique subgroup H C G 
of order d. 


5615. In acyclic group (a) n find all elements g satisfying the condition gt =e 
and all elements of order k if: 


k= 6 b) n= 24, k= 4, c) n=100, k=20; 
d) n=100, k= 5; e) n=360, k=30; f) n=360, k=12; 
k= 7 


5616. Find all the subgroups of the cyclic group of order: 


a) 24; b) 100; c) 360; d) 125; e) p" (pisaprime). 
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5617. Let G be a finite group and d(G) be the least natural number s such that 
g* =e for any element g € G (the period of the group G). 


Prove that 


a) the period d(G) divides |G{ and it is equal to the least common multiple 
of orders of elements of G; 


b) if G is commutative then there exists an element g € G of order d(G); 
c) a finite commutative group is cyclic if and only if d(G) = |G|. 


Are the statements b) and c) valid for noncommutative groups? 
5618. Does there exist an infinite group in which all elements have finite orders? 
5619. The periodic part of a group G is the set of all its elements of finite orders. 


a) Prove that the periodic part of a commutative group is a subgroup. 
b) Is statement a) valid for a noncommutative group? 
c) Find the periodic part of the groups C* and D, (C)*. 


d) Prove that if a commutative group G has elements of infinite order and 
all of them are contained in a subgroup H, then H coincides with G. 


5620. Prove that in a commutative group the set of elements, whose orders 
divide a fixed number n, is a subgroup. Is this statement valid for a noncommutative 


group? 
5621. Find all finite groups in which there exists the greatest proper subgroup. 
5622. The set of all subgroups of a group G forms a chain, if for any two its 
subgroups one of them is contained in the other. 


a) Prove that subgroups of the cyclic group of order p”, where p is a prime, 
form a chain. 


b) Find all finite groups in which subgroups form a chain. 
c) Find all groups in which subgroups form a chain. 


5623. Represent the group Q as a union of the ascending chain of cyclic 
subgroups. 


5624. Establish an isomorphism between the group U,, of complex roots of 
order n of 1 and the group Z,, of residues modulo n. 


5625. Find out if some of subgroups (g) generated by elements g € G are 
isomorphic: 
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a) G=C", 

b) G =GL,(C), 
c) G = So, 

d) G=C*, 

e) G = R*, 

f) G=C"*, 

g) G=Z, 

5626. Prove that 
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1 1 
Se + ee; 
ee E e 


=(? 3) 


g = (32651); 
g=2-i; 
g = 10; 

6x... 6x 
g = cos — +isin =; 


g =3? 


a) any group of even order contains an element of order 2; 


b) a group is commutative if all its nontrivial elements have order 2. 


5627. Prove that any finite subgroup of the group C* is cyclic. 
5628. Prove that any proper subgroup of the group Up is a finite cyclic group. 
5629. Prove that 


a) 


b) 
c) 


§630. Find all subgroups of the groups: 


in the multiplicative group of a field for any natural number n there exists 


at most one subgroup of order n; 


any finite subgroup of the multiplicative group of a field is cyclic; 


the multiplicative group of a finite field is cyclic. 


a) S3; b) Da; 


c) Qs; d) Ag. 


§631. Prove that if a subgroup H of the group S,, contains one of the sets 
{(12), (13),...,(lm)} {(12), (123...)}, 


then H = §S,. 


5632. Find all elements of the group G commuting with the given element 
g € G (the centralizer of g), if: 


a) 


G= S84, 


g = (12)G34); 
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b) G = SL,(R), =(5 ah 
c) G=S,, g = (123...n). 
5633. Put 


Gy = {o € S4 | f (X0(1)s X0(2)1 X03): Xo (4) = f(X1, X25 X3, X4)} 


for a polynomial f in variables x1, x2, x3, X4. 
Prove that Gy is a subgroup of Sq and find this subgroup for the polynomials: 


a) f = x1x2 +.x3x4; b)  f = x1%2x3; 


c) f =x +22; Gd) f = x1x2x3.%4; 


e) f= I] (xj — xj). 


Isj<i<4 


5634. Find the cosets 


a) 


b) 


c) 
d) 
e) 


f) 
8) 


h) 


i) 


dD 


k) 


of the additive group Z with respect to the subgroup nZ, where n is a 
natural number; 


of the additive group C with respect to the subgroup Z[i] of Gaussian 
integers, i.e. numbers a + bi with integer a, b; 


of the additive group R with respect to the subgroup Z; 
of the additive group C with respect to the subgroup R; 


of the multiplicative group C* with respect to the subgroup U of numbers 
with absolute value 1; 


of the multiplicative group C* with respect to the subgroup R*; 
of the multiplicative group C* with respect to the subgroup of positive 
real numbers; 


of the group of permutations S,, with respect to the stationary subgroup 
of the element n; 


of the additive group of real (3 x 2) matrices with respect to the subgroup 
of all matrices (aj;) such that a3; = a32 = a2 = 0; 


of the additive group of all polynomials of degree at most 5 with complex 
coefficients with respect to the subgroup of polynomials of degree at 
most 3; 


of the cyclic group (a)¢ with respect to the subgroup (a*), 


Groups 219 


5635. Let g be a nonsingular matrix from GL,(C) and H = SL,(C). Prove 
that the coset gH consists of all matrices a € GL(n, C) such that their determinant 
is equal to the determinant of g. 


5636. Let H be a subgroup of a group G. Prove that the mapping x H +> Hx7! 
induces a bijection between the set of left cosets and the set of right cosets of G 
with respect to H. 


5637. Let g1, g2 be elements of a group G, and H,, Hz be subgroups of G. 
Prove that the following properties are equivalent: 
a) gif © g2A; 


b) Hi © Hy and g5'g, € Mo. 


5638. Let 91, g2 be elements of a group G and Hj, Hp be subgroups of G. 
Prove that a nonempty set g;H;  g2H2 is a left coset of G with respect to the 
subgroup H, M A. 


5639. Let H,, Hz be subgroups in a group G and H; © A). If the index Hy in 
H? is equal to n, and the index of Hz in G is equal to m, then the index of Hj in 
G is equal to mn. 


5640. Prove that all axial symmetries form a coset in the dihedral group with 
respect to the subgroup of rotations. 


57 Action of a group on a set. Relation of conjugacy 
5701. Find all orbits of the group G of nonsingular linear operators acting on 
n-dimensional space V, if: 

a) G is the group of all nonsingular linear operators; 


b) Gis the group of all orthogonal operators; 


c) Gis the group of operators whose matrices in the basis (e1,..., én) are 
diagonal; 

d) Gis the group of operators whose matrices in the basis (e1,..., @,) are 
upper triangular. 


5702. Find the stabilizer G, of the vector a = e) +€2 +--+ + ey if; 
a) Gis the group from Exercise 5701c; 
b) Gis the group from Exercise 5701d. 
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§703. Find the stabilizer G, and the orbit of an arbitrary vector x if: 


a) Gis the group of all orthogonal operators on three-dimensional Euclidean 
space; 


b) G is the group of all proper orthogonal operators on two-dimensional 
Euclidean space. 


5704. Let G be the group of all nonsingular linear operators on n-dimensional 
vector space V and X be the set of all subspaces of dimension k of V. 


a) Find the orbits of G in X. 


b) Let e1,...,@, be a basis in V such that e;,..., eg is a basis of some 
subspace U. Find the matrices of the operators of the stabilizer Gy with 
the basis e,..., én. 


5705. Let G be a group of all nonsingular linear operators on n-dimensional 
vector space V and F be a set of flags in V, ie. sets f = (Vo, Vi,..., Va) of 
subspaces of V where 0 = Vo < Vi <--+-< Vy, = V. 


a) Find the orbits of G in F. 
b) Lete; € V; \ Vi-1,i = 1,...,2. Prove that e;,..., é, is a basis in V. 
c) Find the matrices of the operators of the stabilizer Gy with the basis 
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5706. Let G be the group of ali nonsingular linear operators on n-dimensional 
vector space V, and X (Y, respectively) be the set of all nonzero decomposable 
q-vectors in A? V (in S7(V), respectively). 


a) Find the orbits of the action G in X and Y. 


b) Find the stabilizer Gz of a decomposable g-vector a (a vector from 
S7(V)). 


5707. Let G be the group of all nonsingular linear operators on n-dimensional 
real (complex) space V, and B be the set of all symmetric (Hermitian) bilinear 
functions on V. Put g(b)(x, y) = b(g7'x, gy) for g € G andb € B. 


a) Prove that G acts on B. 
b) Determine the orbits of G in B. Find their number. 
c) Determine the stabilizer G, of a positively definite function b. 


5708. Let G be the group of all nonsingular linear operators on n-dimensional 
complex space V and L(V) be the set of all linear operators on V. Put g(f) = 
sfg"',ifg € Gand f € L(V). 
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a) Prove that G acts on L(V). 
b) Determine the orbits of G in L(V). 


5709. Find all the orbits in the set {1, 2, ..., 10} and all stabilizers in the group 
G if G is generated by the permutation 


a) -(1 2345 6789 \.g 
"\5 8 39 4 10 6 2 1 7) Mor 
123456789 10 
») BCG 4c ta es Sane 
c) g = (169)(2, 10)(34578) € Sio. 


5710. Consider the diamond with vertices, in a rectangular system of coordi- 
nates, 


A= (0, 1), B = (2, 0), Cc = (0, —1), D= (—2, 0). 
a) Find the matrices of the orthogonal transformations of the plane mapping 
the diamond into itself. 


b) Prove that these matrices, with respect to multiplication, form a group G, 
isomorphic to the group S4. 


c) Find the orbits of the action of G on the set of vertices of the diamond 
and find their stabilizers. 


5711. Find the order of the dihedral group D,,. 
5712. Find the order: 
a) of the group of rotations of a cube; 
b) of the group of rotations of a tetrahedron; 
c) of the group of rotations of a dodecahedron. 
5713. Prove that: 
a) the group of rotations of an icosahedron is isomorphic to the group As; 
b) the group of symmetries of a tetrahedron is isomorphic to Sq. 
5714, Find the order of the stabilizer of a vertex in the group of rotations: 
a) of an octahedron; 
b) of an icosahedron; 
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c) of a tetrahedron; 
d) of acube; 
e) of adihedron. 


5715. Let G be a group of affine transformations of n-dimensional affine space 
X. Suppose that Y is the family of all sets with n + 1 points (Ao, ..., An) in the 
general position. 


a) Find the orbits of G in Y; 
b) Find the stabilizer G, of a seta € Y. 


5716. Let G be a group of affine transformations of n-dimensional affine real 
(complex) space X. Denote by Q the set of all bilinear functions on X. Put 
g(h) = h(g7!x) for g € G,h € Q andx € X. 


a) Prove that G acts on Q. 

b) Determine the orbits of G in Q. 

c) Determine the stabilizer G,, of a nonsingular function A € Q. 
5717, Let G be a group of linear-fractional transformations of the unit disc with 

the center O from Exercise 2422. Find: 

a) the stabilizer of the point O; 

b) _ the orbit of the point O; 

c) the intersection of the stabilizers of two distinct points of the unit disc. 
5718. Let a group G act on a set X and x, y be two elements of one orbit of G 


in X. Prove that all g € G, such that g(x) = y, form a left coset in G with respect 
to the stabilizer G, and form a right coset with respect to the stabilizer Gy. 


5719. Let a commutative group G act on a set M. Prove that if gmo = mo for 
some g € G and mo € M, then gm = m for any point m, belonging to the orbit 
of the point mo. 

5720. Let H be a subgroup of a group G, a € G. Prove that 


a) the mapping o, : gH +> agH is a permutation on the set M of all left 
cosets of G with respect to H; 


b) the mapping f : a > og defines an action of G on M; 
C) 4g is the identical permutation if and only if a belongs to the intersection 
of all subgroups conjugate to H in G. 


5721. Enumerating left cosets of the group G, with respect to the subgroup H, 
find all permutations ag (see Exercise 5720) if: 
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a) G= Zz, and H is the identity subgroup; 


b) G = Du, H is a subgroup consisting of the identity transformation and 
of some axial symmetry of a square. 


5722. Prove that for any group G 
a) aconjugation induces an action 


1 (g,meéG) 


mt> g-m=gmg” 
of G on the set G; 


b) the stabilizer of a point m (the centralizer of the element m) coincides 
with the set of all elements of G commutating with m. 


5723. Find the centralizer: 
a) of the permutation (12)(34) in the group S,; 
b) of the permutation (123...) in the group S,. 


§724. In the group GL2(R) find the centralizer of the matrix: 


1 Oy. 2 O\. 1 2\. 11 
a) (3 Pd ae io Ie et ae (s De 
5725. In the group GL, (R) find the centralizer of the matrix diag(A1, ..., An) 


a) all elements of the diagonal are distinct; 
b) Ay meee = Ap =a, Aggy = +++ =A, =D anda Fb. 


§726. Determine if some of the following three matrices are conjugate in the 
group GL2(C): 
1 


1 1 = + 1 0 
an(h 3). male he anh 
0 1 0 2 al | 


5727. Let F be a field. In the group SL, (F) find 
a) thecentralizer Cj; of an elementary matrix E+ Ej; where 1 <i # j <n; 
b) the intersection of C;; for alli, 7, where 1 <i # j <n; 


c) the class of conjugate elements containing E + E;;. 


Prove that any two elementary matrices E + aE;; and E + BEpg, where 
1<itj,p#q <n,anda,f € F* are conjugate. 
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5728. In the group @2(R) of orthogonal operators find 
a) the centralizer of the operator of rotation on an angle q # kr; 
b) the centralizer of the symmetry relative to the axis OX. 


5729. Prove that in the group @2(IR) any two symmetries are conjugate. 
5730. Find classes of conjugate elements in the groups: 


a) S3; b) Ag; c) Ds. 
5731. Find all finite groups in which the number of classes of conjugate elements 
is equal to: 

a) 1; b)2; c)3. 
$732. In the group S, find the class of conjugate elements: 

a) of the permutation (12)(34); 

b) of the permutation (124). 
§733. Prove that two permutations are conjugate in the group S,, if and only if 


they have the same cyclic structure, i.e. their decompositions into the product of 
disjoint cycles for any integer k contain the same number of cycles of length k. 


5734. Find the number of classes of conjugate elements in the groups: 
a) S¢; b) Ss; c) Se; d) Ds. 


5735. The canonical form of a matrix A € SQ3(R) is the matrix 


1 0 0 

0 cosg —sing 

0 sing cos g 
conjugate to A. Prove that the matrices A; and A? are conjugate in SO2(R) if and 
only if their canonical forms are connected either by the relation g) + yg) = 27k 
or by the relation gy; — g2 = 2k for some integer k. 


§736. Prove that 


a) if H and K are conjugate subgroups of a finite group and K C H then 
K=H; 


b) subgroups 


a eae ( 


are conjugate in the group GL2(R) and K C H. 
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§737. Find the normalizer N(H) of the subgroup H in the group G, if 
a) G = GL2(R) and H is the subgroup of diagonal matrices; 
b) G = GL2(R) and H is the subgroup of matrices 


t ;) (a eR); 


c) G=Sy4, HA = ((1234)). 


5738. Find the automorphism group of: 
a) the group Zs; 
b) the group Ze. 
5739. Prove that 
a) AutS3 ~ S3 and all automorphisms of the group S3 are inner; 
b) AutV,4 ~ S; and only the identical automorphism is inner in V4. 
5740. Find out whether the automorphism groups of the following groups are 
cyclic: 
a) Z; 
b) the group Zs. 
5741. Find the order of the group AutAutAutZo. 
5742. Construct an external automorphism in the group Sg. 


5743. Prove that in the group S,, n # 6 all automorphisms are inner. 


5744, Prove that the group of automorphisms of Dg is isomorphic to D4. Find 
the subgroup of inner automorphisms of D4. 


5745. Find the group of automorphisms of D, and the subgroup of its inner 
automorphisms. 


58 Homomorphisms and normal subgroups. 
Factorgroups, centers 


5801. Prove that the subgroup H of the group G is normal if 
a) G is acommutative group and H is an arbitrary subgroup; 


b) G =GL,(R) and H is the subgroup of matrices with determinants equal 
to I; 
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c) G=S,, H=A,; 

d) G=S4, H=V,; 

e) G is the group of nonsingular complex upper triangular matrices and H 

is the group of matrices E + a aE, aj; €C. 
I<i<jsn 
j-izk 

5802. Prove that any subgroup of index 2 is normal. 
5803. Find al! nontrivial normal subgroups in the groups: 


a) S83; b) Ay; c) Ss. 


5804. Using the example of the group Ax, show that a normal subgroup K ofa 
normal subgroup H in a group G is not necessarily normal in G. 


5805. Let A and B be normal subgroups of a group G and AM B be the identity 
subgroup. Prove that xy = yx for any x € A, y € B. 


5806. Let 1 be a subgroup of G of index 2, C be a class of conjugate elements 
in G and C C H. Prove that C is either a class of conjugate elements in H or a 
union of two classes of conjugate elements in H, consisting of the same number 
of elements. 


5807. Find the number of classes of conjugate elements in the group As and 
find the number of elements in each class. 


5808. Prove that the group As is simple. 
5809. 


a) Prove that every subgroup of the group of quaternions Qs is normal. 
b) Find the center and all classes of conjugate elements in the group Qs. 


c) Prove that the complex matrices 


1 0 i 0 
se=+(4 a £1=4(5 i, 

01 0 i 
r=a( J Aa £K=2(I at 


form a group with respect to multiplication of matrices. This group is 
isomorphic to Qs. 
5810. Find all normal subgroups of the dihedral group D,. 
5811. Let F be a field and G be a subgroup of GL, (F), containing SL,(F). 
Prove that G is normal in GL, (F). 
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5812. Associate with each matrix G ) € GL2(C) a linear-fractional 
transformation : 
az+ 
INE a 


Find the kernel of this homomorphism. 

5813. Letn, m > 2 be natural numbers and SL,,(Z; mZ) be a subset of SL,,(Z), 
consisting of matrices E + Xm, where X is an integer square matrix of size n. 
Prove that 


a) SL,(Z; mZ) is a normal subgroup in SL, (Z); 
b) ifm = pisa prime then SL,(Z)/SL,(Z; pZ) ~ SLa(Zp); 


c) the group SL,,(Z; mZ) does not contain elements of finite order if m > 3; 


d) if G is a finite subgroup of SL,(Z) then the order of G divides - 
(3" — 1)(3" — 3)... (3% — 37-4). 


5814. Prove that for any group G the set of all its inner automorphisms is a 
normal subgroup in the group AutG of all automorphisms of G. 


5815. Prove that any subgroup, containing a commutant of a group, is normal. 
5816. Find the center of the group: 


a) Sh; b) An; c) Dp. 


§817. Prove that the center of a group of order p", where p is a prime (n € N), 
contains more than one element. 


$818. Let G be the set of all upper unitriangular matrices of size 3 with elements 
from the field Zp. 


a) Prove that G is a noncommutative group of order p® with respect to 
multiplication. 


b) Find the center of G. 


c) Find all classes of conjugate elements in G. 


5819. Find the center of the group: 


a) GL,(R); b) O)(R); c) SO»(R); d) $03(R); 
e) SU(C); f) SU,(C); g) of upper-triangular matrices. 
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5820. Find the center: 
a) of the group of all linear-fractional transformations of the complex plane; 


b) of the group of all transformations of the unit disc from Exercise 2422. 


5821. Prove that the group 1 is a homomorphic image of a finite cyclic group 
G if and only if H is cyclic and its order divides the order of G. 


§822. Prove that if a group G is homomorphically mapped onto a group H and 
a +> a’ then 


a) the order of a is divisible by the order of a’; 


b) the order of G is divisible by the order of H. 


5823. Find all the homomorphisms: 


a) Ze —> Ze; b) Ze > Zig; c) Zig > Ze; 
d) Zi2 > Zs; e) Ze —> Zs. 


5824. Prove that the additive group of rational numbers cannot be mapped 
homomorphically onto the additive group of integers. 


5825. Find factorgroups: 
a) Z/nZ; b) Uj2/U3; c) 4Z/12Z; d) R*/R4. 


5826. Let F" be the additive group of n-dimensional linear space over a field 
F and H be the subgroup of vectors of a k-dimensional subspace. Prove that the 
factorgroup F"/H is isomorphic to F"—*. 

5827. Let H, be the set of complex numbers with arguments 27k/n (k € Z). 
Prove that 


a) R/Z~U; b) C*/R* ~U; c) C*/U~R,; 
d) U/U, =U; e) C*/U, =C'; f) C*/H, =U; 
8) HAn/Ry ~ Un; h) Hnp/Un = Ry. 


5828. LetG = GL,(R), H=GL,(C), P=SL,(R), Q =SL,(C), 


A={X €G||detX| = 1}, B={X € H||detX|=1), 
B={X €G| detX > 1}, N ={X € H| det X > 0}. 
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Prove that 
a) G/P~R*; b) H/Q~C'; c) G/M~Z); 
d) H/N~U; e) G/A~R,; f) H/B~R,. 


5829. Let G be the group of affine transformations of n-dimensional space, H 
be the subgroup of parallel transfers, and K be the subgroup of transformations 
fixing the given point O. Prove that 


a) H is anormal subgroup in G; 
b) G/H~K. 
5830. Prove that the factorgroup of the group S4 with respect to the normal 
subgroup {e, (12)(34), (13)(24), (14)(23)} is isomorphic to the group S3. 


§831. Prove that if H is a subgroup of index & in a group G then H contains 
some subgroup which is normal in G and whose index in G divides k!. 


5832. Prove that a subgroup is normal if its index is the least prime divisor of 
the order of the group. 


5833. Prove that the factorgroup of the group GL2(Z3) by its center is 
isomorphic to the group Sq. 


5834. Prove that in the group Q/Z 
a) each element has finite order; 


b) for any natural number n there exists exactly one subgroup of order n. 


5835. Prove that the group of inner automorphisms of a group G is isomorphic 
to the factorgroup of G by its center. 


5836. Prove that the factorgroup of a noncommutative group by its center cannot 
be cyclic. 


5837. Prove that a group of order p”, where p is a prime, is commutative. 


5838. Prove that the group of all automorphisms of a noncommutative group 
cannot be cyclic. 


* * * 


5839. Find the number of classes of conjugate elements and the number of 
elements in each class for a noncommutative group of order p>, where p is a 
prime. 


5840. A subgroup H is maximal in a group G if H # G and any subgroup 
containing H coincides with H or with G. Prove that 
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a) the intersection of any two different maximal commutative subgroups is 
contained in the center of the group; 


b) any finite simple noncommutative group has two different maximal 
subgroups whose intersection contains more than one element; 


c) any finite simple noncommutative group has a proper noncommutative 
subgroup. 
5841. Prove that the factorgroup of SL2(5) by its center is isomorphic to As. 


5842. Prove that every finite subgroup in SL2(Q) is a subgroup in one of the 
following groups: D3, D4, De. 


5843. Let F be a field, n > 3 and G be a normal subgroup in GL, (F). Prove 
that either G > SL,,(F) or G consists of scalar matrices. 


5844. Let F be a field containing at least four elements and G be a normal 
subgroup in GL2(F). Prove that either G > SL2(F) or G consists of scalar 
matrices. 


5845. Prove that SL2(2) ~ 83. 
5846. Find al! normal subgroups in SL2(3). 


5847. Let G be a normal subgroup of finite index in SL,(Z), n > 3. Show that 
there exists a natural number m such that G C SL,(Z, mZ). 


5848. Let F be a field, n > 3 and ¢ be an automorphism of the group GL, (F). 
Prove that there exist a homomorphism of groups t : GL,(F) — F* and 
an automorphism t of F, such that either g(x) = t(x)gt(x)g7! or g(x) = 
t(x)g't(x)'-g—!, where g € GL, (F). 


59 Sylow subgroups. Groups of small orders 


5901. Find the order of the groups: 
a) GLn(q); 
b) SL,(q); 


c) ofall nonsingular upper triangular matrices of size n over the finite field 
with q elements. 


5902. Are the following groups isomorphic: 
a) Qs and Dg; 
b) S,4 and SL2(3)? 
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5903. Find all Sylow 2-subgroups and 3-subgroups in the groups: 
a) S3; b) Ay. 


5904. Indicate the conjugating elements for Sylow 2-subgroups and for Sylow 
3-subgroups in the groups: 


a) $3; b) Ag. 


5905. Prove that any Sylow 2-subgroup in the group Sq is isomorphic to the 
dihedral group Dg. 


5906. Which Sylow 2-subgroups of the group S4 contain the permutations: 
a) (1324); b) (13); c) (12)(34)? 


5907. Prove that there exist exactly two noncommutative nonisomorphic groups 
of order 8, namely, the group of quaternions Qs and the dihedral group Dz. 


5908. Prove that the Sylow 2-subgroup in the group SL2(3) 
a) is isomorphic to the group of quaternions; 
b) is normal in SL2(3). 


5909. How many different Sylow p-subgroups has the group As, if 
a) p=2,; b) p=3; c) p=5? 


§910. Find the order of Sylow p-subgroups in the group S,. 

5911. How many different Sylow p-subgroups has the group Sp, where p is a 
prime? 

5912. Prove that Sylow p-subgroup in a group G is unique if and only if it is 
normal in G. 


5913. Let 
P=1(G 1) 14 € Zp, pis prime}. 


a) Prove that P is a Sylow p-subgroup in the group SL2(p). 

b) Find the normalizer of P in SL2(p). 

c) Find the number of different Sylow p-subgroups in SL2(p). 
d) Prove that P is a Sylow p-subgroup in GL2(p). 

e) Find the normalizer of P in GL2(p). 

f) Find the number of different Sylow p-subgroups in GL2(p). 
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5914. Prove that the subgroup of upper unitriangular matrices is a Sylow 
p-subgroup in GL, (p). 
5915, In the dihedral group D,, for each prime divisor p of the number 2n, find: 
a) all Sylow p-subgroups; 
b) conjugating elements for Sylow p-subgroups. 


5916. Prove that the image of a Sylow p-subgroup of a finite group G, under a 
homomorphism of G onto a group H, is a Sylow subgroup in H. 


5917. Prove that any Sylow p-subgroup of the direct product of finite groups 
A and B is the product of Sylow p-subgroups of A and B. 


5918. Let P be a Sylow p-subgroup of a finite group G and H be a normal 
subgroup in G. 


a) Prove that the intersection P N H is a Sylow p-subgroup in H. 


b) Find an example showing that for non-normal subgroups H the statement 
a) is not valid. 


5919. Prove that all Sylow subgroups of a group of order 100 are commutative. 
5920. Prove that any group of order: 


a) 15, b) 35, c) 185, d) 255 


is commutative. 


5921. How many different Sylow 2-subgroups and Sylow 5-subgroups are there 
in a noncommutative group of order 20? 


5922. Prove that there exist no simple groups of order: 
a) 36, b) 80, c) 56, d) 196, e) 200. 


5923. Let p and g be primes, p < q. Prove that 
a) if q — 1 isnot divisible by p then any group of order pq is commutative; 
b) ifq—1is divisible by p then in the group of nonsingular matrices ( ; ; ) 
(a, b € Z,) there exists a noncommutative subgroup of order pq. 
5924. How many elements of order 7 has a simple group of order 168? 


* * * 


5925. Let K be a normal subgroup in p-group G. Prove that K N Z(G) # 1. 
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5926. Let V be a finite-dimensional vector space over a field of characteristic 
p and G be p-group of linear nonsingular operators on V. Prove that there exists 
a nonzero vector x € V such that gx = x forall g € G. 


5927, Let P be a Sylow p-subgroup of a finite group G and H be a subgroup 
of G, containing normalizer Ng(P). Prove that Ng(H) = H. 


60 Direct products and direct sums. Abelian groups 


6001. Prove that the groups Z and Q are not decomposable into a direct sum of 
nonzero subgroups. 


6002. Do the following groups 


a) S3; b) Ag; c) Sq; d) Qs 


have a nontrivial direct decomposition? 

6003. Prove that a finite cyclic group is a direct sum of prime-power cyclic 
subgroups. 

6004. Prove that the direct sum of cyclic groups Z» © Z, is a cyclic group if 
and only if m and n are coprime. 


6005. Decompose into a direct sum the groups: 
a) Ze; b)  Zy2; c) Zeo. 


6006. Prove that the multiplicative group of complex numbers is the direct 
product of the group of positive real numbers and of the group of all complex 
numbers with absolute value 1. 

6007. Prove that if n > 3 then the multiplicative group of the residue ring Zn 
is the direct product of the subgroup {+1} and the cyclic group 2°-2, 

6008. What is the order: 

a) of a direct product of finite groups; 
b) ofan element of a direct product of finite groups? 
6009. Prove that if subgroups A;, A2,..., Ag of an abelian group have coprime 


orders then their sum is direct. 


6010. Let D be a subgroup of the direct product A x B of groups A and B of 
coprime orders. Prove that D ~ (DMA) x (DMB). 


6011. Let k be the greatest order of elements of a finite abelian group G. Prove 
that the order of any element of G divides k. Is this statement valid without the 
assumption about the commutativity of G? 
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6012. Find all direct decompositions of the group, consisting of the numbers of 
the form +2". 


6013. Let A be a finite abelian group. Find all direct decompositions of the 
group Z @ A such that one of its summands is an infinite cyclic group. 


6014. Find classes of conjugate elements in the group A x B in terms of classes 
of conjugate elements in the groups A and B. 


6015. 


a) Prove that the center of the direct product A x B is equal to the direct 
product of the centers of A and B. 


b) Let N be a normal subgroup in A x B and NN. A = NM B = 1. Prove 
that N belongs to the center of A x B. 


6016. Prove that if a factorgroup A/B of an abelian group A by a subgroup B 
is a free abelian group, then A = B ®C where C is a free abelian group. 


6017. Prove that a subgroup A of an abelian group G is a direct summand of G 
if and only if there exists a surjective homomorphism 7G — A such that x? = 7. 


6018. Let 1, ¢2 be homomorphisms from groups A, A2 to an abelian group 
B. Prove that there exists a unique homomorphism gy : A; x Az — B whose 
restrictions to A; and A2 coincide with g; and gp, respectively. Is the abelience of 
B essential in this statement? 


6019. On a set of homomorphisms from an abelian group A to an abelian group 
B define the operation of addition by the rule 


(a + B)(x) = a(x) + B(x). 


Prove that the homomorphisms A —> B form an abelian group Hom(A, B) with 
respect to this addition. 


6020. Find the groups of homomorphisms: 


a) Hom(Zy2, Z6); b) Hom(Z)2, Zis); 
c) Hom(Z¢, Z12); d) Hom(A; © Az, B); 
e) Hom(A, 3B) ® Bo); f) Hom(Z,, Zr); 

g) Hom(Z, Z,); h) Hom(Zny, Z); 

i) Hom(Z, Z); j) Hom(Z2 © Zz, Zs); 


k) Hom(Zz © Z3, Z39). 


6021. Prove that Hom(Z, A) = A. 
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6022. Let A be an abelian group. Prove that all its endomorphisms, with respect 
to addition and usual multiplication of mappings, form the ring EndA with unit. 


6023. Prove that the group of automorphisms of an abelian group coincides 
with the group of invertible elements of the endomorphism ring. 


6024. Find the endomorphism rings of the groups: 
a) Z; b) Zr; c) Q. 


6025. Prove that the mapping x — nx (n € Z) in an abelian group is an 
endomorphism. For what groups it will be: a) injective; b) surjective? 

6026. Prove that the endomorphism ring of a free abelian group of rank n is 
isomorphic to the ring M,,(Z). 


6027. Find the groups of automorphisms of the groups: 

a) Z; b) Q; c) Zon; d) the free abelian group of rank n. 
6028. Prove that 

a) AutZ39 > AutZ)5; b) Aut(Z ® Z2) = Z2 © Zp. 


6029. Prove that the ring End(Z ® Zz) is infinite and is noncommutative. 


6030. Prove that the endomorphism ring of a finite abelian group is the direct 
sum of the endomorphism rings of its prime components. 


6031. Prove that a subgroup of a finitely generated abelian group is also finitely 
generated. 


6032. Prove that any homomorphism from a finitely generated abelian group 
onto itself is an automorphism. 

Is a similar statement valid for the additive group of a ring of polynomials? 

6033. Prove that the free abelian groups of ranks m and n are isomorphic if and 
only if m =n. 

6034. Let A, B, C be finitely generated abelian groups and A@C ~ BOC. 
Prove that A = B. 


6035. The order of a finite abelian group G is divisible by a number m. Prove 
there exists in G a subgroup of order m. 

6036. Let A and B be finite abelian groups. Suppose that for any natural number 
m the numbers of elements of order m in A and in B are the same. Prove that A ~ B. 


6037. Let A and B be finitely generated abelian groups such that each of them 
is isomorphic to a subgroup of the other one. Prove that A = B. 
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6038. Prove that a subgroup B of a free abelian group A is free and the rank of 
B does not exceed the rank of A. 


6039. Applying the main theorem on finitely generated abelian groups, find up 
to isomorphism all abelian groups of the orders: 


a) 2; b)6; c)8 d)12; e)16; f)24; g)36;  h)48. 
6040. We say that an abelian group is of the type (nm), n2,..., mg) if itis a direct 


sum of cyclic groups of orders nj, 12,...,mx. Does an abelian group of the type 
(2,16) contain a subgroup of the type: 


a) (2,8); b) (4,4); c) (2,2,2)? 
6041. Find the type of the group ((a)9 ® (b)27)/(3a + 9b). 
6042. Are the following pairs of groups isomorphic: 
a) ((a)2 ® (b)4)/Ga + 9b)/2((b) and ((a)2 ® (b)4)/(a + 2b); 
b) Zo @Z36 and = Z}2 © Zig; 
c) Z6@Z36 and Zo © Z24; 
d) Z6@Zio@Zi9 and Ze © Zi? 
6043. How many subgroups 
a) of orders 2 and 6 are there in a noncyclic abelian group of order 12; 
b) of orders 3 and 6 are there in a noncyclic abelian group of order 18; 
c) of orders 5 and 15 are there in a noncyclic abelian group of order 75? 


6044. Find all direct decompositions of the groups: 
a) (a)2 ® (b)2; b) (@)p ® (b)p; c) (a)2 @ (b)4. 


6045. 


a) How many elements of orders 2, 4 and 6 are there in the group Z2 @ Z4 ® 
Z3? 


b) How many elements of orders 2, 4 and 5 are there in the group Z2 @ Z4 ® 
Z4 @Z5? 


6046. Using primary decomposition prove that a finite subgroup of the multi- 
plicative group of a field is cyclic. 

6047. Let F be a field whose multiplicative group F" is finitely generated. 
Prove that F is finite. 
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6048. Prove that a finitely generated subgroup of the multiplicative group of 
complex numbers is the direct product of a free abelian group and a finite cyclic 
group. 

6049. Let A be a free abelian group with a basis €),..., @, and x = mye, + 
-++ ++ mnen € A\ 0, where m; € Z. Prove that the cyclic group (x) is a direct 
summand in A if and only if the numbers m}, ..., m, are coprime. 

6050. Let A be a free abelian group with a basis x;,...,X,. Prove that the 
elements 


n 
y= > asx (j =1,...,7) 
i=] 


form a basis of the group A if and only if det(a;;) = +1. 


6051. Let A be a free abelian group with a basis x}, ... , x, and B be its subgroup 
generated by the elements 


n 
y= > ax G =1,...,n). 
t=1 

Prove that the factorgroup A/B is finite if and only if det(a;;) 4 0, and in this 
case |A/B| = | det(a;;)}. 

6052. Decompose, into a direct sum of cyclic groups, the factorgroup A/B 
where A is the free abelian group, with the basis x1, x2, x3 and B is its subgroup 
generated by y1, y2, y3: 


a) yy = 7xy + 2x2 +323, b) yy = 4x; + Sx2 + 3x3, 
y2 = 21x, + 8x2 + 9x3, yo = 5x1 + 6x2 + 5x3, 
ya = 5x1 — 4x2 + 3x3; y3 = 8x1 + 7x2 + 9x3; 

c) yp = Sx, + 5x2 4+ 2x3, d) yy = 6x, +5x2+ 7x3, 
y2 = 11x, + 8x2 + 5x3, y2 = 8x, + 7x2 + 113, 
y3 = 17x, + 5x2 + 8x3; y3 = 6x, + 5x2 + 1123; 

e) yp = 4x, +5x24+ 23, f) yy = 2x1 + 6x2 + 23, 
y2 = 8x1 +9x2+ 2X3, y2 = 2x) + 8x2 — 4x3, 
y3 = 4x1 + 6x2 + 2x3; y3 = 4x, + 12x2 — 2x3; 

2) yt = 6xy + 5x2 + 4x3, h) yy =x, + 2x2 + 323, 
yo = 7x1 + 6x2 + 9x3, yo = 2y1, 


y3 = 5x, + 4x2 + 4x3; y3 = 3y1; 
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i) yy = 4x, + 7x2 + 323, D yi = 2x + 3x2 + 4x3, 
y2 = 2x1 + 3x2 + 23, yo = 5x1 + 5x2 + 6x3, 
y3 = 6x; + 10x2 + 5x3; y3 = 2x1 + 6x2 + 9x3. 


6053. Find the order of the coset (x; + 2x3) + B in the factorgroup of the free 
abelian group A with the basis x, x2, x3 with respect to the subgroup B generated 
by x1 + x2 + 4x3 and by 2x); ~ x2 + 2x3. 

6054, Find the order of the coset 32x; +31x2 + B in the factorgroup of the free 
abelian group A with the basis x1, x2, x3, with respect to the subgroup B generated 
by 2x1 + x2 — 50x3 and by 4x; + 5x2 + 60x3. 

6055. Prove that the endomorphism ring of a finite abelian group is commutative 
if and only if each of its prime components is cyclic. 


* * * 


6056. An additive subgroup H in n-dimensional real space R" is discrete if 
there exists a neighborhood U of the origin such that UM H = 0. Prove that a 
discrete subgroup in R” is a free abelian group and its rank does not exceed n. 

6057. Find ail elements of finite order in R"/Z". 

6058. Let H = Z{i) be the subgroup of Gaussian integers in the additive group 
of complex numbers C. Assume that z = x + iy € C \ H, where x, y € R*, and 
let xy~! be irrational. Prove that (z) + H is dense in C. 

6059. Let H be an additive closed subgroup in R”. Prove that H = L@® M, 
where L is a subspace of R” and Hy is a discrete subgroup in R". 

6060. Prove that if the order of an element a in the abelian group A is coprime 
with n then the equation nx = a has a solution in A. 

6061. An abelian group A is divisible if the equation nx = a has a solution for 
any a € A and for any integer n # 0. Prove that a group is divisible if and only if 
the equation px = a has a solution for any a and any prime p. 

6062. Prove that the direct sum is divisible if and only if all its direct summands 
are divisible. 

6063. Prove that the groups Q and Up (p is a prime) are divisible. 

6064. Prove that in a torsion-free group it is possible to define a structure of a 
linear space over the field Q if and only if the group is divisible. 

6065. Let A be a divisible subgroup of a group G and let B be a maximal 
subgroup of G such that AM B = {0} (this subgroup always exists). Prove that 
G=A®@B. 

6066. Prove that any abelian group has a divisible subgroup such that the 
factorgroup by this subgroup has no divisible subgroups. 
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6067. Let A be a finitely generated abelian group and let B be a subgroup of 
A. Suppose that A/B is torsion-free. Then A = B @ C where C is a free abelian 
group. 

6068. Let A, B be free abelian groups and let py : A — B be a homomorphism 
of groups. Prove that Kerg is a direct summand in A. 


6069. Let A be a free abelian group with a base €), ..., én and let C be an integer 
square matrix of size n. Denote by B the set of vectors xje] + +--+ +X%ne, € A 
such that 


Prove that B is a subgroup of A and a direct summand in A. Conversely, any direct 
summand in A is a set of solutions of a system of linear homogeneous integer 
equations. 


61 Generators and defining relations 


6101. Prove that 
a) the groupS, is generated by the transposition (12) and the cycle (12... .n); 
b) the group A, is generated by threefold cycles. 
6102. Prove that 


a) the group GL,,(K) over a field K is generated by matrices E + aEjj, 
where a € K,1 <i 4 j <n, and by matrices E + bE,;, where b € K, 
b#-1; 

b) the group UT, (k) is generated by matrices E + aEj;, wherea € K, 
l<i<j<n. 

6103. Prove that the special linear group SL,(K) over a field K is generated 
by transvections, i.e. by elementary matrices E + a E;; (i # j). 
6104, Prove that 
a) any integer matrix with determinant 1 can be reduced to the identity matrix 


by elementary row transformations of additions to some row of another 
one multiplied by +1; 


b) the group SL, (Z) is finitely generated. 
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6105. Let F, be the field with g 4 9 elements and a a generator of the cyclic 
group F7(q). Prove that SL2(q) is generated by two matrices 


(01): (2 a); 


a) Prove that As is generated by two permutations (254) and (12345). 

b) Prove that A, for even degree n > 4 is generated by two elements 
a= (12)(n-1,n),b=(1,2,...,2—-1). 

c) Prove that A, for odd degree n > 5 is generated by two elements 
a=(l1,n)(2,n—-1),b=(1,2,...,2 —2). 


6107. Find all two-element sets generating the groups: 
a) Ze; b) Ss; c) Qs; d) Da; €) (a)2 ® (b)2. 


6108. Prove that if d is the minimal number of generators in a finite abelian 
group A then the analogous number for the group A @ A is equal to 2d. 


6109. Prove that the group S2 x S3 is generated by two elements. 


6110. Prove that if a group has a finite system of generators then any system of 
generators contains a finite subsystem generating the whole group. 


6111. Determine whether a normal closure of the matrix A = (i ; ) in the 


group G generated by matrices A and B = (5 ‘) is finitely generated. 
6112. Prove that 
a) each word in a free group is equivalent to a unique uncancelled word; 
b) ‘the free group’ is, in fact, a group. 


6113. Let F be a free group with free generators x1, ..., Xx, and let G be an 
arbitrary group. Prove that for any elements g1,..., 8, € G there exists a unique 
homomorphism g : F — G such that g(x1) = g1,..., 9(4n) = 8n- 

Deduce from this statement that any finitely generated group is isomorphic to 
a factorgroup of a suitable free group of a finite rank. 


6114. Prove that a free group is torsion-free. 


6115. Prove that any two commuting elements of a free group belong to one 
cyclic subgroup. 
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6116. Prove that a word w lies in the commutant of a free group with a system 
of free generators x,,...,X, if and only if for every i = 1,...,n the sum of 
exponents for all occurrences of x; in w is equal to 0. 


6117. Determine all words in a free group conjugate to the given word w. 
6118. Prove that the factorgroup of a free group by its commutant is a free 
abelian group. 
6119. Prove that free groups of ranks m and n are isomorphic if and only if 
mn, 
6120. How many subgroups of index 2 are there in the free group of rank 2? 
6121. Let F be a free group of rank k. 
a) Prove that all words in which the sum of all exponents in each variable is 
divisible by n form the normal subgroup N. 
k times 
b) Prove that F/N = Zn @ ++: @ Zn. 


6122. Prove that all surjective homomorphisms from the free groups of rank 2 
onto the group Z,, ® Z, have the same keel. 


6123. How many homomorphisms are there from a free group of rank 2 into 
the group: 


a) Z2 ®Z2; b) $3? 


6124, Prove that in SL2(Z) the set of matrices 


c ts where a=d=1 (mod4), b=c=0 (mod 2) 


form a group with two generators 


» 2 1 0 
0 1)’ 2 1/)° 
6125. Prove that if a group G with generators x1, ...,X, is given by defining 
relations Ri(x1,.-., X14) = 1 @ € J), and in any group H for elements 
hy,...,4n € H we have R;(hj,...,4,) = 1, then there exists a unique 
homomorphism g : G — H such that g(x) = h1,..., 9(%n) = An. 
6126. Prove that if elements a and b of some group satisfy the relations 
a’? = b> = 1, b-'ab =a? thena = 1. 
6127. Show that a group generated by elements a, b with relations a=b' =1, 
a~'ba = b~ is finite. 
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6128. Prove that the group given by generators x1, x2, with defining relations 
a) x = x3 = (x1x2)* = 1, 
b) x? =x} =1, xy xox = xi, 
is isomorphic to S3. 
6129. Prove that the group given by generators x1, x2, and by defining relations 


x? = =1, xy xan = x51, 


is isomorphic to the dihedral group Dy. 
6130. Prove that the group given by generators x), x2, and by defining relations 
x; = 1, x? = ae xp! x1x2 = tf 


is isomorphic to the group of quaternions Qs. 
6131. Prove that the group given by generators x;, x2 and by defining relations, 
ae = x3 = | is isomorphic to the group of matrices 


(3 3) oa 


6132. Prove that the group given by generators x1, x2, and by defining relations 
x? = xB = (x}x2)" = 1, is isomorphic to the group of matrices 


(3) em 


6133. Let G be the group generated by elements xj, 1 < i < j < a, with 
defining relations 
XigXkl = XkiXij, 1l<i<jfFk<lfic<n; 
XiyjXiXqp Xj = Xil, l<i<j<Ii<n. 
Prove that 
a) each element of G has the form 


m2 M12 Min M23 Mn Mn-1n 
Hig 343 3S eA > Rg 


where mj; € Z; 


b) G2UT,(Z). 
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6134. Prove that if G/H = (gH) is an infinite cyclic group then G = (g)H, 
(g) NH = {e}. 


6135. Determine, in terms of generators and defining relations, all groups which 
have an infinite cyclic normal subgroup with an infinite cyclic factorgroup. 


6136. Let the group G be given by generators x), x2 and by the defining relation 
x1x2x;! = mee Find the smallest subgroup generated in G by x2. Is this subgroup 
normal? 


62 Solvable groups 


6201. Find the commutator: 


: ; 0 1 a 0\, 
a) of nonsingular matrices ({ 3 and (5 + 


» (a e)me(s 2) 
c) of two transpositions in the symmetric groups S,. 
6202. Prove the following properties of the commutant G' of groups: 
a) G’ is anormal subgroup in G; 
b) the factorgroup G/G’ is commutative; 
c) if N is normal in G and G/H is commutative then G’ C N. 


6203. Prove that g(G)’ = H’ under a surjective homomorphism ¢ : G’ > H. 


6204. Find a bijective correspondence between the homomorphisms from a 
group G to commutative group A and homomorphisms from the factorgroup G/G’ 
to A. 


6205. Prove that the commutant of the group GL, (K) is contained in SL, (K). 


6206. Prove that the commutant of a direct product is the direct product of the 
commutants of the factors. 


6207. Find the commutants and the orders of factorgroups by commutants for 
the groups: 


a) S83; b) Ag; c) S84; d) Qs. 


6208. Find the commutants of the groups: 
a) S,; —_-b) Dy. 
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6209. Prove that the commutant of a normal subgroup is normal in the whole 
group. 
6210. The series of commutants (or a derived series) in a group G is the series 
of subgroups 
G=G°2G'2G" D..., 


where G+! = (G!)’, Prove that 
a) all members of the series of commutants are normal in G; 
b) (G') = H' for any homomorphism ¢ from G onto a group H. 
6211. Prove that 
a) any subgroup of a solvable group is solvable; 
b) any factorgroup of a solvable group is solvable; 
c) if A and B are solvable groups, then the group A x B is solvable; 
d) if G/A = B and A, B are solvable groups, then G is solvable. 


6212. Prove that the groups: 
a) S3; b) Ag; c) Sy; d) Qs; e) Dn 


are solvable. 
6213. Let UT,,(K) be the group of upper unitriangular matrices. Prove that 


a) the set UT"(K) of matrices from UT, (K) with m ~— 1 zero diagonals 
above the principal one is a subgroup of UT, (K); 
b) if A € UT!(K), and B € UT/(K), then [A, B) « UTY*)(K); 
c) the group UT, (XK) is solvable. 
6214. Prove that the group of nonsingular upper triangular matrices is solvable. 


6215. Prove that a finite group G is solvable if and only if it has a series of 
subgroups 


G=H) 2H 2--- > Hi = {e} 


such that Hj+, is normal in H; and H;/H;+1 are cyclic groups of prime orders. 
6216. Prove that a finite p-group is solvable. 
6217. Prove that a group of order pq where p, q are distinct primes is solvable. 
6218. Prove that groups of orders: 
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a) 20; 

b) 12; 

c) p*q, where p, q are distinct primes; 
d) 42; 

e) 100; 

f) n<60 


are solvable. 


6219. For transvections t;;(a@) = E +a@E;; prove the formula [tx (a), t%j(B)] = 
tij(@B), where i, j, k are distinct. 


6220. Let F be a field and n > 3. Prove that 
a) SL)(F) = GL) (F) = SL,(F); 
b) the groups SL, (F) and GL, (F) are not solvable. 


6221. Let F be a field containing at least four elements. Prove that 
a) SL4(F) = GL4(F) = SL2(F); 
b) the groups SL2(F) and GL2(F) are not solvable. 


* * * 


6222. Let p, q, r be distinct primes. Prove that any group of order pqr is 
solvable. 

6223. Let p,q, r be distinct primes. Prove that any nonsolvable group of order 
p’qr is isomorphic to As. 

6224. If the order of a finite group G is square-free then G is a solvable group 
with a cyclic normal subgroup N such that G/N is a cyclic group. 


6225. Let G be a finite group such that G = G’ and the center of G is of 
order 2. Suppose that the factorgroup by the center is isomorphic to As. Prove that 
G = SL2(5). 


6226. Let F be a field, V be an n-dimensional vector space over F and let G be 
the group of nonsingular linear operators on V such that if g € G theng = 1+Ah, 
where h” = 0. Prove that 


a) there exists a vector x + 0 in V such that gx = x forall g € G; 


b) there exists a basis e],..., €, in V such that matrices of all operators g, 
g € G in this basis are upper-triangular; 


c) the group G is solvable. 
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6227. Let p, q be primes and p divides q — 1. Prove that 
a) there exists an integer r # 1 (mod q) such thatr? = 1 (mod q); 


b) there exists a unique (up to isomorphism) noncommutative group of 
order pq. 


6228. Prove that 


a) if elements a, b of a commutative group satisfy the relations a? = b> = 
(ab)’ =e thena=b=e; 


b) the subgroup S7 generated by permutations (123) and (14567) is not 
solvable; 


c) the group generated by x), x2 with defining relations x = 


5 
Fe sae . 
(x1x2)' = e is not solvable. 


6229. In what cases is a free group solvable? 


CHAPTER 14 


Rings 


63 Rings and algebras 


6301. Which of the following sets of numbers form a ring with respect to the usual 
operations of addition and multiplication: 


a) 
b) 
c) 
d) 
e) 


f) 


g) 


h) 
i) 
i) 
k) 
) 


m) 


the set Z; 

the set nZ (n > 1); 

the set of all non-negative integers; 
the set Q; 


the set of rational numbers where the denominators divide a fixed integer 
néN; 


the set of rational numbers where the denominators are not divisible by 
a fixed prime p; 


the set of rational numbers where the denominators are powers of a fixed 
prime p; 


the set of real numbers of the form x + yv2, where x, y € Q; 

the set of real numbers of the form x + y 4/2, where x, y € Q; 

the set of real numbers of the form x + y 9/2 + 2/4, where x, y,z € Q; 
the set of complex numbers of the form x + yi, where x, y € Z; 

the set of complex numbers of the form x + yi, where x, y € Q; 


the set of all possible sums of the form a1 z) + 4222 + +++ +@nZ,, where 
@,42,...,@, are real numbers, Z1, 22, ..., Zn are complex roots of 1; 
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x+y/D 


the set of complex numbers of the form , where D is a fixed 


square-free integer, (i.e. not divisible by the square of a prime), and x and 
y are integers of the same parity? 


6302. Which of the sets of matrices listed below form a ring with respect to 
matrix addition and multiplication: 


a) 
b) 
c) 
d) 


e) 


8) 


h) 


the set of real symmetric matrices of size n; 

the set of real orthogonal matrices of size n; 

the set of upper triangular matrices of size n > 2; 

the set of matrices of size n > 2, in which the two last rows consist of 


ZeTOS; 


the set of matrices of the form ( . 


y : . 
Dy x ). where D is a fixed integer, 


andx, y € Z; 


the set of matrices of the form ( = 
Dy 


), where D is a fixed element 
of aring K,x,y € K; 


the set of matrices of the form 2 ig 
2 \ Dy 
free integer, and x and y are integers of the same parity; 


e ), where D is a fixed square- 


the set of complex matrices of the form ( e ; )s 


the set of real matrices of the form 


eS =) SZ .S8 
y x -t Zz 
z t x —y 
| Sa AY x 


? 


6303. Which of the following sets of functions form a ring with respect to the 
usual operations of addition and multiplication of functions: 


a) 
b) 
c) 
d) 
e) 


the set of functions in a real variable continuous on a segment [a, b]; 
the set of functions having the second derivative on the interval (a, b); 
the set of entire rational functions in a real variable; 

the set of rational functions in a real variable; 


the set of functions in a real variable, vanishing on a subset D C R; 
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f) the set of trigonometrical polynomials 


n 
ag + Ya coskx + by sin kx) 
k=] 


with real coefficients, where n is an arbitrary natural number; 


g) the set of trigonometrical polynomials of the form ag + > cos kx with 
teal coefficients, where n is an arbitrary natural number; 


h) the set of trigonometrical polynomials of the form ap + }-f_) a sinkx 
with real coefficients, where n is an arbitrary natural number; 


i) the set of functions, defined on some set D with values in a ring R; 
j) all power series in one or several variables; 


k) all univariate Laurent series? 


6304. In the set of polynomials in one variable t consider the operation of 
multiplication given by the rule 


(f ogp(t) = f(g(t)). 


Does this set form a ring with respect to this multiplication and ordinary addition? 
6305. Does the set of all subsets of some set form a ring with respect to 
symmetric difference and intersection, considered as addition and multiplication, 
respectively? 
6306. Prove that the rings in Exercises: 
a) 6301m and 6302g; 


b) 6302h and 6302i. 


are isomorphic. 

6307. Which of the rings, mentioned in Exercises 6301-6305, contain zero 
divisors? 

6308. Find the invertible elements in rings with unit elements from Exer- 
cises 6301-6305. 

6309. Prove that one of the rings from Exercises 6303e and 6303f is isomorphic 
to the ring of polynomials R[x], while the other one is not isomorphic to R[x]. 

6310. Prove that all invertible elements of a ring with unity form a group with 
Tespect to multiplication. 


6311. Find all invertible elements, all zero divisors and all nilpotent elements 
in the rings: 
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a) 


b) 


c) 
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Zn; 

Zp, where p is a prime; 

K[x]/f K[x], where K is a field; 

of the upper triangular matrices over a field; 

M2(R); 

of all functions, defined on some set § with the values in a field K; 


of all univariate power series. 


Let R be a finite ring. Prove that 


if R does not contain zero divisors then it has a unit element and all its 
nonzero elements are invertible; 


if R has a unit element then an element is invertible if it has a one-sided 
inverse; 


if R has a unit element then any left zero divisor is a right zero divisor. 


Are the statements b) and c) valid for rings without unit? 


6313. 


Prove that in a ring with unity and without zero divisors each one-sided 


invertible element is invertible. 


6314. 
a) 


b) 


c) 


6315. 
a) 


b) 


6316. 
a) 


Let R be a ring with unity and x, y € R. Prove that 


if the products xy and yx are invertible then the elements x and y are also 
invertible; 


if R has no zero divisors and the product xy is invertible then x and y are 
invertible; 


without additional assumptions, on a ring R, invertibility of the product 
xy does not imply the invertibility of x and y. 


Let R be a direct sum of rings R),..., Rr. 


Under what conditions is the ring R commutative, does it have a unit 
element, and have no zero divisors? 


Find all invertible elements, all zero divisors, and all nilpotent elements 
in R. 

Prove that 

if numbers k and / are coprime then 


Zui = Ze @ Zi; 


Rings 251 
b) ifn= pt Le pet where p},..., Ps are distinct primes then 


Zn =e @-- OZ 15; 


c) if numbers k and / are coprime then 


o(kl) = O(k)o(), 


where ¢ is the Euler function. 
6317. Find all zero divisors in C @ C. 
6318. Prove that 


a) a zero divisor in any (associative) algebra is not invertible; 


b) in a finite-dimensional algebra with unity any nonzero divisor is 
invertible; 


c) a finite-dimensional algebra without zero divisors is a skew-field (a 
division algebra). 


6319. Prove that 


a) a finite-dimensional algebra with unity and without zero divisors over the 
field C is isomorphic to C; 


b) over the field C any finite-dimensional division algebra is isomorphic 
to C. 


6320. Determine up to isomorphism all commutative two-dimensional algebras 
over C: 


a) with unity; 
b) not necessarily with unity. 


6321. Determine up to isomorphism all commutative two-dimensional algebras 
over R: 


a) with unity; 
b) not necessarily with unity. 
6322. Let H be the skew-field of quaternions. 


a) Is H an algebra over C in the sense that multiplication by a scalar a € C 
is a left-side multiplication by a € H? 
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b) Prove that the mapping 


dad ey dad CE Co ta) a a) 


his an isomorphism of H as an algebra over R with a subalgebra of the 
algebra of matrices M2(C) over R. 


c) Prove that the mapping z > (3 ) is an isomorphic embedding of 


the field C into the algebra H which is considered as a subalgebra of the 
algebra M2(C) over R (see b)). 


d) Solve in H the equation x? = —1. 


6323. The tensor algebra T (V) of a vector space V over a field K is an (infinite- 
dimensional) vector space 


T(V) = @peo%(V), 
where 7o(V) = K, %(V) = V@---@V for k > O, with multiplication 
k times 
f-2g=f @g, where f ¢ %(V), g € Tm(V). Prove that 
a) T(V) is an associative algebra with unity over K; 
b) 7 (V) has no zero divisors. 


6324. The Grassman algebra A(V) of a vector space V over a field K is the 


vector space 
A(V) = @2)A*(V), 


where A°(V) = K, with multiplication 
f-g=faAg, where fea*(V), geA™(V) 
for all k, m > 0. Prove that 
a) A(V) is an associative algebra with unity over K; 
b) each element of J = @x>1 A*(V) is nilpotent, 
c) each element of A(V) \ J is invertible. 


6325. The symmetric algebra S(V) of a vector space V over a field K is the 
vector space 
S(V) = @f2g5*(V), 
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where 5°(V) = k, with multiplication f - g = Sym(f ® g), where f € S*(V), 
g € S™(V) for all k, m > 0. Prove that 


a) S(V) is an associative, commutative algebra over K; 


b) if x1,...,2%, is a basis of the space V then S(V) is isomorphic to the 
algebra of polynomials in x1, ..., Xn. 


6326. Let A and B be algebras over a field K. The tensor product of algebras 
C = A ®x B is the tensor product of the vector spaces A and B over K with 
multiplication 
(a’ ® b’) \ (a” @ b”) = a’a” ® bb". 
Prove that there exists an algebra isomorphism over K: 
a) C@rC>Co@C(K =R); 
b) Mn(K) @x Mmn(K) ~ Mmn(K); 


c) M,(K) @x A = M,(A), where A is an arbitrary associative algebra 
over K; 


d) K[X1,...,Xn] @x K(Vi,..-, Ym] ~ K[X1,..., Xns Vin -- 0s Yond 

e) H@gC~M2(C) (K =CorR); 

f) S(V) @ A(V) = T(V) if dim V = 2; 

8) Q6/P) @ QU/|) = Q/P + ./@), where p and q are distinct primes. 


6327. Let K be a field of characteristic zero and let R = K[Xj,..., Xn] bea 
ring of polynomials. Let p;, gq; be linear operators on R as a vector space over K 
such that for f € R 


a 
P(A=xif, alfy= an 
Denote by A,(K) the subalgebra of the algebra of linear operators on R generated 
by pi,..-,Dn.Q1,--++9n- This subalgebra is called the Weyl algebra or the 
algebra of differential operators. Prove that 
a) QjPi— PiQ] =Sijs PIP) = PJPis V9) = 945 
b) the monomials 


1 
PY ..- pq} Qe, &,%20 


form a basis of A,(K) as a vector space over K. 
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6328. Let f = f(pi,-.-, Pn» Q1,--+>Qn) be an element of the Weyl algebra 
An(K) (see Exercise 6327.) Prove that 


peas, pote, 
Pif = fPitar: 
“pie mee 
af = f4i Opi 


6329. Prove that the algebra of upper niltriangular matrices of size n is a 
nilpotent algebra of index n. 


6330. Prove that 


a) zero divisors in the ring of all functions on the segment [0, 1] are exactly 
the functions vanishing at some point; 


b) zero divisors in the ring of continuous functions on the segment (0, 1] are 
exactly the functions vanishing on some segment [a, b], where a < b. 


64 Ideals, homomorphisms, factor-rings 


6401, Find all ideals of the rings: 
a) Z; 
b) XK[x], where K isa field. 


6402. Prove that 
a) Z[x]; 
b) K[x, y], where K isa field, 


are not principal ideal rings. 
6403. Prove that in the ring of matrices over a field, any two-sided ideal is either 
zero or coincides with the whole ring. 


6404. Prove that ideals in the ring of matrices M,,(R), with entries in an arbitrary 
ring R, are exactly the sets of matrices whose entries belong to a fixed ideal of R. 


6405. Find all ideals in the ring of integer upper triangular matrices of size 2. 
6406. Let IJ and J be sets of matrices of the form 
/O g h\ /O0 IL 2m\ 


[Osos and ie oie 
00 0 00 0 
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with integers g, h, k, 1, m,n. Prove that / is an ideal in the ring R of upper triangular 
matrices over Z, and J is an ideal of 7 but J is not an ideal in R. 


6407. Find all left-sided ideals in the algebra M2(Z2). 
6408. Find all ideals in a two-dimensional algebra L over R with a basis (1, e), 
where | is the unit in L, and 
a) e& =0; 
b) e=1. 
6409. Prove that an ideal of a ring containing an invertible element coincides 
with the whole ring. 
6410. Determine whether non-invertible elements of the rings: 


a) Z; b) C{x); c) Rix]; d) Zn 


form an ideal. 
6411. Prove that the ring of integers has no minimal ideals. 
6412. Find maximal ideals of the rings: 


a) Z; b) Cfx]; c) R[x]; d) Z,. 


6413. Prove that the set Js of continuous functions vanishing on a fixed subset 
S ¢ [a, b) is an ideal in the ring of continuous functions on [a, b). 

Does any ideal of this ring have the form Js for some S$ C {a, b]? 

6414, Let R be the ring of continuous functions on the segment [(0,1],0 < c < 1, 
and I, = {f(x) € R|| f(c) = 0}. Prove that 


a) J, is a maximal ideal in R; 


b) any maximal ideal of R coincides with J, for some c. 


6415. Prove that a commutative ring with unity (different from zero) is a field 
if it has only two ideals: the zero ideal and the whole ring. Is this statement valid 
for rings without unity? 

6416. Prove that a ring with nonzero multiplication and without proper one- 
sided ideals is a skew-field. 


6417. Prove that a ring with a unit element and without zero divisors is a skew- 
field if any decreasing chain of its left-sided ideals is finite. 

6418. Let K be a commutative ring without zero divisors. Suppose that 
5: K \ {0} — N is a mapping such that for any elements a, b € K, where 


b # O, there exist elements q, r € K for which a = bg +r and either 5(r) < 5(b) 
orr = 0. 
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Prove that there exists a mapping 5; : K \ {0} — N satisfying the previous 
condition and the following property: 5)(ab) > 5(b) for any a,b € K, where 
ab ¢ 0. 


6419. Prove that 
a) the ring of Gaussian integers x +iy (x, y € Z) is Euclidean; 
b) the ring of complex numbers x + iy/3 (x, y € Z) is not Euclidean; 
c) the ring of complex numbers of the form x+iyv3 
integers of the same parity, is Euclidean. 


, where x and y are 


6420. Prove that any rectangular matrix with entries in a Euclidean ring, with 
the help of elementary row and column transformations, can be reduced to the 
form 


ea. O 0 0 0 
0 e 0 0 0 
0 0 er 0 0 
0 0 0 0 0 
0 O 0 0 0 


where €){e2|...|er,e; FOG =1,2...,7). 

6421. Prove that in Exercise 6420 the product e; ...e; fori = 1, ..., r coincides 
with the greatest common divisor of all minors of size i of the original matrix. 

6422. Prove that a ring which contains a principal ideal ring R, and which is 
contained in its field of fractions Q, is a principal ideal ring. 

6423. Prove that a ring of polynomials R[x] over a commutative ring R with a 
unit element and without zero divisors is a principal ideal ring if and only if R is 
a field. 

6424. Find all ideals in the algebra C[[x]]. 


6425. Prove that the Weil algebra A,(K) (see Exercise 6327) is simple if K is 
a field of zero characteristic. 


6426. Chinese remainder theorem. Let A be a commutative ring with unity. 
Prove that 


a) if J, and J, are ideals of A and J; + [2 = A then for any elements 
X1,X2 € A there exists x € A such that x —x; €4),x -22 € hh; 


b) if f),...,J, are ideals of A and J; + Ij = A for alii # j then for 
any elements x1,...,X, € A there exists x € A such that x — x, € i 
(kK =1,...,n). 
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6427. Let R and S be rings with unit elements and g : R — S bea 
homomorphism. 
a) Find out if the image of the unit of R is the unit of 5? 
b) Is the statement a) valid for a surjective homomorphism g? 


6428. Let K bea field and K [x;, ..., x,] be an algebra of polynomials. Assume 
that fi,..., fn € K[x1,...,2,]. Prove that 


a) amapping ¢ for which 
9(g(x1,...,%n)) = 8(f1,--+5 fn) 


is an endomorphism of K-algebra K[x1,..., Xn]; 


b) if gy is an automorphism of K [x;, ..., X,] then the Jacobian 
J = det (34) 
Ox; 


c) ifh = h(x2...x,) then the mapping W such that 


is not equal to zero; 


W(g(x1,...,%n)) = g(x) +h, x2,...,Xn) 


is an automorphism of K[x1,..., Xn]. 


6429. Let K be a field and fj,..., fn € K[[x:...x,]] have zero constant 
terms. Prove that 


a) amapping ¢ such that 
(g(x) ..-Xn)) = ath, eves Sn) 


is an endomorphism of K[[x1,..., XnJJ; 


b) the mapping ¢ is an automorphism if and only if the Jacobian 


er ( Bf 
J = der (5%) 


has a nonzero constant term. 


6430. Let K be a field of zero characteristic and h = h(q,) € An(K). Prove 
that the mapping ¢ such that 


PCF (Pas -++s Pas Giseees Qn) = fC pr HA, pr, .--s Pas Qs -+++ Qn) 


is an automorphism of the K-algebra A,(K). 
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6431. Let y be an automorphism of the C-algebra M,(C). Prove that 
a) the left annihilator of the matrix g(E,,) has a dimension n(n — 1); 
b) the Jordan canonical form of the matrix g(Enn) is equal to £11; 
c) there exists an invertible matrix Y such that Y~'9(Enn)Y = Enn; 


d) the mapping A > Y~!(A)Y is an automorphism of M,,(C), which 
maps M,,_1(C) into itself; 


e) there exists an invertible matrix X such that g(A) = XAX7~! for all 
matrices A € M,(C). 


6432. Let K be a field. 
a) Prove that the linear mapping 


¢ > Mn(K) ® Mm (K) > Mnm(K), 


where 1 <i, j <n,1<7,5 < mand (Ej; @ E,s) = Ej+nr,j+ns is an 
isomorphism of K -algebras. 


b) Prove that the linear mapping 
WY :M,(K) > M,(K) @M,(X), 


where 
W(Ej;) = Eij @ Eij, 
is ahomomorphism of K -algebras. Find Ker. 


6433. Prove that the image of a commutative ring under a homomorphism is a 
commutative ring. 


6434. Prove that the mapping g : f(x) — f(c) (c € R) is a homomorphism 
from the ring of real functions defined on R to R. 


6435. Find all homomorphisms of rings: 
a) Z-~> 22; b) 2Z— 22; c) 2Z-> 3Z; d) Z— M2(Z2). 


6436. Find all homomorphisms 
a) from the group Z to the group Q; 
b) from the ring Z to the field Q. 


6437, Prove that any homomorphism from a field to a ring is either a zero one 
or is an isomorphic mapping onto some subfield of the ring. 
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6438. Let K be a field and R = K(x,,..., X,] be an algebra of polynomials 
in x1,...,X, over K. Construct a bijection between the space of rows K" and the 
set of all K-algebra homomorphisms R > K. 


6439. Prove that 
a) F{x)/(x —a@) = F (F isa field); 
b) Rix]/(x? +1) ~C; 


ce) RixJ/(x27 +241) =C. 
6440. Find all elements a and b such that the factor-rings 


Zalx}/ (x? +ax +b) 
a) are isomorphic; 
b) are fields. 
6441. Find whether these factor-rings are isomorphic: 
Zx]/(x3+1) and Zlx]/(x? + 2x? +x 41). 
6442. Find whether these factor-rings are isomorphic: 
Zx}/(x?—2) and Z[x]/(x? — 3). 

6443. Let a and b be different elements of a field F. Prove that F{x]-modules 
F[x]/({x — a) and F[x]/(x — 6) = F are not isomorphic but the factor-rings 
F{x)/(x — a) and F{x]/(x — b) are isomorphic. 

6444. Leta # b and c $ d be elements of a field F. Prove that the factor-rings 


F[x}/((x — a)(x — b)) F and F{x]/({(x — c)(x — d)) are isomorphic. 
6445. Which of the following algebras are isomorphic over C: 


Ay = C[x, y)/(x — y,xy—1), Az = CixI/((x — 19”), 
A3=C@C, Ag=Cfx,y], As = Clx}/(x?)? 


6446. Find whether the algebras A and B over C are isomorphic: 

a) A =C{[x, yJ/(x" —y), B= C[x, y]/(x — y™); 
b) A = Clix, yI/(x? — y?), B = C[x, yl/((x — yy’)? 
6447. Find if the following algebras over R are isomorphic: 


a) A=Rix}/(x2 +x 41), B = Rix]/(2x? — 3x +3); 
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b) A = R[x]/(x? + 2x + 1), B = Rix]/((x? — 3x +2)? 


6448. Prove that the element f of the algebra K[x]/ (x"+1) (K is a field) is 
invertible if and only if f (0) 4 0. 

6449, Let K bea field and f € K(x] has degree n. Prove that the dimension of 
K-algebra K [x]/f K[x] is equal to n. 

6450. Let K be a field. Prove that 


a) ifthe polynomials f, g ¢ K[x] are coprime then 
K(x)/fgK[x) ~ K{x)/fK[x] © K[x)/gK [x]; 


b) if f = pt"... pi, where pi, ..., ps are coprime irreducible polynomials 
then 


K[x]/f K(x] = K[x]/pj! K[x] ® --- ® K[x)/pi! K{x]. 
6451. Prove that a factor-ring R/J of a commutative ring with unity is a field 
if and only if J is a maximal ideal of R. 


6452. Prove that the ideal J of a commutative ring R is prime if and only if J 
is the kernel of a homomorphism from R to a field. 


6453. Prove that 
a) the factor-ring Z{i]/(2) is not a field; 
b) the factor-ring Z[i]/(3) is a field with 9 elements; 
c) Z[i]/(n) is a field if and only if n is a prime which is not a sum of two 
squares of integers. 
6454. Prove that the factor-ring Z[x]/(n) for any integer n > 1 is isomorphic 
to Z, [x]. 


6455. Let f(x) be an irreducible polynomial of degree n in the ring Zp[x] Prove 
that the factor-ring Zp[x]/(f (x)) is a finite field. Find the number of its elements. 


6456. Prove that 
a) any ring is isomorphic to a subring of a ring with unity; 


b) an n-dimensional algebra with unity over a field F is isomorphic to a 
subalgebra of an algebra with unity of dimension n + 1; 


c) an n-dimensional algebra with unity over a field K is isomorphic to a 
subalgebra of the algebra M,, (XK); 


d) an n-dimensional algebra over K is isomorphic to a subalgebra of the 
algebra M,41(K). 
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6457. Let lh, ..., [s be ideals of an algebra A with unity, J; + J; = A ifi # j. 
Prove that the mapping f : A/Mp_, [k++ A/1®::-@A/I,, given by the formula 
flat Mak) = (a+,...,a+ 1,), is an isomorphism of algebras. 

6458. Establish the isomorphism 


Qix]/(x? —- 1) ~QeQ. 


6459. Prove that Q[x]/(x? — 2) x Q[V2]. 
6460. Let J be a maximal ideal of Z[x]. Prove that Z[x]/J is a finite field. 
6461. Let V be a vector space over a field K of zero characteristic. Prove 


that S(V) ~ T(V)/J, where J is the ideal of T(V), generated by all elements 
x@y—y@x, where x,ye V. 


6462. Let V be a vector space over a field K of zero characteristic. Prove 
that A(V) ~ T(V)/I, where J is the ideal of 7(V), generated by all elements 
x@y+y@x, wherex,ye V. 

6463. Let V be a vector space of dimension 2n with a basis p) ... Pay Qi +++Qn 
over a field K of zero characteristic. Prove that A,(K) ~ T(V)/1, where J is the 
ideal of T(V), generated by all elements p; ®q; — 4; ® pi — ij, Pi @ Pj — Pj ®@ Pi» 
Gi © 9j — 4 @4i- 

6464. Let (e€1,...,¢,) be a basis of a vector space V over a field K of 
characteristic different from 2, and let A(V) be the external (or Grassman algebra) 
over V. Prove that 


a) dim A(V) = 2"; 
b) ifxy,..., x41 € A1(V) @:-»@A"(V), then x1... xn41 = 0; 
c) the formula 
n 
we) = Da ayey + an, i=1,...,n 
j= 


where w; € A!(V) @---@ A"(V), defines an automorphism of A(V) if 
and only if det(a;;) 4 0. 


6465. Let R be a ring with unity. The left annihilator of a subset M C R is the 
set 


{xé€R|xm=0 for any meM}. 
Prove that 
a) the left annihilator of any subset is a left ideal of R; 


b) the left annihilator of a right ideal of R, generated by an idempotent, is 
also generated (as a left ideal) by some idempotent. 
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6466. Prove that a sum of finitely many left ideals generated by orthogonal 
idempotents is generated by an idempotent. 


6467. Let i, (k = 1,...,m) be a set of matrices of size n over a field K, 
consisting of all matrices in which all columns except the kth are equal to 0. Prove 
that 


a) I, isa left ideal of M,(K); 

b) J, is a minimal submodule in M, (KX) considered as the left module over 
itself, 

c) MA(K)=h@-:- Oh; 


d) the module M2(K) has a decomposition into the direct sum of minimal 
submodules which is different from the decomposition c); 


e) there exists a module isomorphism between these two decompositions of 
the module M2(K). 


6468. Prove that the sets of matrices: 


» rof( 8) even}. s[(5 §) even) 


—x 3x 0 x 
” = (ee sy) yen}, 1={(0 >) @yen| 


are submodules of the ring M2(XK) considered as a left module over itself and 
M2(K)// = J. 

6469. Let R = I, @ Ip be a decomposition of a ring with unity e into the direct 
sum of two-sided ideals J}, /2 and e = e; + €2, where e; € I;, e2 € Iz. Prove that 
e; and e2 are units of the rings J, and Jo, respectively. 

6470. Prove that the rings Z», and Zm © Z, are isomorphic if and only if m 
and n'are coprime. 

6471. A ring is completely right (left) reducible if it is a direct sum of right (left, 
respectively) ideals which are simple modules over the ring. For what integers n 
is the residue ring Z, completely right (left) reducible? 

6472. Prove that the algebra of all upper triangular matrices n > 2 over a field 
is not completely reducible. 

6473. Prove that in a commutative completely reducible ring with unity the 
number of idempotents and the number of ideals are finite. 


6474. Prove that in any completely right reducible algebra the intersection of 
all maximal ideals is equal to zero. 
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6475. Prove that any commutative completely reducible ring with unity is 
isomorphic to a direct sum of fields. 


6476. A module is completely reducible if it is a direct sum of minimal 
submodules. What cyclic groups are completely reducible as Z-modules? 


6477. Prove that if a ring R is completely left reducible (see 6471) and J is a 
left ideal of R then R = I ® J for some left ideal J of R. 


6478. Prove that any left ideal of a completely left reducible ring R 
a) is completely reducible as a left R-module; 


b) is generated by an idempotent. 


6479. Let R be a completely left reducible ring with unity. Prove that 
a) if R has no idempotents different from 0 and | then R is a skew-field; 


b) if R has no zero divisors then R is a skew-field. 


Are these statements valid for rings in which the existence of a unit element is 
not assumed? 


6480. Prove that if xy = 0 for any two elements x, y of a left ideal J of a 
completely left reducible ring R with unity then J = {0}. 

6481. Prove that if / is an ideal of a ring R with unity then the factor-ring R/I 
has a unit element. 


6482. Prove that a factor-ring of a commutative Noetherian ring is also 
Noetherian. 


6483. Prove that the residue ring Zp, .._p,,, where p,..., Pm are distinct primes, 
is a direct sum of fields. 
6484. Find all submodules of a vector space with a basis (€1,...,@n) as a 


module over the ring of all diagonal matrices, if 
diag(A1,...,An) 0 (ae) +++ + Qnen) = Ayajes + +++ + AnQnen. 


6485. Let R be a commutative ring with unity and without zero divisors. 
Consider R as a module over itself. Prove that R is isomorphic to any of its 
nonzero submodules if and only if R is a principal ideal ring. 


6486. Prove that the rule h(x) o f = h(x”) f, where h(x) is a fixed polynomial, 


transforms the ring of polynomials F[x] over a field F into a free module of rank 
r over F[x]. 
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6487. Let K be a field of zero characteristic. Prove that the polynomial algebra 
K[x1,-.-,%n] is a simple module over the Weyl algebra An(K) (see Exercise 
6327). 


6488. Let K be a field of zero characteristic. Prove that each nonzero module 
over the Weil algebra A, (K) has infinite dimension over K. 


65 Special classes of algebras 


6501. Prove that a ring of univariate polynomials over a commutative Noetherian 
ring with unity is Noetherian. 

6502. Prove that an algebra of polynomials in a finite number of variables over 
a field is Noetherian. 


6503. The algebra A(a, B) of generalized quaternions over a field F of 
characteristic different from 2, where a, 8B € F*, is defined as the vector space 
over F with the basis (1, i, j, k) and with the multiplication table 


1-l=1, l-i=i-l=i, 
l-jo=j-l=j, 1l-k=k-l=k, 


P=-a, fP=-f, ij=—ji=k. 


Prove the following. 
a) A(a, B) is an (associative) central simple algebra over F. 
b) The mapping 
X=XOt Xi + xj +x3k Hy xy — Xi — x2j —x3k =X 
is an involution (ie. x+y = ¥ + ¥, ¥y) = JX, X = x) for all 
x,y € A@, B). 
c) Forany x € A(a, B), 


x? — (trx)x + N(x) =0, 


where trx = x +X and N(x) = xX are elements of F. 


d) The algebra A(qa, 8) is a skew-field if and only if the norm equation 
N(x) = O has only a zero solution. 


e) The algebra A(q, f) is either a skew-field (if it has no zero divisors) or 
isomorphic to the algebra of matrices M2(F) (if it has zero divisors). 
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If the norm equation has a nonzero solution in A(q, 8), then it has also a 
solution in the set of nonzero pure quaternions. 


A subalgebra F(a) of A(a@, 8) generated by an element a is acommutative 
algebra of dimension < 2 over F, and if a is not a zero divisor 
then F(a) is a field isomorphic to the splitting field of the polynomial 
x? — (tra)x + N(a). 


Witt's theorem. The norm N(x) is a quadratic form of rank 3 on the 
space of pure quaternions and, conversely, each quadratic form of rank 
3 on a three-dimensional vector space W over F corresponds to an 
algebra of generalized quaternions, defined on a vector space F @ W 
by multiplication 


l-w=w-l, 
w) - w2 = —Q(w}, w2)- 1+ (wy), w2), 


where Q is a bilinear form on W associated with the given quadratic form, 
and S[w,, wz] is the vector product of elements of W. 


The construction mentioned above establishes a bijective correspondence 
between quaternion algebras over F (up to isomorphism) and equivalence 
classes of quadratic forms of rank 3 in a three-dimensional vector space 
over F. (Note: the forms Q : W x W —> F and Q’: W’x W’ > F 
are equivalent if there exist an isomorphism a : W — F and an element 
A € F* such that Q’(a(x), a(y)) = AQ(x, y) for all x, y € W). 


6504. A finite-dimensional algebra is semisimple if it does not contain nonzero 
nilpotent ideals. Prove that 


a) 


b) 


c) 


d) 


e) 


a factor-algebra C[x]/(f(x)) is semisimple if and only if the polynomial 
f(x) has no multiple roots; 


an algebra generated by the field C and a matrix A in the algebra M, (C) 
is semisimple if and only if the minimal polynomial of A has no multiple 
roots; 


a finite-dimensional algebra over a field is semisimple if and only if it is 
completely left reducible; 


acommutative semisimple algebra with unit is isomorphic to a direct sum 
of fields; 


if all idempotents of a semisimple algebra are central then the algebra is 
a direct sum of skew-fields. 


6505. Let H = (hj;) be a symmetric (n x n)-matrix over a field F. A Clifford 
algebra is a2n-dimensional vector space C(F, H) over F with the basis consisting 
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of symbols 


Ci,ip (LSI) <2 < +++ <ig Sn) and eg=1, 
and with multiplication determined by the rules 


ere; =hii, ene; = e1eo = ei, ejej + Ee; = hij, 
Ci; ip = Ci + Cy (LSI < +e <p Sa). 
Let V be an n-dimensional vector space with a basis (€1,...,@,) and Q bea 
quadratic form on V. The Clifford algebra Co(F) of the quadratic form Q is 
defined as the algebra C(F, H), where hj; = Q(e;, e;). 
a) Prove that if H = 0 then C(F, H) ~ A(V). 
b) The even Clifford algebra C+(F,H) (or CE(F )) is the subalge- 
bra of the Clifford algebra generated by the elements ¢;, - ... - 
Cin, (m=0,1,...,[§]). Prove that the even Clifford algebra of the 
quadratic form 
O(x1, X2,%3) = Ayix} + hiaxixe + h22x}, 
which is not a product of linear factors in F,, is a quadratic extension of F. 
This extension is isomorphic to the splitting field F (V h?, - diushza) 
of the form Q. 


c) Provethat ifcharF + 2 then the even Clifford algebra of a quadratic form 
Q on a three-dimensional vector space V is isomorphic to an algebra of 
generalized quaternions of the form Q@) on the three-dimensional vector 
space W = A?V (see Exercise 6503). 


d) Prove that under the assumptions of c) the quadratic form N(x) = xx on 
the space of pure quaternions is equivalent to the form AQ (A € F*). 


6506. Let A = Ao @ A, be a 2-graded associative algebra over a field K, i.e. 
Aj Aj C Ai+j (addition of indices modulo 2). Define on A a new operation setting 
[x, y) = xy - (—1)4 yx, where x € Aj, y € Aj. 


a) Prove that 


[x, y) = (-1)4 Ly, x], 
(x, Ly, 21) + Ly, [z, x] + (- DY" {z, [x, y]] = 0, 


for all homogeneous elements x € Aj, y € Aj, z € A. The algebra with 
2-grading for which the homogeneous elements satisfy the given relations 
is called the Lie superalgebra. 
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b) Let V be an n-dimensional vector space with a basis (€1, ..., €,) over K 
of characteristic not equal to 2 and A(V) be an external algebra on V. 
Let I be the identity operator on V, Lo = K - J and let L be the linear 
span of operators g; and w;, where 


gi(w) = w Ae;, 
be ne if i, =i, 
0, 


: ArrrA . = 
Vile iy) iP: bP for all k = teeta 


Prove that L = Lo @®L, is a Lie superalgebra with respect to the operation 
introduced in a). 


6507. Let K be an extension of the field Q of degree n. Prove that 
a) for any polynomial f(x) € Q[x] of degree n, there exists a matrix A of 
size n such that f(A) = 0; 
b) the algebra M, (Q) contains a subalgebra which is isomorphic to K; 
c) if L isa subalgebra of M,,(Q) which is a field, then [L : Q] <n. 


6508. Does the C-algebra of analytical functions defined on a domain U € C 
have zero divisors? 

6509. A function of a complex variable is entire if it is analytical in the complex 
plane. Prove that any finitely generated ideal of the algebra of entire functions is 
a principal one. 

6510. A differentiation of a ring R is a mapping D : R — R satisfying the 
conditions: 


(1) D(x + y) = D(x) + D(y); 
(2) D(xy) = D(x)y+xD(y) (x,y € R). 
Find all differentiations of the rings: 

a) Z; 

b) Z[x]; 

c) Z[xi,x2,-..,Xn]- 


6511. Let L be a set with operations of addition and multiplication. Suppose 
that L is a commutative group with respect tq addition, and multiplication o is 
connected with addition by distributivity. L is a Lie ring, if for any x, y,z € L we 
have: 


(1) xox=0; 
(2) (xoy)oz+(yozjox+(zox)oy=0 (Jacobi identity). 
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Prove that 
a) the Lie ring satisfies the identity x o y = —yox; 


b) vectors in three-dimensional space form a Lie ring with respect to addition 
and vector multiplication; 


c) any ring R is a Lie ring with respect to addition and multiplication 
xoy=xy— yx; 


d) aset of all differentiations of a ring R is a Lie ring with respect to addition 
and multiplication D; o D2 = D, D2 — D2D,. 


6512. Let K be a field and D be a differentiation of the K -algebra of matrices 
M,,(K). 

Prove that there exists a matrix A € M,,(K) such that D(X) = AX — XA for 
all X. 

6513. Let K be a field of zero characteristic and let D be a differentiation of 
the Weyl algebra A,,(K). Prove that there exists an element f € A,(K) such that 
D(g) = fg — gf forall g € A,(K). 

6514. Prove that the semigroup ring R[S] of an ordered semigroup S has no 
zero divisors if and only if R has no zero divisors. 

6515. Let p be a prime and Zp be the ring of p-adic integers, i.e. the set of all 
formal series }°;>9 ai p', where a; € Z and 0 < a; < p. Put 


Dap! +o bip' = Yai 


#20 i>0 i>0 
(Dar) (Za0') =) ap. 
iro = J “\i20 i20 


if for any n > Oin Zpn 
a~| — atl _ acl : 
Yo aip' +) bip' => cip' 
i=0 i=0 i=0 
n-1 \ f/azi ; n-l : 
(Saw ( ne) = ody. 
i=0 i=0 i=0 


Prove that 
a) Zp isa domain containing Z; 


b) an element Liso a; p' is invertible in Z, if and only if a9 = 1,2,..., 
pail; 
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c) the natural homomorphism of the groups of invertible elements Z} —> 
Zn is surjective for all n; 
d) every ideal of Zp is principal and it is of the form (p"), n > 0. 


Find all prime elements in Zp. 
6516. 


a) Prove that the field of p-adic numbers Qa, i.e. the field of fractions of 
Zp, consists of elements of the form ph, where m € Z,h € Zp. 


b) Show that Q is a subfield of Qp. 


c) Prove that the element P™ (Limo a; p') from Qp, where 0 < aj < p—1, 
belongs to Q if and only if elements a;, i > N, starting from some N, 
form a periodic sequence. 

1 

3" 

6517, Let K bea field and p be an irreducible polynomial in one variable X with 
coefficients in K. Construct, by analogy with Exercise 6515, the ring K[X], and 

its field of fractions K (X)p. Show that if p has degree 1 then K[X]p =~ K[{[X]}. 


6518. Find all subrings of the field of rational numbers Q which contain the 
unit element. 


d) Find in Qs the images of : and 


66 Fields 


6601. Which of the rings in Exercises 6301-6303 are fields? 


6602. Which of the following sets of matrices form a field with respect to the 
usual matrix operations: 


1 
x Se E : 
a) Kes aE x,y G02 [ vhese na fixed mieger, 


a 
b) (2 di x.y € R}, where n is a fixed number; 
ny x 


x 


c) (3 at x.y € Zp], where p = 2,3,5,7? 


6603. Let K be a field and F be a field of fractions of K [{x}]. Prove that every 
element in F is a product x~*h where s > O andh € K[{[x]}. 


6604. Prove that an order of the unit of a field in its additive group is either 
infinite or a prime. 
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6605. For which of the numbers n = 2, 3, 4, 5, 6, 7 does there exist a field with 
n elements? 


6606. Prove that the field with p? elements, where p is a prime, has a unique 
proper subfield. 

6607. Prove that the fields Q and R have only identical automorphism. 

6608. Find all automorphisms of the field C which fix each real number. 

6609. Does the field Q(/2) have a nonidentical automorphism? 

6610. Prove that in a field F of characteristic p 


a) (x+ y)?” = xP" +4 ye (m is a natural number); 
b)_ if F is finite, then the mapping x +> x? is an automorphism. 


6611. Prove that if a complex number z is not real then the ring R[z] coincides 
with C. 


6612. For which m, n € Z \ {0} are the fields Q(./m) and Q(./n) isomorphic? 


6613. Prove that the set of elements fixed by an automorphism 9 of a field K 
is a subfield. 


6614. Prove that any two fields with four elements are isomorphic. 

6615. Does there exist a field properly containing the field of complex numbers? 
6616. Prove that any finite field has a positive characteristic. 

6617. Does there exist an infinite field with a positive characteristic? 

6618. Solve, in the field Q72), the equations: 


a) x? 4+ (4—2/2)x +3 — 272 =0; 
b) x27-x-3=0; 
c) x274+x~-—74+6/2 =0; 
d) x?-2x+1-V2=0. 
6619. Solve the system of equations 
x+2z=1, y+2z=2, 2x+z=1 

a) in the field Zs; 
b)_ in the field Zs. 
6620. Solve the system of equations 

3x+yt+2z=1, x+2y4+3z=1, 444+3y4+2z=1 


in the residue fields modulo 5 and modulo 7. 
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6621. Find a polynomial f(x) of degree at most 3 with coefficients in Zs such 
that f(0) = 3, f(1) = 3, f(2) = 5, f(4) =4. 

6622. Find all polynomials f(x) with coefficients in Zs such that f(0) = 
FQ) = f4 =1, fF) = FG) =3. 

6623. Which of the equations 


a) x*7=5, b) x7 =7, c) x*=a 


have solutions in the field Z;? 
6624. In the residue field modulo 11 solve the equations 
a) x7+3x+7=0; 
b) x7+5x+1=0; 
c) x7 +2x+3=0; 
d) x74+3x+5=0. 
6625. Prove that a field with n elements satisfies the identity x” = x. 


6626. Solve in a field Zp the equation x? = a. 


6627. Prove that if x” = x for all elements x of a field K then K is finite and 
its characteristic divides n. 


6628. Find ail generators of the multiplicative group of the fields: 
a) Z7; b) Zi: c) Zy7. 


6629. Let a, b be elements of a field of order 2” where n is odd. Prove that if 
a* +ab +b? =Othena =b =0. 

6630. Let F be a field such that the group F* is cyclic. Prove that F is finite. 

6631. Solve the equations: 


a) f*=1; b) f?-f—-x=0, 
in the field of rational functions with real coefficients. 
6632. Prove that in a field Zp 
p-l 
a) Sok '=0 (p> 2); 
k=1 
(p—1)/2 


b) > k*=0 (p>3). 
k=1 
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6633. Let n > 2 and 1, ..., Sm be all roots of | of order n ina field K. Prove 
that 
a) {f1,..-,%m)} is a multiplicative group; 
b) {f1,..., Sm} are roots of 1 of order m; 
c) m divides n; 
d) ifk € Zthen 


0, if m does not divide k 
m, if m divides k. 


os | 
6634. Let mymy_| ...mo and ngng_1 ...no be records of the natural numbers 
m and n in the number systems with the radix s, where s is a prime. Prove that 


mo\ (eae 


) the numbers (=) and 
; (a) 29 \ no) 
after division by s; 


= have the same remainder 


b) (") is divisible by s if and only if m; < nj; for some i. 
6635. An absolute value on a field K is a function ||x|], x € K, taking real 
non-negative values such that 
(1) [x] = Oif and only if x = 0; 
(2) ilxyll = Nill 
(3) lx +yll < [lxil + Ilyll. 


Prove that the following functions on Q are absolute values: 


1, 0, 
a) It =| <. 


b) ||x|| = [x|° where s is a fixed number, 0 < 5 < 1; 


c) |x| = Ixh, where p is a prime and s < 1 is a fixed positive number; 
here |x|p = p~’ ifx = p’mn—', where m, n are integers which are not 
divisible by p. 


6636. Let |x || be a valuation on Q and let y be an element such that {| y|} 4 0, 1. 
Then ||x|| is either of the form b) or of the form c) from Exercise 6635. 


6637. Let K be a field and K (x) be a field of rational functions in one variable 
x. Prove that the following functions on K (x) are valuations: 
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1, if f £0, 

0, if f =0; 

b) Aga! || = c#84-88, where h, g € K[x] and0 <c <1; 


c) if p(x) is an irreducible polynomial, h = p(x)"u(x)v(x), where u(x), 
v(x) are polynomials coprime with p(x), then |h| = c” where 0 < ¢ < 1. 


a) If= 


6638. Prove that 


a) the completion of Q with respect to the valuation from Exercise 6637b is 
equal to R; 


b) the completion of Q with respect to the valuation from Exercise 6637c is 
equal to Q,; 


c) the completion of Z with respect to the valuation from Exercise 6637b is 
equal to Zp; 


d) the completion of C[x) with respect to the valuation from Exercise 6639c 
with p = x is equal to C[[x]]. 


6639. The sequence x,, > 1 of elements of Q, converges in a metric || f|| 
from 6637c if and only if jim, Xn — An+illp = 0. 


6640. For which ¢ € Q, do the series: 
7" 

a) &= bi nl 
1 nen, 

b) In +x) = D0 ("5 

n>} 
c) yx 
a>0 


converge? 
6641. Let a € Q, and x, = a?” . Does there exist im xn? 


6642. Let f(x) € Zp[x], ao € Zp, and || f (a0)/f'(ao)*llp < 1. Put 


~ f (@n) 
f'n) 


Prove that a = lim ay exists, ||a — ag||p < 1 and f(a) = 0. 


Gn+1 = an 


6643. Prove that any automorphism of Q, is identical. 


6644. Let f(x) € Zp[x] have degree n and the leading coefficient of f(x) be 
equal to 1. Let the image f(x) of the polynomial f(x) in Zp[x] be factorized, 
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F@) = g(x)h(x), where g(x), h(x) are coprime and have the leading coeffi- 
cients 1. Suppose that deg g(x) = r, degh(x) = n —r. Then f(x) = u(x)v(x), 
where deg u(x) = r, deg v(x) = n —r, the leading coefficients of u(x), v(x) 
are equal to 1 and the images of u(x), u(x) in Zp[x] are equal to g(x) and A(x), 
respectively. 

6645. Let f(x) € Zp[x], a € Zp, and 


f(a)=0, f'(a) #0 
in Zp. Then there exists an element b € Zp such that f(b) = 0 and its image in 
Zp is equal to a. 


6646. Let m be a natural number which is not divisible by p, a € 1 + pZp. 
Then there exists b € Zp such that b” = a. 


6647, Let the fields Q, and Q,, be isomorphic. Prove that p = p’. 
6648. Prove that the ring Zp is compact in Q, with respect to p-adic topology. 


67 Extensions of fields. Galois theory 


In this section all rings and algebra are assumed to be commutative and with unit 
elements. 


6701. Let A be an algebra over a field K and let 


K=KoCKkiCKiC::-C Ks 


be a tower of subfields in A. Prove that 
(A: K) =(A: Ks)(Ks : Ks-1)...(K : Ko). 


6702. Let A be an algebra over a field K and a € A. Prove that 


a) if isnot algebraic over K then the subalgebra K [a] is isomorphic to the 
ring of polynomials K[x); 


b) if a is algebraic over K then K{a] ~ K[x]/{ua(x)), where y,(x) is 
a uniquely defined unitary polynomial (the minimal polynomial of a) 
over K; 


c) if Aisa field and a is algebraic over K then j2g(x) is irreducible in K [x]; 


d) ifall elements in A are algebraic over K, and for anya € A the polynomial 
a(x) is irreducible, then A is a field. 
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6703. Find minimal polynomials for: 

a) 2 over Q; 

b) Y5 over Q; 

c) ‘8/9 over Q; 

d) 2—3i over R; 

e) 2-3: over C; 

f) 42+ V3 over Q; 

8) 1+ V2 over Q(/2 + V3). 
6704. Prove that 


a) if A is a finite-dimensional algebra over K then any element of A is 
algebraic over K; 


b) if aj,...,@s € A are algebraic elements over K then the subalgebra 
K[ay, ..., Gs] is finite-dimensional over K. 


6705. Prove that if A is a field and a),..., as € A are algebraic elements over 
K then the extension K (aj, ..., as) coincides with the algebra K[a1,..., as]. 


6706. Prove that the set of all elements of K-algebra A, algebraic over K, isa 
subalgebra of A. If A is a field then this subalgebra is a subfield. 


6707. Prove that if in the tower of fields K = Ko C Ky C Ki C---C Ks =L 
each stage K;-) C Kj (i = 1,...,5) is an algebraic extension, then L/K is an 
algebraic extension. 


6708. Prove that any polynomial with coefficients in a field K has a root in 
some extension L/K. 


x* * * 


6709. Let K be a field. Prove that 


a) for an arbitrary polynomial from K [x] there exists a splitting field of this 
polynomial over K; 


b) for any finite set of polynomials from K(x) there exists a splitting field 
over K. 


6710. Let K be a field, g(x) € K[x), h(x) € K[x], f(x) = g(h(2)), and a be 
a root of g(x) in some extension L/K. Prove that f is irreducible over K if and 
only if g(x) is irreducible over K and h(x) — a is irreducible over K [a]. 


6711. Let K bea field, a € K. Prove that 
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a) if p is a prime then the polynomial x? ~ a either is irreducible or has a 
root in K; 


b) if the polynomial x” — 1 can be factorized into linear factors in K [x] then 
either the polynomial x” — a € K{[x} is irreducible or the polynomial 
x? — a has a root in K for some divisor d # 1 of n; 


c) the assumption about the factorization of x” — 1 into linear factors is 
essential for the validity of statement b). 


6712. Prove that the polynomial f (x) = x? — x — a either is irreducible over 
a field K of characteristic p # 0 or it can be factorized over K into a product of 
linear factors. Determine this factorization if f(x) has a root xo. 


6713. Find the degree of the splitting field over Q for the polynomials: 
a) ax+b (2,b€Q, a0); 


b) x?-—2; 
c) x91; 
d) x3—2; 
e) x*-2; 


f) x?—1 (pisa prime); 

g) x"—-1 (MeN); 

h) x? —a (a € Qis not a pth power in Q, p is a prime); 
i) (x? — ay)... (x? — aq) (ai, ..., Gn € Q* are distinct). 


6714. Prove that a finite field extension L/K is simple if and only if the set of 
intermediate fields between K and L is finite. Find an example of a finite extension 
which is not simple. 


6715. Let L/K be an algebraic field extension. Prove that the extension 
L(x)/K (x) is also algebraic and (L(x) : K(x)) = (L: K). 

6716. Let L/K be a field extension. The elements a;,...,a, € L are said 
to be algebraically independent over K, if f(a,...,a5) # 0 for any nonzero 
polynomial f(x1,...,xs) € K{x,,...,xs]. Prove, that a),...,a,; © L are 
algebraically independent over K if and only if the extension K(a1,...,a;) is 
K-isomorphic to the field of rational functions K (x1, ..., Xs). 


6717. Let L/K be a field extension and a1, ..., @m; b),..., 8, two maximal 
algebraically independent over K systems of elements of L. Prove, that m = n 
(the transcendence degree of L over K). 
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6718. Prove that 


a) there exist finitely many maximal ideals in finite-dimensional commuta- 
tive K-algebra A and their intersection coincides with the set N (A) of all 
nilpotent elements of A, (the nilradical of A); 


b) zero is the only nilpotent element in A™ (the algebra AT! = A/N(A) 
is called reduced); 


c) thealgebra A/N(A) is isomorphic to a direct product of fields Ki, ..., Ks 
which are extensions of K; 


d) s<(A:K); 
e) the set of extensions K; is defined for the algebra A up to isomorphism! ; 


f) if B is a subalgebra of A then any component of B is an extension of one 
or several components of A; 


g) if J isan ideal of A then the components of the algebra A// are contained 
among the components of A. 


6719. Let K be a field, f(x) € K[x], pi(x)*... ps(x)* be a factorization 
of f(x) into a product of powers of distinct irreducible polynomials over K, 
A = K{[x]/(f (x)). Prove that A™? = A/N(A) ~ []jay kLx]/(pi())- 


6720. Let A be a K-algebra and L be an extension of the field K. Prove that 
a) if fi,..., f, are distinct K-homomorphisms A — L then f,,..., fn are 


linearly independent as elements of the L-vector spaces of all K-linear 
mappings A —> L; 


b) the number of distinct K-homomorphisms A — L does not exceed 
(A: L). 


Find all automorphisms of the fields Q(/2), Q(/2 + J3), Q( 4/2). 


6721. Let A be a finite-dimensional K-algebra and L be an extension of the 
field K. Let Ay = L @x A. Let (e),..., @,) be a basis of A over K. Prove that 


a) (1 @e;,...,1@®e,) isa basis of Az over L; 


b) the image of A under the natural embedding of A into Az is a K- 
subalgebra of Az. 


6722. Let A be a finite-dimensional K -algebra, L/K be a field extension. Prove 
that 


‘Extensions X},...,K, together with canonical homomorphisms A— K, are called the components 
of A. 
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a) if B is a subalgebra of A then By is a subalgebra of Az; 


b) if 7 is an ideal of A and /, is the corresponding ideal of Az then 
(A/Dt ~ Az/IL; 


c) ifA= = Aj, AL = Thies (Adz; 


d) if K,,..., Ks istheset of components of A, then the set of the components 
of A, coincides with the union of sets of the components of the algebras 
(Ki)i,.--, (Ks)z; 


e) if F/L isa field extension then (Az)r = Ar. 


6723. Let A be a finite-dimensional K -algebra and let L/K be a field extension. 
Suppose that B is L-algebra. Prove that 


a) each K-homomorphism A — 8B has a unique extension to L- 
homomorphism Ay, > Bz; 


b) the set of K-homomorphisms A —> L is in bijective correspondence with 
the set of components of Az which are isomorphic to L; 


c) the number of distinct K-homomorphisms A — L does not exceed 
(A : K) (see Exercise 6720b). 


6724. Let F/K and L/K be field extensions and suppose that F/K is finite. 
Prove that there exists an extension E/K with embeddings of F and L into E such 
that all elements of K are fixed. 

6725, Let A be a finite-dimensional K-algebra and A = K[qa1,..., 4s]. Prove 
that the following properties of a field extension L/K are equivalent: 


a) all components of Az are isomorphic to L; 


b) L is the splitting field for the minimal polynomial of any a € A (the 
splitting field for K -algebra A). 


6726. Prove that if L is a splitting field for K-algebra A and B is a subalgebra 
of A then any K-homomorphism B — L can be extended to K-homomorphism 
A> L. 

6727. A splitting field L for the finite-dimensional K-algebra A is the field of 
decomposition for A if any of its proper subfields containing K is not a splitting 
field A. Prove that 


a) if A= K[aj,...,@s], then L is the field of decomposition for A if and 
only if L is the field of decomposition for the minimal polynomials of 
the elements a1, ..., as; 


b) any two fields of decomposition for A are K-isomorphic; 
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c) there exists K-e:nbedding of the field of decomposition for A into any 
splitting ficid for A. 


6728. Let A be a finite-dimensional K-algebra and let L be the field of 
decomposition for A. Prove that the number of components of the L-algebra Ax is 
the same for all splitting fields of A (the separable degree (A : K); of A over K). 


6729. Let A be a K-algebra and L/K be a field extension. Prove that 
a) the number of the components of Az, does not exceed (A : K)s; 


b) the number of distinct K-homomorphisms A — L does not exceed 
(A : K)s and the equality takes place if and only if L is a splitting 
field for A. 


6730. Prove that the following properties of finite field extension L/K are 
equivalent: 
a) all components of the algebra L; are isomorphic to L; 
b) JLhas(L: K) K-automorphisms; 


c) for any K-embeddings y; : L — L' (i = 1, 2) of L into any extension 
L'/K, we have g(L) = ¢2(L); 


d) any irreducible polynomial in K[x] with a root in L can be factorized 
into a product of linear factors over L; 


e) Lisa field of decomposition of a polynomial from K [x]. (An extension 
L/K satisfying these conditions is called normal). 


6731. Let K C LC F bea tower of finite extensions of a field K. Prove that 
a) if the extension F/K is normal then the extension F/L is also normal; 


b) if extensions L/K and F/L are normal then F/K is not necessarily 
normal; 


c) any extension of degree 2 is normal. 
6732. Let A be a finite-dimensional K -algebra and a € A. The characteristic 
polynomial, the determinant and the trace of the linear operator f — at on A 
are denoted by xa/x (a, x), Na/x(Q@), trasx (a), respectively, and are called the 


characteristic polynomial, the norm and the trace, respectively, of a € A over K. 
Prove that if K C L C F is a tower of finite field extensions and a € F then: 


a) xF/K (4, x) = Niwy/K(x)(XF/L(@, x)), where xr/1(@, x) is considered 
as an element of the field of rational functions K (x); 


b)  Neyx(a) = Nix (Nr/i(@)); 
Cc) tryx (a) = rx (tF/L(@)). 
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6733. Let L/K be a finite extension and a € L. Prove that 
a) the minimal polynomial of a is equal to xx ,(q)/K (4, x); 
b) xz/x(a, x) is (up to a sign) a power of the minimal polynomial of a. 


6734, Let L/K be a finite field extension. Prove that the K -bilinear form on L 
(x, y) > tryx(xy) 


either is nonsingular or try x (x) = 0 for all x € L. 


6735. Prove that the following properties of a finite-dimensional K -algebra A 
are equivalent: 


a) for any field extension L/K the algebra Az is reduced (see Exer- 
cise 6718); 

b) (A: K)s = (A: K) (Exercise 6718); 

c) for some field extension L/K there exists (A : K) K-homomorphisms 
A> L; 

d) the bilinear form (x, y) + trax (xy) on A is nonsingular. (An algebra 
A satisfying these conditions is called separable.) 


6736. Let L/K be a field extension. Prove that a finite-dimensional K -algebra 
A is separable if and only if Az is a separable L-algebra. 

6737. Prove that any subalgebra and any factor-algebra of a separable K -algebra 
is a separable K -algebra. 


6738. Let A be a separable K-algebra, (A : K) = n, 9,..., Qn be distinct 
K-homomorphisms of A into some its splitting field L. Prove that for any a € A 


task (a) = > vi(@), Na/x(@) = []a@. 


i=l i=] 


xayx(a, x) = | [@i(@) — x). 
i=l 


6739. A finite field extension L/K is called separable if L is a separable K- 
algebra. 


a) Prove that a separable extension of a field is simple. 
b) Find out if a = = + i> and b = /2 + i are primitive elements of 
the extension Q(./2, i)/Q? 


6740. Prove that a finite-dimensional K -algebra is separable if and only if it is 
a direct product of separable extensions of the field K. 
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6741.Let K = Ko C K, C::- C Ks = L bea tower of finite field extensions. 
Prove that L/K is separable if and only if each extension K;/Kj;~; (i = 1,...,5) 
is separable. 


6742. Let K be a field. A polynomial f(x) € K[x] is separable if it has no 
multiple roots in any extension of K. Prove that 


a) if K has characteristics 0 then any irreducible polynomial from K [x] is 
separable; 


b) if K has characteristics p # O then an irreducible polynomial f(x) € 
K [x] is separable if and only if it cannot be represented in the form g(x?) 
where g(x) € K(x]. 

Find an example of a nonseparable irreducible polynomial. 


6743. Let A be a finite-dimensional K-algebra. An element a € A is separable 
over K if K[a] is a separable K -algebra. Prove that an element is separable if and 
only if its minimal polynomial is separable. 


6744, Let K C L C F bea tower of finite field extensions. Prove that 
a) if anelementa ¢€ F is separable over K then a is separable over L; 
b) the converse statement is valid if the extension L/K is separable. 


6745. Let A be a separable K-algebra and f(x) € K[x] be a separable 
polynomial. Prove that the algebra B = A[x]/(f(x)) is separable. 


6746. Let A = K[aj,..., as] be a finite-dimensional K -algebra. Prove that the 
following conditions are equivalent: 


a) Aisa separable K -algebra; 

b) any element a € A is separable; 

c) elements a},..., as are separable. 
6747, Prove that 


a) a finite field extension K/F is separable if and only if either K has the 
characteristic 0 or the characteristic of K is equal to p > Oand K? = K; 


b) any finite extension of a finite field is separable. 


6748. A finite field extension L/K of characteristic p > 0 is purely non- 
separable if L/K has no separable elements over K. Prove, that L/K is purely 
nonseparable if and only if LP C K for some k > 1. 

6749.Let K C Kg C Ki -:- C Ks = L bea tower of finite extensions of fields. 


Prove that an extension L/K is purely nonseparable if and only if each extension 
K;/Kj-, (i = 1,..., 5) is purely nonseparable. 
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6750. Prove that the degree of a purely nonseparable extension of a field of 
characteristic p > 0 is a power of p and its separable degree is equal to 1. 


6751. Let L/K be a finite field extension. Prove that 


a) the set K, of all elements of L which are separable over K is a subfield, 
separable over K; 


b) L/K; is a purely nonseparable extension; 
c) (Ks: K)=(L: K)s; 


d) (L: K) = (L: K)s-(L: K)j, where (L : K)j = (L: Ks), the 
nonseparable degree of L/K. 


6752. Let K C LC F bea tower of finite field extensions. Prove that 
a) (F:K),=(F:L)s-(L: K)s; 
b) (F:K)i =(F:L);-(L: K)j. 


6753. Let L/K be a finite field extension, n = (L : K)s and let g},..., Qn be 
the set of all K-embeddings of L into some splitting field of L/K. Prove that for 
anyaeL 


a) tryx(a) =(L: K)i ) yj(@); 
j=l 
n (L:K); 
b) Nryx(a) = ne) 3 
j=1 


n (L:K); 
ce) X1/K(@,x) = (Foo -») . 
=1 


6754, A normal separable field extension L/K is called a Galois extension, 
a group of K-automorphisms of this extension is called a Galois group and it is 
denoted by G(L/K). Prove that 


a) G(L/K) acts transitively on the set of roots in ZL for the minimal 
polynomial of any element of L; 


b) the order of the group G(L/K) is equal to the degree of L/K. 
6755. Find the Galois group of the extensions: 

a) C/R; 

b) Q(V2)/Q; 
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c) L/K, where (L: K) =2; 
d) Q(/2 + 73)/Q. 


6756. The Galois group of a separable polynomial f(x) € K(x] over a field 
K is the Galois group of the field of decomposition for f(x) over K. It is a group 
of permutations on the sets of roots of f(x). Find Galois groups over Q of the 
polynomials from Exercise 6713. 


6757. Let G be a finite group of automorphisms of a field L and K = L® be its 
subfield of fixed elements. Prove that L/K is a Galois extension and G(L/K) = G. 


6758. Prove that if elements a,...,@, are algebraically independent over a 
field K then the Galois group of the polynomial x” + a;)x"~! + .-- +a, over the 
field of rational functions K (a), ..., @,) is equal to S,. 


6759. Prove that any finite group is a Galois group of some field extension. 


6760. Fundamental theorem of Galois theory. Let L/K be a field extension 
and G be its Galois group. Prove that the juxtaposition of a subfield L” of fixed 
elements to a subgroup H C G determines a bijective correspondence between 
all subgroups of G and all intermediate subfields of L/ K. Under this bijection an 
intermediate subfield F corresponds to the subgroup H = G(L/F). An extension 
F/K is normal if and only if the subgroup H is normal in G and in this case the 
canonical map G —> G(F/K) induces an isomorphism G(F/K) ~ G/H. 

6761. Using the fundamental theorem of Galois theory and the existence of a 
real root for any real polynomial of odd degree, prove that the field of complex 
numbers is algebraically closed. 


6762. Prove that the Galois group of any finite field extension L/F, is cyclic 
and is generated by the automorphism x +> x? (x € L). 


6763. Prove that the Galois group of a separable polynomial f(x) € K[x] over 
a field K, considered as a subgroup of S,,, is contained in the alternating group if 
and only if the discriminant D = [];,. ; (xi — xj)? of f (x) is a square in K, where 
X1,...,%, are the roots of f(x) in its field of decomposition. 

6764. Let L/ K be a Galois extension with the cyclic Galois group (¢),. Prove 
that there exists a € L such that elements a, g(a),..., g"—'(a) form a basis of 
L over K. 


6765. Let L/K be a separable extension of degree n and vy), ..., Qn be distinct 
K-embeddings of L into some splitting field for L. Prove that a € L is primitive 
in L/K if and only if the images ¢) (a), ..., @, (a) are distinct. 

6766. Find the automorphism group of K-algebra A which is the direct product 
of n copies of fields isomorphic to K. 

6767. Let L/K be a Galois extension with Galois group G, L = [] Lz, 
where Lg is a component of the algebra L; such that the projection from L 
onto Lg induces an automorphism o of L,. Let eg be the unit of L,. Prove 
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that extensions of automorphisms from G to L-automorphisms of L, satisfy the 
property t(é,) = €,,-1 (0, t € G). 

6768. Let L be a splitting field for a separable K-algebra A and 9), ..., Qn be 
the set of all K-homomorphisms A — L. Prove that y1,..., Yn € A form a basis 
of A over K if and only if det(9;(y;)) 4 9. 

6769. Normal basis theorem. Prove that a Galois extension L/K with the Galois 
group G has an element a ¢€ L such that the set {a(a) | o € G} is a basis of 
L over K. 

6770. Find the field of invariants K (x1,..., Xn)“* for the group A,, acting in 
the field of rational functions by permutations of the variables. 

6771. Let € be a primitive complex root of 1 of order n and a group G = (a), 
act on the field C(x), ..., xn) by the rule o(x;) = e!x; (i = 1,...,n). Find the 
field of invariants C(x1,...,X,)%. 

6772. Find the field of invariants for the group G from Exercise 6771 acting on 
the field C(x, ..., X,) by cyclic permutation of the variables. 

6773. Let a field K contain all roots of 1 of order n. Suppose that an element 
a € K is not a ath power for any divisor d > 1 of n. Find the Galois group of the 
polynomial x” — a over K. 

6774. Let a field K contain all roots of 1 of order n and L/K be a Galois 
extension with cyclic Galois group of order n. Prove that L = K( %/a) for some 
element a € K. 

6775. Let a field K contain all roots of 1 of order n. Prove that a finite field 
extension L/K is a Galois extension with an abelian Galois group of period n if 
and only if L = K(0,...,0s) where 6? = a; € K (i = 1,...,5) (ie. L is the 
field of decomposition over K for the polynomial []j_; (x/' — ai)*). 

6776. Let a field K contain all roots of 1 of order n and L = K(Q;,..., 9s), 
where 6” = a; € K* (i = 1,..., 5). Prove that 


G(L/K) = ((K*)", a1,...,@s)/(K*)". 


6777. Let a field K contain all roots of 1 of order n. Establish a bijective 
correspondence between the set of all (up to K -isomorphism) Galois extensions 
with abelian Galois groups of period n and the set of all finite subgroups of the 
group K*/(K*)". 

6778. Prove that any Galois extension L/K of degree p of a field K of 
characteristic p > 0 has the form L = K(@), where @ is a root of the polynomial 
x? —x —a (a € K), and, conversely, any extension of this form is a Galois 
extension of degree 1 or p. 

6779. Let K bea field of characteristic p > 0. Prove that a finite field extension 
L/K is a Galois extension of period p if and only if L = K (0, ..., 05), where 0; 
is a root of the polynomial x? — x — a; (a; € K;i=1,...,5). 
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6780. Let K be a field of characteristic p > 0 and L = K(0),...,0;), where 
0; is a root of the polynomial x? — x — a; (a; € K,i = 1,...,5). Prove that 


G(L/K) = (p(K), a1, ..-,4s)/K, 
where p : K — K is the additive homomorphism x +> x? — x. 


6781. Let K be a field of characteristic p > 0. Establish a bijective correspon- 
dence between the set of all (up to K-isomorphism) Galois extensions L/K with 
the abelian Galois group of period p and the set of all finite subgroups of the group 
K/p(K). 


68 Finite fields 


6801. Prove that any finite extension of a finite field is simple. 
6802. Prove that 


a) a finite extension of a finite field is normal; 
b) any two finite extensions of a finite field F of the same degree are 
F-isomorphic. 
6803. Prove that 


a) for any prime power q there exists a unique field F, with q elements 
(up to isomorphism); 

b) there exists an embedding of the field F, into the field F,- if and only if 
q’ is a power of q; 

c) if K and L are finite extensions of a finite field F then there exists F- 
embedding of K into L if and only if (K : L)\(L: F); 


d) ifapolynomial f(x) over a finite field F can be factorized into a product 
of irreducible factors of degrees n),..., ms then the degree of the field of 
decomposition for f (x) over F is equal to the least common multiple of 
My oeey Msg. 


6804. Let F be a finite field of odd order g. An element a € F* is a quadratic 
residue in F if the binomial x? — a has a root in F. Prove that 
a) the number of quadratic residues is equal to (¢ — 1)/2; 


b) a is a quadratic residue if a@~")/* = 1, and it is not a quadratic residue 
if a@-D?2 = 1, 
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6805. Let F be a finite field, an let (=) for an element a € F* be equal to 1 
if a is a quadratic residue in F and equal to —1 otherwise. Prove that 


a) the map F* — {-1, 1} such thata rh (=) is a group homomorphism; 
a ; ; 
b) (2) = sgnog, where og : x +> ax is a permutation on the set F. 


6806. Let a and b be coprime integers and o : x —> ax be a permutation on the 
set of residue classes modulo b. Prove that 
for b=2 (mod 4), 


1 
if bi th = 
a) is even then sgno (-1)e-D2 he: bn HD): 


5 
b) if 5 is odd, and b = [] (pi,-.-, Ps are primes), then sgno = 


i=1 
s 
[] (=) , where (<)- (= z)i is the Legendre symbol (in this case 
i=l Pi Pi Zp, 


sgno is denoted by (5) and is called the Jacobi symbol; 


9 (am) = (E)(E) C)-G)G) 
d) (=) =cnee, 


6807, Let G be an additive finite abelian group of odd order and o be an 


G 
on the set G. Prove that if G is a disjoint union {0} U § U {—S} then (=) = 
(-1)!e)ne(- 5), 
6808. Let o be an automorphism of the group G from Exercise 6807, G; be a 


subgroup of G invariant under 0, G2 = G/G; and oj, 02 be automorphisms of 
G, and G2 induced by a. Prove that 


(3) = (&)(&): 


and deduce from here Statement 6806b. 
6809. The Gauss lemma. Prove that if N is the number of integers x in the 


segment 1 < x < (>) for which ax = r (mod b),— ("*) ¢ sg 
/ 


2 
then (5 )=c 1%. 


. a , A . 
automorphism of G, ( = sgno, where o is considered as a permutation 
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6810. Prove that (=) = (—1)\@-DA, 


6811. The quadratic reciprocity law. Prove that 


) (2) -c0e 


for any coprime odd integers a and b. 


6812. Let V be a finite-dimensional space over a finite field F of odd order, and 
A be a nonsingular linear operator on V. Prove that 


(=) = ( det A\ 
Ty 'h F ) ; 
6813. Let F/F, be a finite field extension of degree n. Prove that there exists a 


basis of F,-vector space F of the form x, x7,..., x , for some x € F. 


6814, Prove that elements x1,..., Xn € Fn form a basis of Fg» over F, if and 
only if 


x1 X2 ose Xn 
# Sore | 
det : : - ; # 0. 
. -1 . ~1 ° . -~1 
ae ae 


6815, Let a € Fg. Elements a, a’,,.., av form a basis of F gn over Fg if 
and only if the polynomials x" — 1 and 


ax" 14 ax" 24... 400 x4a% 


in Fg«[x] are coprime. 
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CHAPTER 15 


Elements of representation theory 


69 Representations of groups. Basic concepts 


6901. Prove that the mapping p : Z -> GL2(C) for which 


p(n) = ( ) (n € @), 


is a reducible two-dimensional complex representation of the group Z. It is not 
equivalent to a direct sum of two one-dimensional representations. 


6902. Prove that the mapping p : (a), —> GL2(Fp) (p is a prime), for which 


Be ft be 
pia’) = (4 =) 


is a reducible two-dimensional representation of the cyclic group (a)>. It is not 
equivalent to a direct sum of two one-dimensional representations. 


6903. Let A € GL, (C). Prove that the mapping p4 : Z — GL, (C) for which 
pa(n) = A” is a representation of the group Z. Representations p4 and pg are 
equivalent if and only if the Jordan normal forms of matrices A and B coincide 
(up to a permutation of Jordan boxes). 


6904. Find out whether the mappings L given by the formulae 
a) (LO) f\(x) = f@—0; 
b) (LA) = Fex); 
c) (LIN) = f(ex); 
d) (Lt) f)(x) = e' f(x); 
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e) (Lit)f)(x) = Ff) +4: 
f) (LF) =e f(x +b), 


define linear representations of the additive group R in the space C(R) of 
continuous functions on a real line. 


6905. Which of these subspaces of C(R) are invariant under the linear repre- 
sentation L from Exercise 6904a: 


a) the subspace of infinitely differentiable functions; 

b) the subspace of polynomials; 

c) the subspace of polynomials of degree < n; 

d) the subspace of even functions; 

e) the subspace of odd functions; 

f) the linear span of the functions sin x and cos x; 

g) the subspace of the polynomials in cos x and sin x; 

h) the linear span of the functions cos x, cos2x,..., COSmXx; 


i) the linear span of the functions e*", e©, ..., e*’, where cy,..., Cn are 
distinct fixed real numbers? 


6906. Find subspaces of the space of polynomials which are invariant under the 
representation L from Exercise 6904a. 


6907. Find matrices (in some basis) of the linear representation L from Exercise 
6905 restricted to the subspace of polynomials of degree < 2. 


6908. Find matrices (in some basis) of the linear representation L from Exercise 
6905 restricted to the linear span of the functions sin x and cos x. 


6909. Prove that each of the following formulae defines a linear representation 
of the group GL, (F) in the space M, (F): 
a) A(A)-X = AX; 
b) Ad(A)-X = AXA~}; 
c) @(A)-X = AX'A. 
6910. Prove that the linear representation A (see Exercise 6909a) is completely 
reducible and its invariant subspaces coincide with left ideals of the algebra M,, (K). 


6911. Prove that if char F does not divide n then the linear representation Ad (see 
Exercise 6909b) is completely reducible and its only nontrivial invariant subspaces 
are the space of matrices with zero trace and the spaces of scalar matrices. 
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6912. Prove that if charF + 2 then the linear representation ® (see Exer- 
cise 6909c) is completely reducible and its only nontrivial invariant subspaces are 
spaces of symmetric and skew-symmetric matrices. 


6913. Let V be a two-dimensional space over a field F. Show that there exist 
representations p; and p2 of the group S3 in V for which, in some basis of the 
space V, 


mcaay=(7 4). aca23=({ ay 


maaay=(7 5). e23y=(_9 _}). 


Prove that these representations are isomorphic if and only if charF # 3. 


6914. Let V be a two-dimensional vector space over a field F. Show that there 
exist two representations 1, 2 of the group D4 = (a, b |a* = b? = (ab)? = 1) 
in V for which, in some basis of the space V, 


aia) = (3 wy ni) =({ ae 
1 
01 
orta) = ( ). ae) = (0 ) 
-1 0 .& 


Are these representations equivalent? 


6915. Let p; and 2 be representations of the groups S3 and D4 from Exer- 
cises 6913 and 6914. Are these representations irreducible? 


6916. Let V be the vector space over a field F with a basis (e1, ..., én). Define 
a mapping y : S, > GL(V) 


Wa (€i) = €ati)s 


where o € S,, i = 1,...,n. Prove that 
a) wy is a representation of S,; 


b) the subspace W of vectors such that the sum of their coordinates in the 
basis (€),...,€n,) is equal to zero and the subspace U of vectors with 
equal coordinates are invariant under y; 


c) ifcharF does not divide n then the restriction of y to W is an irreducible 
(n — 1)-dimensional representation of S,. 
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6917. Let Pam be the subspace of homogeneous polynomials of degree 
m in the algebra F[x1,...,%n_] and let charF = 0. Define the mapping O: 
GL,(F) — GL(P,,m) by setting 


(Oa f)G1,--..%n) = f (Sosa... Sox) 
i=] 


i=) 

for f € Pym and A = (aj) € GL,(F). Prove that © is an irreducible 
representation of GL, (F) in Pr.m.- 

6918. Let V be n-dimensional space over a field F of zero characteristic. Define 
a mapping 0 : GL(V) > GL(A”V) by setting 

O(f)(x1 A+ AXm) = (fx1) A+ A (fxm), 

where x1,...,%m € V and f € GL(V). Prove that 9 is an irreducible representa- 
tion of GL(V). 

6919. Prove that 

a) for any representation p of a group G there exists a representation p®” 


of G in a space 
ve" =V@---@V 


—— 
m 


of m times contravariant tensors on the spaces V, such that 
p2"(g)(v1 @ + ® Um) = (0(g)v1) @ --- @ (0(g)¥m) 
for all vj,...,Un € VV, 2g EG; 


b) the subspaces of symmetric and of skew-symmetric tensors are invariant 
under p®”. Find the dimensions of these subspaces if dim V = n. 


6920. Let 6 : G —> GL(V) be a representation over a field F and let 
& : G — F*beagroup homomorphism. Consider the mapping ®¢ : G > GL(V) 
given by the rule d¢(g) = &(g) P(g), g € G. Prove that ®; is a representation of 
G. Show that it is irreducible if and only if is irreducible. 

6921. Let ® be a complex representation of a finite group G. Prove that each 
operator }, (g € G) is diagonalizable. 


6922. Let p : G —» GL(V) be a finite-dimensional representation of a group 
G over a field F. Prove that for any g € G there exists a basis of V in which the 
matrix o(g) is block-upper-triangular 


61(g) my 
p(g) = ( ve, }, 
] 


0 Pm(8) 
where 9; are irreducible representations of G. 
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6923. Let p : G — GL(V) be a finite-dimensional representation of a group 
G and let (e1,..., @,) be a basis of V such that for any g € G the matrix p(g) is 
block-upper-triangular as in Exercise 6922, where the size d; of the square matrix 
pi (g) does not depend on g. Prove that 


a) the linear span V; of the vectors eg, 4.4) ;41)+++s @dj4--+d, IS a 
G-invariant subspace (1 <i < m); 


b) amapping g +> :¢;(g) is a matrix representation of G; 


c) the linear representation of G corresponding to this matrix representation 
is isomorphic to the representation appearing in the factorspace V; / Vi-y 
(by definition Vo = 0). 


6924. Let p : G — GL(V) be a representation of a group G. Prove that 


a) for any v € V the linear span (p(g)v | g € G) is an invariant subspace 
for 9; 


b) any vector of V belongs to some invariant subspace of dimension < |G]; 


¢) the minimal invariant subspace containing a vector v € V coincides with 
(o(g)u | g € G). 


6925. Let p : G — GL(V) be a representation of a group G and let H be a 
subgroup of G,[G : H] =k < oo. Prove that if a subspace U is invariant under 
the restriction of p to H then the dimension of the minimal subspace containing 
U invariant under the representation p, does not exceed k - dim U. 

6926. Let V be a vector space over the field C with a basis (¢1,..., @n). Define 
in V the representation ® of a cyclic group (a), by setting (a)(e;) = e+, if 
i < n and ®(a)(e,) = e;. Let n = 2m. Find the dimension of the minimal 
invariant subspace which contains the vectors: 


a) e1+em4i; 

b) ey te3t +++ am—1; 
Cc) e€1 —€2 +¢3—---— e€2m; 
d) ey tezt-+:+em. 


6927. Prove that any set of commuting operators on a finite-dimensional 
complex vector space has a common eigenvector. 


6928. Prove that any irreducible representation of an abelian group in a finite- 
dimensional vector space over the field C is one-dimensional. 


6929. Let G = (a)p x {b)p, where p is a prime and K is a field of characteristic 
p. Assume that V is a vector space over K with a basis x9, X1,.-. 4m) Vis +--+) Yn 
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Define a mapping p : G > GL(V) by setting 


p(a)x; = p(b)xij=xj, OSis<n, p@)y=xtyi, Lsisn, 
p(b)yi = Yi + Xi-1, lsicsn. 
Prove that p can be extended to a representation of G. Check whether this 
representation is indecomposable. 


6930. Prove that irreducible complex representations of the group Up are 
in one-to-one correspondence with sequences (a,) of natural numbers such that 
0 <a, < p” — 1 and a, = any1 (mod p”) forall n. 


6931. Prove that irreducible complex representations of the group Q/Z are 
in one-to-one correspondence with sequences of natural numbers (a,) such that 
0 <a, <n —1land a, =am (mod n), if n divides m. 


70 Representations of finite groups 


7001. Let A and B be two commuting operators on a finite-dimensional vector 
space V over C and let A” = B" = € for some natural numbers m and n. Prove 
that V is a direct sum of one-dimensional subspaces which are invariant under A 
and B. 


7002. List all irreducible complex representations of the groups: 

a) (a)2; b) (a)a; c) (a)2 x (b)2; d) (2)6; 

e) (a)s; f) (a)4 x (b)2; 8) (a)2 x (b)2 x (c)2;_—h) (a)e x (b)3; 
i) (a)9 x (b)27- 

7003. Let V be a vector space over a field F, A € GL(V) and A” = €. 


a) Prove that the correspondence a* +» AF induces a representation of the 
cyclic group (a), in V. 


b) Find all invariant subspaces of this representation in the cases: 


01 0 -1 
n=4, A= (J a) and n= 6, A=({ =) 


c) Let F =C and eg, €},..., €,—1 be a basis of V such that 
itt, ifi<n-—1 
A(ei) = 
(¢i) i ifi=n—1, 
Decompose this representation into the direct sum of irreducible repre- 
sentations. 
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d) - Prove that the representation from c) is isomorphic to the regular repre- 
sentation of the group (a),. 


7004, Decompose the regular representation of the groups: 
a) (a)2 x (b)2; b) (a)2 x (b)3; c) (a)2 x (b)4 


into the direct sum of one-dimensional representations. 


7005. Let H = (a)3 be a cyclic subgroup of a group G. Let ® be the regular 
representation of G and let W be its restriction to H. Find the multiplicities of each 
irreducible representation of H in the decomposition of W into the direct sum of 
irreducible representations: 


a) G=(b)6, a=b*; b) G=S3, a=(l,2,3). 


7006. Find all nonisomorphic one-dimensional real representations of the 
group (@)n. 

7007. Prove that the dimension of an irreducible real representation of a cyclic 
group is at most two. 


7008. Let py : (2), —> GL2(R) be a representation for which 


Prove that 
a) the representation , is irreducible if k # n/2; 


b) the representations px and py are equivalent if and only if either k = k’ 
ork+k’ =n; 


c) any two-dimensional real irreducible representation of (a), is equivalent 
to pg for some k. 


7009. Find the number of nonequivalent irreducible real representations: 
a) of the group Z,; 
b) of all abelian groups of order 8. 


7010. Find the number of nonequivalent two-dimensional complex representa- 
tions of the groups: 


a) Zz, b) Za, c) Zo @Z2. 
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7011. Let G be an abelian group of order n. Prove that the number of non- 
equivalent k-dimensional complex representations of G is equal to the coefficient 
at ¢* of the series (1 — t)~". Find this coefficient. 

7012. Prove that the kernel of any one-dimensional representation of a group 
G contains the commutant of G. 

7013. Let p be a representation of a group G in a space V. Suppose that there 
exists a basis in which all operators p(g) (g € G) are diagonalizable. Prove that 
Kerp DG’. 

7014. Prove that all irreducible complex representations of a finite group are 
one-dimensional if and only if the group is commutative. 

7015. Find all nonisomorphic one-dimensional complex representations of the 
groups S3 and Ay. 

7016. Find all one-dimensional complex representations of the groups S,, 
and D,. 

7017. Construct an irreducible two-dimensional complex representation of the 
group S3. 

7018. Using the homomorphism of the group S, onto the group S3 construct 
an irreducible two-dimensional complex representation of S4. 

7019. Using the isomorphism of groups of permutations and groups of symme- 
tries of a cube and of a tetrahedron (see Exercise 5713), construct: 

a) two irreducible three-dimensional matrix complex representations of S4; 
b) an irreducible three-dimensional representation of Aq. 


7020. Prove that if € is a root of 1 of order n then the mapping 


nag. | € 0 Pe 0 1 
oO gts 1 0 
can be extended to a representation p, of the group D,,. Is it irreducible if ¢ 4 +1? 


7021. Let p, and p,: be irreducible two-dimensional complex representations 
of the groups D,, from Exercise 7020. Prove that p, and p,: are isomorphic if and 
only if e’ = e*!, 

7022. Let p be an irreducible complex representation of the group D,,. Prove 
that p is isomorphic to p, for some e. 

7023. Let p be the natural two-dimensional real representation of D, by 
symmetries of a regular n-gon. Find € such that p is isomorphic to pe. 

7024. Using the realization of quaternions by complex matrices of size 2 
(see Exercise 5809c) construct a two-dimensional complex representation of the 
group Qs. 
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7025. Let a group G have an exact reducible two-dimensional representation. 
Prove that 


a) the commutant of the group G’ is abelian; 


b) if G is finite and the ground field has a characteristic zero then G is 
commutative. 


7026. Prove that an exact two-dimensional complex representation of a finite 
noncommutative group is irreducible. 

7027. Let G be a finite group and let p be a finite-dimensional complex 
representation of G such that matrices of all operators p(g) (g € G) in some 
basis are upper-triangular. Prove that Ker(p) > G’. 

7028. Prove that if the ground field in Exercises 6922 and 6923 is the field of 
complex numbers and the group G is finite, then the representation p is equivalent 
to the direct sum of representations p1,..., Om- 

7029. Prove that if the ground field in Exercise 6922 is the field of complex 
numbers and the group G is finite, then there exists a nonsingular matrix C such 
that for all g € G 


p1(g) 0 \ 
C7'p(g)C = 
0 Pm(g)/ 
7030. Let G be a finite group of order n and p be its regular representation. 
Prove that ‘ ze 
b 8 , 
tre(g) = 

n, g=l. 


7031. Prove that for any nonidentical element of a finite group there exists 
an irreducible complex representation which maps this element to a nonidentical 
operator. 


7032. Let A, B be linear operators on a finite-dimensional vector space V over 
a field F of characteristic zero and let A? = B? = £, AB = BA’. 

Prove that for any subspace U invariant under A and 8 there exists a subspace 
W invariant under A, B such that V = U @ W. 

7033. Find all nonequivalent two-dimensional complex representations of the 
groups a) Ay, b) S3. 

7034. Find the number and dimensions of irreducible complex representations 
of the groups: 


a) $3; b) Ag; c) S4; d) Qs; e) Dn; f) As. 
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7035. How many irreducible components are contained by the regular repre- 
sentation of the following groups: 


a) Zs; b) Ss; c) Qs; d) A4? 


7036. Prove with the help of representation theory that a group of order 24 can 
not coincide with its commutant. 


7037. Is it possible that a finite group has irreducible complex representations 
only of the following dimensions: 


a) three one-dimensional and four two-dimensional; 
b) two one-dimensional and two five-dimensional; 


c) five one-dimensional and one five-dimensional? 


7038. Prove that the group GL2(C) has no subgroups isomorphic to S4. 


7039. Prove that any 8-dimensional complex representation of the group S4 
contains a two-dimensional invariant subspace. 

7040. Prove that any 5-dimensional representation of the group Ay contains an 
one-dimensional invariant subspace. 

7041. Prove that the number of irreducible representations of a group G is 
greater than the number of irreducible representations of any of its factorgroups 
by a nontrivial normal subgroup. 

7042. For what finite groups does the regular representation over the field C 
contain finitely many subrepresentations? 

7043. Prove that any irreducible representation of a finite p-group over a field 
of characteristic p is identical. 

7044, Let G be a finite p-group and p be its representation in a finite- 
dimensional space V over a field of characteristic p. Prove that there exists a basis 
of V such that for any g € G the matrix of the operator p(g) is upper-unitriangular. 

7045. Let H be anormal subgroup of a finite group G. Prove that the dimension 
of any irreducible representation of G over a field F does not exceed [G : H]m, 
where m is the greatest dimension of irreducible representations of H over F. 

7046. Prove that in GL,(C) there exist only finitely many nonconjugate 
subgroups of a fixed finite order. 

7047. Let p : G -—» GL3(R) be an irreducible three-dimensional real 
representation of a finite group G and let a representation 6 : G -» GL3(C) be the 
composition of the mapping p with the standard embedding GL3(R) —- GL3(C). 
Prove that the representation is irreducible. 

7048. Prove that any irreducible complex representation of a group of order p® 
of dimension at least two is exact. 
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7049. Find the number and dimensions of irreducible complex representations 
of a noncommutative group of order p>. 


7050. Decompose the real representation ® of the cyclic group (a) of order 4 
for which 
00 -!l 
(a) = (0 1 0) 
leds. B 


into a direct sum of irreducible representations. 
7051. Consider the real three-dimensional representation of the group 


G = (a)2 x (b)2, 


where 


5 -4 0\ 
9@=(6 5 0). (b) = —E. 
0 01 


Decompose ® into a direct sum of irreducible representations. 


7052. Consider the two-dimensional complex representation ® of the group 
G = (a)2 x (b)2, where 


oa =(9 i ow =(f ar: 


Decompose ® into a direct sum of irreducible representations. 


71 Group algebras and their modules 


7101. Find out if the algebra of quaternions is a real group algebra: 
a) of the group of quaternions; 
b) of some group? 
7102. Let V be a vector space over a field F with a basis (e1, €2, €3), 


g : F[S3] — EndV be a homomorphism where y(c)(e;) = ea for alla € S3 
(i = 1, 2, 3). Find the dimensions of the kernel and of the image of 9. 


7103. Find a basis of the kernel of the homomorphism g: C((a),) + C such 
that g(a) = e, where ¢ is a root of 1 of order n. 


7104. Let a group H be isomorphic to a factorgroup of a group G. Prove that 
F[H] is isomorphic to a factoralgebra of the algebra F[G]. 
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7105. Let G = G, x G2. Prove that F[G] ~ F[G,] @ F[G2]. 
7106. Let G be a finite group and R be a set of mappings from G to a field F. 
Put in R 


(afi + Bf2)(g) = afi(g) + Bfo(g), 
(fi fea) = D> file) fala"), 


heG 


where fi, f2 € R. Prove that R is an algebra over F and the mapping f t> 
Lec F(g)g from R to F[G] is an algebra isomorphism. 

7107. Prove that if a group G contains elements of finite order then the group 
algebra F[G] has zero divisors. 

7108. Prove that any irreducible F[G]-module is isomorphic to a factormodule 
of the regular F{G]-module. 


7109. Find all commutative two-sided ideals of the group algebra C[G] where 
a) G=S;; b) G=Qs; c) G=Ds. 


7110. Find all elements x of the group algebra F[G] such that xg = x for 
alg €G. 


7111. Find a basis of the center of the group algebra for the groups: 
a) Ss; b) Qs; c) Ay. 


7112. Prove that the group algebra A of a free abelian group of rank r has no 
zero divisors. Show that the field of fractions for A is isomorphic to the field of 
rational fractions in r variables. 


7113. Let A be a ring and A-module V have a decomposition V = U @ W 
where U is an irreducible module and W has no submodules isomorphic to U. 
Prove that if a is an automorphism of V then a(U) = U. 


7114. Let A be a ring and let A-module V have a direct decomposition 
V=U@W.Let gy: U — W bea homomorphism of A-modules. Prove that 
U; = (x+¢(x) | x € U) is A-submodule of V isomorphic to U and V = U, @W. 


7115. Let A be a semisimple finite-dimensional algebra over C. Suppose 
that A-module V is a direct sum of nonisomorphic irreducible A-modules V = 
Vi ® --- @ Vy. Find the group of automorphisms of the module V. 


7116. Let A be a semisimple finite-dimensional algebra over C. Suppose that 
A-module V is a direct sum of two isomorphic irreducible A-modules. Prove that 
the group of automorphisms of A-module V is isomorphic to GL2(C). 


Elements of representation theory 301 


7117. Let A be a semisimple finite-dimensional algebra over C and let V be 
A-module finite dimensional over C. Prove that V has finitely many A-submodules 
if and only if V is a direct sum of nonisomorphic irreducible A-modules. 

7118. Let G be a finite group and F be a field of characteristic zero, Consider 
the group algebra A = F[G] as a left module over A. Let U be a submodule of A. 
Prove that for any A-module homomorphism g : U — A there exists an element 
a € Asuch that g(u) = ua for allu € U. 

7119, For what finite groups is the complex group algebra simple? 

7120. Let A = F(G] (F is a field) where G is a finite group of order n > 1. 
Put 


e=(n-1 Dog, eg =1-e4 
géG 


for n-1 4 0. Prove that Ae; and Ae? are proper two-sided ideals and A = 
Ae) ® Ae. 


7121. Prove that the equality 


xy=f(x,y)-1+ )> ag: (ag € F) 
geG\l 


defines a symmetric bilinear function f on the group algebra FG] and the kernel 
of f is a two-sided ideal. 

7122, Let G be a finite group and f be the bilinear function on R(G] from 
Exercise 7121. Prove that f is nondegenerate. Find the signature of f for the 
groups: 


a) Z2; b) Zs; c) Za; d) Z.@Zp. 


7123. Let H be a subgroup of a group G and w(H) be the minimal left ideal 
of F[G] containing {h — 1 | h € H}. Prove that if H is a normal subgroup then 
the ideal w(H) is two-sided. 

7124. Decompose the group algebras of the group (a)3 over the fields of real 
and complex numbers into direct sums of fields. 


7125. Prove that Q[(a)p] (p is a prime) is a direct sum of two two-sided ideals, 
one of which is isomorphic to Q and the other isomorphic to Q(e) where é is a 
primitive root of 1 of order p. 


7126. Let G be a finite group and charF not divide |G|. Let J be an ideal in 
F[(G]. Prove that J? = I. 


7127, Find the idempotents and minimal ideals of the rings: 


a) F3{(a)2); b) Fal(a)al; c) C{(a)2]; d) R{(a)3). 
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7128. Let G be a finite group. Prove that for any a € C[G] the equationa = axa 
is solvable in C[G]. 


7129. How many two-sided ideals are there in the algebras: 
a) C[Ss); b) C[Qs]? 


7130, For what finite groups G is the group algebra C[G]J a direct sum of 
n = 1, 2,3 matrix algebras? 

7131. Let G be a group and A be an algebra with unity over a field F. Suppose 
that g : G — A* is a group homomorphism. Prove that there exists a unique 
algebra homomorphism F[G] — A whose restriction to G coincides with g. 


7132. Prove that if char F does not divide the order of a finite group G then any 
two-sided ideal of the group algebra F[G} is a ring with unity. Is this statement 
valid for an arbitrary algebra with unity? 


7133. Let F be a field of characteristic p > 0 where p divides the order of a 
finite group G and u = Dec g € F[G]. Prove that F[G]u is a submodule of the 
left regular module and it is not a direct summand of F[G]. 


7134. Let G = (a), and F bea field of characteristic p. Let b : G + GLy(F), 
where 
fee eed 
ee =(3 7) 


is a representation of G. Find F[G]-submodule U of the regular representation 
V = F[G] such that the representation of G in V/U is isomorphic to ®. For 
which p is the representation © isomorphic to the regular one? 
7135. Prove that the algebra F2{(a)2) is not a direct sum of minimal left ideals. 
7136. Let H be a p-group which is a normal subgroup of a finite group G and 
let F be a field of characteristic p. 


a) Prove that the ideal w(H) (see Exercise 7123) is nilpotent. 
b) Find the index of nilpotency of w(H) if G = (a)2, H = (a)2 and F = F. 


7137. Prove that all ideals of the group algebra of the infinite cyclic group are 
principal. 

7138. Prove that a cyclic module over the algebra F[(a)o9] is either finite- 
dimensional over F or isomorphic to the left regular F[(a)o.]-module. 

7139. Let A = C[(g)oo] and P = Ax; @ Ax2 be a free A-module with a 
basis (x;, x2). Suppose that H is a submodule of P generated by elements 4), h2. 
Decompose P/H into a direct sum of cyclic A-modules and find their dimensions, 
if 
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a) Ay = gx, +22, ho = x1 — (g + 1)x2; 
b) hy = g2x1 +8772, hz = g*x, + (1 —g)x2; 
c) hy = gx +2g7!x2, ho = (1+g)x1 + 2(g7? + g7!)x2. 


7140, Let A, B be the linear operators on V = F[x], A(f(x)) = f'(x), 
B(f(x)) = xf (x). Prove that the mapping g : g +» AB can be extended to a 
homomorphism F[(g)oo] — EndV. Find Kerg. 


7141. Let M be a maximal ideal of the algebra A = F[(a)o.] andr = 
dimr(A/M). Prove that 


a) if F =Cthenr =1; 
b) if F =Rtheneitherr = 1 orr = 2; 
c) if F =F» thenr cannot be bounded. 
7142. Prove that the group algebra of a free abelian group of finite rank is 
Noetherian. 


7143. Prove that the group algebra of a free abelian group of finite rank is a 
unique factorization domain. 


7144, Find, in the group algebra A = C[G] of the free abelian group G with a 
basis (g1, 22), the prime factorization of the elements: 


a) gig2+8) 8) 
b 1 -1 Eo —1 _ 3-252 
) +8, 82 — 8182 8; 83- 


7145. Let G be the free abelian group with a basis (g1, g2). Find the factor- 
algebra of the group algebra A = F[G] by the ideal / generated by the elements: 


a) gig7's 
b) 81 — 82; 
c) gi — land g2 ~2. 


7146, Prove that if G is a finite group and the group algebra C[G] has no 
nilpotent elements then G is commutative. 

7147. Let H be a normal subgroup of a group G and V be some F[G]-module. 
Denote by (H — 1)V the linear span of the elements (hk —1)v whereh € H,v eV. 
Prove that 


a) (H —1)V isan F[G}-submodule of V; 


b) if H is a Sylow (normal) p-subgroup of G and charF = p and 
(H —1)V = V, then V = 0. 
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7148. Prove that the complex group algebras of the groups D4 and Qs are 
isomorphic. 

7149, Find the number of nonisomorphic complex group algebras of dimen- 
sion 12. 

7150. Prove that the number of summands in the decomposition of the group 
algebra of the symmetric group S, over the field C in a direct sum of matrix 
algebras is equal to the number of representations n = n, +n2+----+ mx, where 
ny >m2>--->ny > 0. 


72 Characters of representations 


7201. Let an element g of a group G have order k and x be an n-dimensional 
character of G. Prove that x(g) is a sum of n (not necessarily distinct) roots of 1 
of order k. 

7202. Let ® be a three-dimensional complex representation of the group (a)3 
and xo@(g) = O for some g € Zs. Prove that ® is equivalent to the regular 
representation. 

7203. Let x be a two-dimensional complex character of the group G = 
(a)3 x (b)3. Prove that x(g) # 0 for all g € G. 

7204, Let x be a two-dimensional complex character of a group of odd order. 
Prove that x(g) # 0 for all g € G. 

7205. Let © be an n-dimensional complex representation of a finite group G. 
Prove that xp(g) = n if and only if g belongs to the kemel of ®. 


7206. Let A be the additive group of the n-dimensional vector space V over 
the field F, and x be an irreducible nontrivial complex character of A. Prove that 
{a € A| x(@) = 1) is an (nm — 1)-dimensional subspace of V. 


7207. Let x be acomplex character of a finite group G and let m = max{|x (g)| | 
g € G}. Prove that 


H={g¢eG|x(g)=m} and K ={geG|\|x(e)| =m) 


are normal subgroups of G. 


7208. Prove that a two-dimensional complex character x of the group S3 is 
irreducible if and only if x ((123)) = —1. 


7209. Let x be a two-dimensional complex character of a finite group G and 
g € G’. Prove that if x(g) 4 2 then x is irreducible. 


1 
7210. Find the ‘mean value’ il Dad x(g) of an irreducible character of a 


non-unit finite group G. 
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7211. Prove that for any element g of a non-unit finite group G there exists a 
nontrivial irreducible complex character x of G such that x(g) # 0. 


7212. Prove that a mapping of a group G into C is a one-dimensional character 
of G if and only if this mapping is a homomorphism of G into the group C*. 


7213. Prove that a central function which is equal to a product of two one- 
dimensional characters of a group G is a one-dimensional character of G. 


7214. Prove that the operation of multiplication of functions induces on a set 
of one-dimensional characters of a group G a structure of an abelian group G, the 
dual group of G. 


7215. Prove that for a finite cyclic group A, the group Aisa finite cyclic group 
of the same order. 


7216. Let a finite abelian group A have a direct decomposition A = A; x A2 
and let a; € A,, @2 € Az. Prove that the mapping A > C* sending (aj, a2) to 
a1 (a) - @2(a2) is a one-dimensional character of A and that A ~ A, x A2. 


7217. Let B be a subgroup of a finite abelian group A and let B° = {a € A | 
a(b) = 1 for all b € B). Prove that 


a) B® is a subgroup of A and every subgroup of A coincides with B° for 
some B; 


b) B~ A/B°; 
c) By, C Bp if and only if B? > B9; 
d) (Bi B2)° = BY - B); 
e) (Bi B2)° = B9n Be. 
7218. Let © be a homomorphism of a group G into GL, (C). Prove that 
a) the mapping ®*: gtr ((g~!))! is a representation of G; 
b) xo(s) = Xo+(g) for all g EG; 


c) the representations © and ®* are equivalent if and only if the character 
x is real-valued. 


7219. Let be an irreducible complex representation of a group S, and let 
©'(a) = ®(c)sgno (a e S,). Prove that ®’ is a representation of S,, and the 
following statements are equivalent: 


a) @~9’; 
b) the restriction of ® to A, is reducible; 


Cc) x(a) = 0 for any odd permutation o € S,,. 
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7220. In Exercise 5809 the group of matrices from M2(C) isomorphic to 
the group of quaternions Qg was given. Prove that the induced two-dimensional 
representation of Qs is irreducible. Find its character. 


7221. Find the character of the representation of the group S,, in the space with 
basis (€],...,€”) where 


O(o)ei = ecg) for o € Sy. 


7222. Find the character of the two-dimensional representation of the group D, 
induced by the isomorphism of D,, with the group of symmetries of a fixed regular 
n-gon. 

7223. Find the character of the three-dimensional representation of the group 
S4 induced by the isomorphism of S4 with the group of symmetries of a fixed 
regular tetrahedron. 


7224. Find the character of the representation of the group S4 induced by the 
isomorphism of S4 with the group of rotations of the cube. 


7225. Compose the table of irreducible characters of the groups: 
a) (a)2; b) (a)3;  c) (a)4; dd) (a)2 x (b)2; €) (a)2 x (b)2 x (e)2. 


7226. Compose the table of characters of one-dimensional representations and 
calculate the groups of one-dimensional characters (Exercise 7214) for the groups: 


a) S3; b) Aq; c) Qs; d) S,; e) Dn. 
7227. Find the absolute value of the determinant of the matrix whose rows 


coincide with rows of the table of irreducible characters of an abelian group of 
order nt. 


7228. Compose the table of irreducible characters of the groups: 

a) $3; b) Sa; c) Qs; d) Ds; e) Ds; f) Ag. 

7229, Find out whether the character of a representation of some group of order 
8 can take the values (1, —1, 2,0, 0, —2, 0, 0). 

7230. Decompose the central function 


(1, -1, i, ~i, j, —j, k, -k) + (5, —3, 0,0, —1, —1, 0, 0) 


on Qs with respect to the basis of irreducible characters. Is this function a character 
of some representation? 
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7231. Determine which of the central functions on S3, 


Si : (e, (12), (13), (23), (123), (132)) +> (6, —4, —4, —4, 0, 0), 
fa : (e, (12), (13), (23), (123), (132)) La (6, —4, —4, —4, 3, 3), 


are characters. Find the corresponding representation. 


7232. Let A be the additive group of a finite-dimensional vector space V over 
the field F, and let W be a nontrivial irreducible (complex) character of the additive 
group of F,. 


a) Prove that any irreducible character x of A is of the form x (a) = W(l(a)) 
for some linear function / € V*. 


b) Establish an isomorphism between the dual group A (see Exercise 7214) 
and the additive group of the space V*. 


c) Construct an isomorphism between A and A. 


7233. Assume that f in the hypothesis of the previous exercise is a complex- 
valued function on A. Define the function f on A by setting 


*_ S flayx(@) =(f. 00 


~ Val Sx 
for x € A. 
a) Prove that “4 
f=) fm-x. 
xeA 
b) Prove that 


fax = >> f@MR@™"'- x). 


geA 


c) Compare the function f on A and f on A using the isomorphism from 
Exercise 7232c. 


7234. Let A be the additive group of the field F,. Consider the function f on 


A where 
0, ifa =0, 


f@={1, ifa=x? for some x € F5, 
—1, inthe other cases. 


Prove that if x is an irreducible complex character of A then |(f, x)al = p72. 
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7235. Let G be a finite group and H be a subgroup. Prove that a central function 
on H which is the restriction to H of a character of G is a character of H. 


7236. Let ® be a matrix of an n-dimensional representation of a group G. 
Construct a representation W of G in the space of square matrices of size n by 
setting 
for A € M,(K). Express xw in terms of xo. 

7237. Find the irreducible components of the representations W from Exercise 
7236 and find their multiplicities if 

a) @ is a two-dimensional irreducible representation of S3; 
b) © is the representation from Exercise 7223; 


c) © is the two-dimensional representation of Qs from Exercise 7220. 


7238. Let ® be a matrix n-dimensional representation of a group G. Construct 
the representation VY of G in the space of square matrices M,,(K) by setting 


W,(A) = 0, A. 


Express xy in terms of xq. 

7239, Let p : G — GL(V) be the regular complex representation of a group 
G = (a),. Find the multiplicity of the identity representation of G as an irreducible 
constituent of p®” (see Exercise 6919). 

7240. Let p be a two-dimensional irreducible complex representation of the 
group S3. Decompose p®? and ®3 into a direct sum of irreducible representations. 

7241. Let p : G ++ GL(V) be the complex regular representation of the 
group G = (a),. Find the multiplicity of the identity representation of G as 
an irreducible constituent of the representation induced on the space of skew- 
symmetric m-contravariant tensors on V (see Exercise 6919). 


* ok 


72A2. Let x be a character of a group G and f be the central function on G, 
i 
f(a) = 5(x(8)” — x@@")). 


Prove that f is a character of G. 


7243. Let © be a representation of the group G = S3 in a space C(G) of all 
complex-valued functions on G: 


(95 f)(x) = f(a—'x) Uf € C(G), x € G,o €G) 
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and let fo € C(G). Denote by Vo the linear span of all elements Po fo where 
o € G. Find the character of the restriction ® to Vo if 


a) fo(o) = sgno; 


1, ifo € {e, (12)}, 
b) fol) = ae 
c) foto) =| ao E16, (123 )132)}, 
0, otherwise; 


1, ifo e€ {e, (13), (23)}, 
®) foto) = | -1, if € {(12), (123), (132)}. 


7244, Let © be a complex representation of a finite group G in a space V and ¥ 
be a representation of G in a space W. Denote by T(®, W) the space of all linear 
mappings S from V to W such that So ®, = W, o S for all g € G. Prove that 


dim T(®, VW) = (xe, xv)e- 


73 Initial information on representations of continuous groups 


All representations considered in this section are assumed finite-dimensional if the 
opposite is not explicitly stated. 


* * * 


7301. Let F be either the field R or the field C. Prove that 


a) for any matrix A € M,(F) the mapping Py : t + e4 (t € F)isa 
differentiable matrix representation of the additive group of F; 


b) any differentiable matrix representation P of the additive group of F has 
the form P,4 where A = P’(0); 


c) representations P4 and Pg are equivalent if and only if the matrices A 
and B are similar. 


7302. Prove that P is a matrix representation of the additive group of the field 
R. and find a matrix A such that P = Py, (see Exercise 7301) if 


: cosht sinh \ . 


cost —sint 
a) Pa =( ): » Pay = (co cosht }’ 


sint cost 
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0 pO=(5 3): a PH=(§ oi 


e) Po=(4 ‘a f) po=(5 prea: 


7303. Which of the matrix representations of the group R from Exercise 7302 
are equivalent? 


7304, In what case are the representations P4 and P_, equivalent if F = C? 
7305. Find all differentiable complex matrix representations of the groups: 


a) Ri; 
b) R*; 
c) C*; 


d) U (in this case we suppose that the representation is differentiable with 
respect to the argument of a complex number z). 


7306. Can any complex linear representation of the group Z be obtained by 
restriction to Z of some representation of the group C? 


7307. Find all subspaces of the space C” invariant under the matrix represen- 
tation P,4 (see Exercise 7301) in the case when the characteristic polynomial of A 
has no multiple roots. 


7308. Prove that the matrix representation P4 (see Exercise 7301) is completely 
reducible if and only if the matrix A is diagonalizable. 


7309. Let R,, be the space of homogeneous polynomials of degree n in x and y 
with complex coefficients. Put 


(On(A) f(x, y) = flax + cy, bx + dy). 
forA =(° y 
subgroup SU2(C) is irreducible. 


7310. Let G = GL2(C). A complex function on G is called polynomial if it is 
a polynomial in matrix entries. 


€ SL2(C) and f € Ry. Prove that the restriction of @, to the 


a) Let t(A) = trA and d(A) = det A. Prove that t and d are central 
polynomial functions on G. 


b) Prove that any central polynomial function on G is a polynomial in t¢ 
and d. 
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c) Let A = (a,j) € G and R = C[x, y]. Denote by (A) the homomor- 
phism R — R for which 


W(A) ix b> aux tary, 
WA): yb ax + ary. 


Prove that W is a representation of G in the space R and subspaces of 
homogeneous polynomials of degree n are invariant under ©. 


d) Prove that the restriction of YW(A) to the subspace R, for A € SL2(C) 
coincides with the operator ®, (A) from Exercise 7309. 


e) Let x, be the character of the restriction V|r,. Prove that xn = tXn—-1 — 
dXn-2- 
7311. Let H be the space of all complex matrices X = z ™ )/ with the 


structure of 4-dimensional Euclidean space (X, X) = det X, and let Hp = {X € 
HjtrX = 0}. Prove that 


a) the mapping P : SU2 — GL(Hb), defined by the formula P(A) : X > 
AX A“, is a (real) linear representation of SU2 such that KerP = +E 
and Im P consists of all proper orthogonal transformations of Hp; 


b) the mapping R : SU2 x SU2 — GL(H), defined by the formula 
R(A, B) : X + AXB™!, is a (real) linear representation of SU2 x SU2 
such that KerR = {(E, E), (—E, —E)} and Im R consists of all proper 
orthogonal transformations of Hp; 


c) the complexification of the linear representation P is isomorphic to the 
restriction of the representation 2 of SL2 from Exercise 7309 to SU2. 


7312. Let G be a topological connected solvable group and p be a continuous 
homomorphism from G to the group of nonsingular linear operators on a finite- 
dimensional complex space V. Prove that 


a) there exists in V a nonzero common eigenvector for all operators p(g), 


geéG; 
b) there exists a basis e),..., e, of V such that all matrices p(g), g € G in 
this basis are upper-triangular. 


7313. Let F be an algebraically closed field and G be a solvable group of non- 
singular linear operators on a finite-dimensional vector space V over F’. Prove that 
there exists a basis e),..., €, of V and anormal subgroup N of G of a finite index 
(depending only on n) such that N consists of upper-triangular matrices. 
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Answers and hints 


103. Hint. Make use of induction on | Uj_, Ail- 
104. Hint. Induction on n. 


105. 22". Hint. Let X 1,-++,Xp, be the given subsets and let X? denote either 
X; or X;. Then any subset formed of {X;} can be written in the form 


(er nnstenes(Xq! XQ? N+ + XFr), 


where ¢€ is a subset of the set of all sequences (€),..., &,). Let X be the set of 
all subsets consisting of n elements. Construct n subsets X; of X such that any 
element of X can be presented in the form Xj! - ++ X;". 


202. Hint. Represent X in the form (Y UA)U(X \(Y UA)) where A is countable 
and ANY = @, X\¥ inthe form AU(X \(¥ UA)) and use a bijection YUA > A. 


204, 2". 
205. a) |Y*} =n". 
b) a(n—1)...2—m+)). 
c) nlifm=nandOifm £n. 
d) n™—n(n—1)™+---+(-1)' (7) —i)™ +--+ (-1)"71(,",). Hint. Apply 
Exercise 103. 
206. n(n — 1)...(n —m+1)/m!. 
207. 28-1, 
209. n!/(my!...mxt). 
211. h), i), j). Hint. Induction on 7. 
212. Hint. Induction on m. 
213. (" en i} 
k-1 
Hint. Establish a bijection between the set of the given partitions and the set of 
combinations of n + k — 1 things k — 1 at a time. Apply Exercise 103. 
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302. a) (153)(247). 
b) (1362)(47). 
c) (1362745). 
d) (1472365). 
e) (12)(34)...(2n — 1, 2x). 
f) (lna+1)(2n+2)...(@ Qn). 
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304. a) (1642573). 
b) (26537). 


305. a) 5. 
b) 8. 
c) 13. 
d) 14. 
n(n — 1) 
a ane 
n(n + 1) 
- 
g) (n—-—kjk-1). 
h) (k-l))(n—-k) + 


306. a) —1. 
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307. a), b) —1 if k is even. 
ce) 1. 
d) 1ifk is even. 
e) lifp+q+rt+ts is even. 


308. (3) —k. 


1 2 gosts Nh 
309. (7 n-1 ... i): 
b) k-1. 
c) n—k. 


310. Hinr. If the pair of numbers is distinct from the pairs (¢, +1) and (¢+1, q) 
then it forms an inversion in both sequences simultaneously. 


311. Hint. Apply Exercise 310. 
312. Hint. Show that if 0 = (ij, ..., i,) then nGn-! = (m(i}),..., ©(ig))- 


313. If i, j occur in disjoint cycles then these cycles are merged into one; if i, 
j occur in one cycle then it is factorized into two cycles and other cycles do not 
change; the decrement increases or decreases by 1. 


317. Hint. If g is another polynomial of the same type (for another choice of 
binomials) then of /og = f/g; then make use of [];,. ;(xj — xi). 


318. Hint. a) If the graph is connected then the transpositions (12), ..., (1m) 
have the presentation mentioned; if the graph is disconnected then only the cycles 
which are contained in one of the connected components have that presentation. 


b) Make use of statement a). 


319. Hint. Consider a series of sequences starting with 1, 2, ..., which can be 
obtained as follows: at first 1 is located at the positions 2, 3, ..., 1, respectively; 
then 2 is located at all positions to the (m — 1)th and so on. On each step the number 


of inversions is increased by 1 and it reaches the number (5) at the last sequence 


nwn—1l,...,1. 


320. 71 (" 
: =(3). 
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Hint. Make use of Exercise 308. 

321. a) sgné = (sgno)"(sgnt)”. Hint. Put X x Y in lexicographic order and 
calculate the number of inversions. 
b) Lengths of cycles are equal to the least common multiple of (k;, lj), each of 

them occurs GC D(k;, 1) times (i = 1,...,8; f =1,...,1); 

Hint. First consider the case when a, t are cycles. Notice that the parity of & 
coincides with the parity of |X| + |Y|. 

322. c) Hint. Make use of Exercise 312. 


323. Hint. Factorize o into a product of disjoint cycles. Each cycle of length 
at least three can be interpreted as a rotation of a regular n-gon. Represent the 
rotation as a product of two symmetries. 


402. a) u(n) = 3-2" — 5. b) u(m) = (—1)"(2n — 1). 
403. Hint. Induction on n. 


b) —n?+1. 
c) 2°+2(, — 2) +6. 


rdw 2 (1-5 
105.160) = Je( >) )-3( 5) ). 


406. — 410. Hint. Induction on n. 
411. Hint. a) — e) Induction on n. 
f) Follows from e). 
g) Follows from e), f) and the Euclidean algorithm. 


412. Hint. Induction on n. 


413. Hint. If m is an integer such that rm € Z then U,(2cosrm) = 0 by 
412b. By 412b and 2801 the number 2 cos rz is integer. Since | cosrm| < 1 then 
2cosrz = 0, +1, +2. 

n(n + 1) 
2 
Hint. The addition of the nth line increases the number of areas by 7. 

501. a) n(n + 1)(2n + 1)/6; Hint. Consider the sum (0 + 1)3 + (1+1)3 +--+ + 
(n-1)+1)°. 

b) n2(n + 1)7/4. 


502. Hint. See the hint for Exercise 501. 


414, +1. 
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503. Hint. Let T be a set of pairs (o, i), where o € S,, o (i) =i; then 


yy voyt= > noo =>> >> Ne’ +1¥. 


o€S, (0,i)ET i=1 o’eS,-1 


504. Hint. Make use of Exercises 207 and 212a. 


505. Hint. Represent one of the functions as a sum of the values of the other 
one and make use of Exercise 504. 


506. Hint. Make use of Exercise 505. 

601. (1, 4, —7, 7). 

602. a) (0, 1,2, —2). 
b) (1,2,3, 4). 

603. a) Independent. b) Dependent. c) Independent. d) Independent. e) Depen- 
dent. f) Independent. 


607. a) Independent. b) Dependent. c) Independent. d) Independent. e) Depen- 
dent if k is even. f) Dependent. 


608. No. 
609. a) A = 15. 
b) A is any number. 
c) Ais any number. 
d) A# 12. 
e) There is no such A. 
610. a) (a1, 42), (a2, a3). 
b) (a1, 43), (a2, a4), (a1, a4), (a2, a3). 
c) Any two vectors form a basis. 
d) (41, 42, 44), (a2, a3, a4). 
€) (41, 42, a4), (a1, 42, as), (a2, a3, 24), (a2, a3, as). 
611. When the system is either linearly independent or when it is obtained from 
a linearly independent system by addition of zero vectors. 
612. a) (a1, a2, a4), @3 = a] — a2. 
b) (a1, a2, a3), @4 = 2a, — 3a2 + 4a3, as = a) + Saz — Sa3. 
C) (a1, 42,45), a3 = a, — a2 + 5, a4 = 3a) + 4a2 — 2as. 
d) (a1, a2), a3 = a) + 3a2, ag = 2a) — a2. 
e) (a1, a2, a3). 
f) (a1, a2), a3 = 2a) — ap; 
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8) (41,42), a3 = —a) + a2, a4 = ~Sa, + 4a. 
h) (a1, a2, a3), a4 = a) + a2 — a3. 
i) (a1, a2, a4), @3 = 2a) — a2. 
j) (a1, 42), a3 = 3a) — a2, a4 = a} — a2. 
k) (a1, a2, a3), a4 = a1 — a2 — a3. 
613. Any k — 1 different vectors form a basis. 
618. a), b) p = 3. 


701. a) 2. b) 3. d) 3. e) 3. f), g), 4 i, jf) 5S. kK) on 
if n is odd and n — 1 if n is even. 


702. a) 1ifA=1,2ifA = —land3ifA+1. 
b) 2ifaA =1, 3 if either A = 2 or A = 3 and 4 in the other cases. 
c) 2ifA =Oand3ifa £0. 
d) 2ifA =3 and3 ifa #3. 
e) 3ifA = +1, +42; 4ifA 4 +1, +2. 
f) 3if A = 0, —2, —4 and 4 in the other cases. 
g) nifA =1,2,...,n,andn +1 for the other values of A. 
h) nifA=4andn+1ifa¢ $. 
704. Hint. The system of rows of a product of matrices is a linear combination 
of the system of rows of the second factor. 


706. Hint. The system of rows of a sum of matrices is a linear combination of 
the union of systems of rows of these matrices. 


707. Hint. If, for example, the system of rows of a matrix A of rank 2 is equal 
to (a, b, aa + Bb, ya + 5b) then A is a sum of matrices with rows (a, 0, aa, ya) 
and (0, b, 0, Bb, 5b); then apply Exercise 706. 


709. 0ifr<n—2, lifr=n—landnifr=n. 
710. Hint. Apply elementary row and column transformations. 


715. Hint. Make use of the reduction to the row-echelon form by elementary 
row transformations of the type II. 


716. Hint. Induction on the number of columns. 


719. Hint. Induction on the number of rows. For the proof of uniqueness consider 
the basis of the system of columns with the least possible indices. 


801. a) x3 = (x1 — 9x2 — 2)/11, x4 = (—Sx1 + x2 + 10)/11; (0, 1, —1, 0). 
b) x3 = —4ixg, x1 = 3x2 — xg + 4; (4, 0,0, 0). 
c) The system has no solutions. 
d) x3 =1-—4x) — 3x2, x4 = 1, (1, —1,9, 1). 
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e€) x3 =6+ 10x, — 15x23 x4 = —7 — 12x) + 18x, (1, 1, 1, —1). 
f) x; =3,x2 =0,x3 = —5, x4 = 11. 
8) 1 =3,x2=2,x3=1. 
h) x3 = 13, x5 = —34, x4 = 19 — 3x) — 2x2. 
802. a) If A = 0 then the system is incompatible; if 4 4 0 then 


91-16 8 4-’A 3 


ote ae 


b) IfA #0 then the system is incompatible; if A = 0 then x; = -$(7 + 19x3 + 
7x4), 2= -4(3 + 13x; + 5x4). 


43-8. 9 
c) IfA =1 then the system is incompatible; if A # 1 then x; = Scar a 
o~ Oo © 
i 5 433 te 
Se. 


d) If\ = 8 then x2 = 4+42x; — 2x4, x3 = 3 — 2x4; if A 4 8 then x2 = 4 — 2x4, 
x3 = 3— 2x4. 
e) IfA =8 then x3 = —1, x4 = 2 — x1 — 3x9; if A A 8 then x2 = 4 — 2/3x}, 
x3=-1,x4, =0. 
f) IfA 41, —2then x, = x2 = x3 = 1/(A+2); ifA = 1 then x, = 1—x2—23; 
if A = —2 then the system is incompatible. 
g) IfA # 1,-3 then xy = x2 = x3 = x4 = 1/443); if A = 1 then 
x) = 1 — x2 — x3 — x4; if A = —3 then the system is incompatible. 
h) Ifa 40, —3, then 
2-22 2,-1 43a27-A-1 
=, OE. Sd 03 FS} 
A(A + 3) A(A + 3) A(A + 3) 
if either A = 0 or A = —3 then the system is incompatible. 
i) IfA 40, —3 then x; = 2—A2, x2 = 2A—1,x3 = A74+202-A_-1;ifA =0 
then xj = —x2 — x3; if A = —3 then x; = x2 = x3. 
803. a) (2,3, 1)”. 
b) The set of vectors of the form 


x1 


(0, 0, 2, —1) + @(13, 0, 9, —1) + B'(0, 13, —27, 3). 
c) The set of vectors of the form 


‘(2, 1, -1,0, 1) +a'(l, 0, 4, 0, -1) + B'(0, L, —8, 0, 2). 


)) In the answers the symbol ‘u denotes the vector-column obtained by transposition of a row u. 
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d) The set of vectors of the form ‘(2, —2, 3, —1) + a’ (—13, 8, —6, 7). 
e) @. 
f) The set of vectors of the form 


F(1, 2, 22/5, 8/5) + a’ (5, 0, —17, —8) + B*(0, 5, 34, 16). 


g) The set of vectors of the form 


‘(~3, 1, 3/2, —1/2, —5/2) +a'(1, 0, —2, —4, —4) + 6(0, 1, ~1, —2, —2). 


h) ‘(3,0, —5, 11). 

804. a) xy = 8x3 — 7x4, x2 = —6x3 + 5x4; ((8, —6, 1, 0), *(—7, 5, 0, 1)). 

b) The system has only the zero solution. 

c) xy = xX4 = XG, XQ = 14 — XG, X3 = x4; (*(1, 1, 1, 1,0, 0), ‘(—1, 0, 0, 0, 1, 0), 
(0, —1, 0, 0, 0, 1)). 

d) If either n = 3k orn = 3k + 1 then the system has only the zero solution; 
ifn = 3k + 2 then the general solution is equal to x3; = 0, x3j41 = —Xn, 
X3i42 = Xn G = 1,...,k); C(-1, 1,0, -1,1,0,...,0, -—1, 1)). 

805. a) (*(7, —5, 0, 2), ‘(—7, 5, 1, 0)). 

b) ((—9, 3,4, 0, 0)), ‘(—3, 1, 0, 2, 0)). 

c) The kernel consists only of the zero vector. 

d) ¢(—9, —3, 11,0, 0), ‘(3, 1, 0, 11, 0), '(~10, 4, 0, 0, 11)). 

e) (0, 1,3, 0,0), ‘(0, 0, 2, 0, 1)). 

f) ((—3, 2, 1, 0, 0), '(—5, 3, 0,0, 1)). 

806. a) x} = x2 = 1. 

b) x3 =3,x2 =-1. 

c) x, =cos(a — B), x2 = sin(a — B). 

d) ‘0, —3,6). 

e) x, =3,x2 =2,2x3 = 1. 

f) x; =3,x2 = —2, x3 =2. 

807. x? + 3x +4. 
808. x3 + 3x2 + 4x +5. 
809. —x4 — x +1. 
810. a) ‘(2, 4, 2). 
b) ‘(15, 2,4). 
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811. Hint. Deduce Cramer’s formula Ax; = A; and multiply both sides of this 
formula by an integer u such that Au + mv = 1. 

812. Hint. If d = aj; and aj, = dq +r (0 < r < |d|) then the given matrix 
can be reduced by elementary transformation to a matrix with an entry r < |d}; 
therefore all entries of the ith row and of the jth column are divisible by d and the 
matrix can be reduced to a matrix B where by; = d, bi; = by, = 0;ifbp = dq+s 
(0 < 5 < |d|), then after subtructing the second row from the first one and after 
adding the first column multiplied by q to the second one we obtain a matrix with 
an entry —s,i.e.s = 0. 


813. Hint. Make use of Exercise 812 and its proof. 


814. Hint. Apply Cramer’s theorem. The converse statement is not correct: the 
system consisting of one equation 2x = 2 is definite over the ring of integers and 
is indefinite modulo 2. 


815. Hint. The system consisting of one equation4x = 2 has no integer solutions 
but is compatible modulo any prime. 


816. a) There is a unique solution modulo p ¥ 3; x} = —1+ x2 +3 if p =3. 
b) There is a unique solution modulo p # 3; modulo 3 the system is incompatible. 
c) There is a unique solution modulo p # 2; modulo p = 2 the system is 

incompatible. 

819. Hint. Make use of the result of the previous exercise. 

823. Apply Exercises 820 — 822. 

824. a) ('(1 — 3k — 20, 2k, 1) | k, 1 € Z}. 
b) {'(k, 0, 11(2k — 1), —8(2k — 1)) | k € Z}. 


825. Hint. Make use of Exercise 819. 


826. Hint. For a column X denote by || X || the maximum of absolute values of 
its entries. Prove that ||X, — Xm{| < g||Xn-1 — Xm-uill for any natural numbers 
n,m. Deduce that the sequence X, converges to a solution of AX = b. 


901. a) —1. 

b) 0. 

c) 1. 

d) sin(a — B). 

e) 0. 

f) 0. 

g) a+b? +c7 +42. 
902. a) —8. 


b) —50. 
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c) 16. 

d) 0. 

e) 3abc — a> — B® —c?. 

f) 0. 

g) sin(6 — y) +sin(y — a) +sin(@ ~ £). 

h) —2. 

i) 0. 

j) 3iV3. 

1001. a) The product occurs with the sign plus. 

b) The product occurs with the sign minus. 

c) The product does not occur. 

1002. i = 2, j =3,k =2. 
1003. 2x4 — 5x3 +.... 
1004. a) a)1@22...Gnn- 

b) (—1)"@-PPajqaa.n-1.--Gni- 

c) abcd. 

d) abcd. 

e) 0. 

1006. 1. 
1101. a) The determinant is multiplied by (—1)". 

b) It is not changed. 

c) Itis not changed; Hint. the transformation can be replaced by two symmetries 
with respect to horizontal and vertical medians and a symmetry with respect 
to the principal diagonal. 

d) Itis not changed. 

e) Itis multiplied by (—1)"@-/2, 

1102. a) The determinant is multiplied by (—1)"~!. 

b) It is multiplied by (—1)"@-/2, 

1103. a), b) The determinant is not changed. 
c) It vanishes. 
d) The determinant of even size vanishes and of odd size doubles. 


1104. Hint. Transpose the determinant and factor out —1 from each row. 
1105. Hint. Make use, for example, of the equality 20604=2-10* + 6 - 107 + 4. 
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1106. 0. Hint. One row is equal to the half-sum of two others. 
1107. 0. 
1110. a) ajaz... dg +(aja2...An—1 +)... Gn—20n ++ + +0203... G_)x. Hint. 


Decompose the determinant into a sum of two summands according to elements 
of the last row. 


b) x" + (ay +--+ tan) x x71 
c) Dz =Oifn > 2, Dj) =1+2x1y1, D2 = (1 — x2)01 — ye). 
d) Oifn > 1. Hint. Decompose the determinant into a sum of determinants 
according to elements of each column. 
©) 1+ Yi G@ +51) + Dy <icecn (Gi — 2k) x (bg — bj). Hint. Decompose the 
determinant into a sum of two determinants according to elements of the first 
row. 
f) L+xpy1 +--+: +Xnyn- 
1201. 8a + 15b + 12c ~ 19d. 
1202. 2a — 8b +c + 5d. 


1203. a) x" + (—1)"+1y*. Hint. Decompose the determinant according to 
elements of the first column. 


b)  agxyx2x3....Xq +41 y1X2X3 ... Xn + G2Y1Y2X3 «Ans +AnYLY2Y3 «++ Yn- 
Hint. Decompose the determinant according to elements of the first row and 
either apply the theorem on determinants with zero block corner or decompose 
it according to elements of the last column and compose a recurrence relation. 


c) agx" +a,x"—! +-...+4,,. Hint. Decompose according to elements of the first 


column. 
d) n!(apx" + a,x"! +.-- +a). 
2 Pas el pee 
(x—-1)?) x-1 0° x-1) (x-1) 
2) @1@2...a, —@|Q2...An—1 +4102...a,-2—-> -+(-1)"~!a;, +(—1)". Hint. 


Either decompose the determinant according to elements of the first column 
or decompose the determinant according to elements of the last column, then 
transfer the last row in the first summand to the first place and compose the 
recurrence relation. 


h) []fiy(Gia2n41-i — biban41-i- 


i) aya...dy (ao ~ a ee Pais 
a2 an 


1204. Hint. Prove that Dy, = Dn—\ + Dn-2. 
1301. a) 301. 
b) —153. 


324 Ad. Kostrikin 


(n 


b) 
c) 
d) 
e) 


1932. 

~336. 

—7497. Hint. Obtain a zero corner block. 
10. 

—18016. 

1. 


~2639. 


28 
ai 


301. 

1302. a) n!. 
(—1)"—!nt. Hint. Subtract the last row (or column) from all the others. 
(-1) Fb bp... bn. 


X1(x2 — a12) + (43 — 423)... (Xn — Gn—1,n). Hint. Starting from the last row, 
subtract from each row the previous one. 


(—1)"@-)2n. Hint. Starting from the last column, subtract from each column 
the previous one. 


Teas (1 — Agex). 

(—1)“F" (n + 1)*—!. Hint. Add all columns to the first one. 
[(a + (n — 1)b](a — 5)". 

by... Dn. 


1303. (—nh)*-! [@ + woth . Hint, Subtract from each row of the first 


— 1) rows the next one and add together all these n — 1 rows. 
1401, a) n +1. 

gatl ana 

co gat 

oe ile ae 

getl oy 
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m+1_ gn+l 
——_ if a # B; and (n+ 1)a" if o = B. 
8) h) [Tea Ft. 


i) TInzi>e>s Oi — 4). 

1) Ti<et<a+1 (aby — axb;). 

k) (D0 XayXa2 -- + Xan» TIn>i>k>1 (Xi — xe), where the sum is taken over all 
combinations a@j,...,@,-s of nm things n — s at a time. Hint. Adjoint 
the row 1, z,z7,..., 274, 2, 2+), 02, 2" and the column '(z*, xf,..., x3). 
Calculate the determinant obtained in two ways: by decomposing according 
to elements of the adjoint row and as a Vandermonde determinant; compare 
the coefficients at z°. 

I) [2x x2...xn — (41-1) (42-1)... (4 — 1) Tazi>e>1 Hi —x,). Hint. Adjoint 
the first row 1,0, 0,..., 0 and the first column with unit entries, subtract the 
first column from the others, then represent the unit in the left-hand comer in 
the form 2 — 1 and afterwards represent the determinant as a difference of two 
determinants according to elements of the first rows. 

m) (—1)"-l(n — 1)x"~?. 

x(a — y)” — y(a—x)" 
x-y . 

1501. (a? + b? + c? 4+ d*)?. Hint. Multiply the matrix by its transpose. Find 

the coefficient at a* in the expansion of the determinant. 

1502. a) 0, ifn > 2 and sin(a, — a2) sin(B; — fo) ifn = 2. 


b) [Ipzi>k>s(ai — 24)(b; — bx). 


n\ {n n 
c) (") () of. (*) Ta>i>k>0(@e — 2i)(bi — bx) (bi — be). 
4) TIazi>eoa (ti — *)*. 

1503. Hint. Multiply by the Vandermonde determinant. 

1504. a) (a+b+c+d)(a—b+c—d)(a+bi —c—di)(a—bi—c+di)= 
a* — b* +4 — d4 — 2a2c* + 2b*d? — 4a2bd + 4b2ac ~ 4c7bd + 4d2ac. Hint. 
Make use of Exercise 1503. b) (1 — a@”)"~!. Hint. Make use of Exercise 1503 and 
the equality (1 — ae)(1 — wé2)...(1 — ae.) = 1-2”. 

1601. a) 2. Hint. Show that all three members occuring with plus sign in the 
expansion of the determinant cannot be equal to 1; consider the determinant with 
zero entries at the principal diagonal and with units as the other entries. 


n) 


b) 4. Hint. Consider in the expansion of the determinant the product of members 
with a plus sign and members with a minus sign; calculate the determinant 
whose entries at the principal diagonal are equal to —1 with all other entries 
being units. 
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1602. Hint. Make use of the expansion of the determinant. 


1604, Hint. Apply to the product AA the theorem concerning the product of 
determinants. 

1605. Hint. Decompose det C according to elements of columns into the sum 
of n™ determinants. In each summand factor out bj,, from the jth column. Show 
that detC = iw kat bik, --- Omkm Akj...tm- Notice that if m > n then there 
exist equal numbers among k1,..., Km and therefore Ax, ..4,, = 0. A second way: 
if m > n then complete A and B to square matrices with the help of m — n zero 
columns and apply the theorem on products of determinants. 


1606. and 1607. Hint. Make use of Exercise 1605. 
1608. Hint. Decompose according to elements of the last row. 


1609, Hint. Prove firstly that 
Ayytx «6. Aint Qi, «+s Ain 


: ‘ : +x a, Aij, 
Ani +X 26.) Onn +X Gs; Ge. Gag ij 
then in the left-hand side of the equality and in the first summand of the right-hand 
side subtract the first row from all the others and put x = 1. 


1611. Hint, Fulfil over k groups of n rows of D, the transformations which 
reduce the determinants A to the triangular form; decompose the obtained deter- 
minant according to elements of rows with indices n, 2n, ..., kn using the Laplace 
theorem. 

1612. a) The sum of all possible products a;,...,@,, one of which contains 
all elements, the others being obtained from it by eliminating one or several 
factors with adjacent indices (if all factors are eliminated then the member is 
supposed to be equal to 1). Hint. Apply the recurrence relation (a)...a,) = 
Qn (ay ...An—1) + (@1 -. . Gn-2). 

b) (@142...@n) = (a142 ...4¢)(Gk410k+2 .-- Gn) 
+(a142 ...a¢—1)(4K424%43 --. an). 
c) Hint. Induction. 

1613. Hint. In the case of linear dependent rows of the matrix (C|D), reduce 

it by elementary row transformations to a matrix with zero row. Apply these 


elementary transformations to columns of ' D and 'C; the obtained matrix differs 
from A’ D — B'C by a nonsingular factor. In the case when the minor 


Cliy ++. Clip Gry, 0. dip 
> Pi P - A #0, 


Cni, ae Cri, dyj, oe dnj, 
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(k+l =n, is # jr), consider the product (Z 3) . (2 7) where 


Onc. jae. Opals 0.02. . 


(KID=P i: . = ; 
O ..- ey, ++ Cnt 0 a a 0 dri, 0 
Cy, e+ Cad, e ws Af 
ea, Oh is the inverse of |: : 
qi 5, Kos qj Cui, +s nj / 


1 
1614. Hint. Consider either the product (¢ 3) : (5 + ) or the 
A B D 0 
product @ .) . (z ot). 
1615. 
[\c- a = [ - ac —a)"? + C . ‘Vee ~of++...| 


x [tea - : Nera? (" > )etart—...]. 


Hint. Use the equality 


cE A 


_ sg2 i= poe = 
ase = |c*E — A2| = |cE — AllcE + Al. 


1616. Hint. In the determinant D,42 of a matrix obtained from the initial one 
by adjoining the row 1, x,..., x"*! from below, subtract from each column the 
previous one. Show that D,42 = (x — 1)D,_1. Decompose Dy+2 according to 
elements of the last row. 

1617. Hint. Decompose D2,4.1 according to elements of the last column and 
show that —D;, D2, —D3, D4, ... are solutions of the same system of equations as 
coefficients of the decomposition x/(e* —1) = 1+b,x +box?+b3x3+... (apply 
the identity 1 = (1+-b)x-+b2x?+b3x?-+. .. )(1+(x/2!)+(x2/3!)+(23/4!)+...)). 
Notice that b) = —5 and that x/(e* — 1) — 1+ $x is an even function. 

1618. Hint. Square each determinant. 

1619. a),b) P, = Q, = 1. Hint. Show that 0, = P?, 


1620. Hint. Apply the Gauss formula n = }°4), $(d) and show that 


n 
djj = >> Pri Pej (k) 
k=] 
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where pjj = 1 if i divides j and p;; = 0 if i does not divide j; decompose the 
determinant into a sum of n” summands. 


1621. Hint. Check that 


I n 
A= det (—*—) (1 — xi) 
1 — xj yj i,j=1,..4 nas 


is an integer polynomial in x1,...,%n,Yi,.--» Yn Which is antisymmetric in 
Xj,-.-,X%, and in yj,...,yn,- Therefore A = bA(x,,...,X_,)A(y1,.--, Yn) 
where b is a polynomial in x1,..., Yn. Compare the degrees of A and 
AQ, ..-,X%n)A(y1, «.-, Yn) and show that b = 1. 


1701. 
a) 1 n+m\ b) {cos(a +B) —sin(a + B) 5 q : 
0 1 ys \sin@+f)  cos(a+)/)° =i ig . 
6 8 6 ¢ 56 
d) (% a ay e) (: 19 :) f) (-7 -5 0) 
6 8 6 144 10 o/ 
% 3- 0. wt 24 00 
Te ee Ae ee 
a 20.0 2" 2 oO 09 
ie ie ee O Ora 9 
apy eee 
1702.a)( 2 9 -7). b) 
13 ~9 15 oe ke 
af ¢ § 3 
oo 16 4000 
9 0 0\ 
0001 0400 
rman(o oo). (9 oo oh Ola 4 6 
0000 0004 
0029 
000 6 
d) (: 000 
0 000 
1704. a) ( ice als ee ). Hint. Apply induction. 
—sinna cosna 


. fan nari 
b) G qn ). 


Answers and hints 329 


c) ( ae : Br os4 :): Hint. Notice that the first and the third matrices are 


inverse to each other and therefore powers are products of n factors. 


( ; /18 18 18 
MALS 2g |: » (18 18 i) 

ue 18 18 18 
1707. H* = ( ° 


0 ak where E is the unit matrix of sizen —kifk <n—-1 
and H* = Oifk >n. 
1708. Hint. Represent f(x) in the form 


k=0 


and J in the form J = AE +H where H is from 1707. Make use of Exercise 1707. 


; 1 1 5\ 
1710.) ( > ae w(o 1 6). 
ah ezts \o 01 
(-1"" 
ie ae ee wr ) 
Qo 1 +b 4a 
-1)" 
mia (4) wf0 0 0 8 ob SF 
000 0 0 1 
0 0 0 0 o/ 


1714. 5°, ajeEix- 
1705. yy On; Exj. 
1716. and 1717. Hint. Make use of Exercises 1714 and 1715. 


1718. Hint. Show that A commutes with E + E;;, i 4 j if and only if A 
commutes with £j;. Apply Exercise 1716. 


1719. A = 0. Hint. After multiplication of A by Ej; we obtain a matrix in 
which the only non-zero entry of the principal diagonal is equal to a;;. 

1721. Hint. Exploit Exercise 1720. 

1722. If A = 0. Hine. Make use of Exercise 1720. 

1724. tr[A, B] = 0. Hint. Calculate the square of a matrix with zero trace. 


1725 (AA; +BC,; AB, + BD, 
""\ CA + DC, CB, + DD) 


1726. Hint. Find entries of principal diagonals in A‘ A and ‘AA. 
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1727. Hint. Let B = (bj) where bj; = O if i > j. By the assumption bj; = 0 
ifi > j, bj # 0 for all i and byjbyj +--+ + bbij = Oif j = i +k. Show by 
induction on i that bj; = 0. 

1728. Hint. Notice that Ej; = [Ej;, Ej; ]ifi # j and a matrix diag(a},..., On) 
with zero trace is equal to) y_» @ (Eiji — E11) = 7 ai [Eji1, Ei). 

1729. A = diag(hy,..., An), 


40 0 0 0 0) 
hy 0 0 0 oO 
0 hy+h2 0 0 0 
B=| 0 0 hi+tho+h3 0 oO 
0 0 0 O° 6 
0 0 0 Soh 0 


where hy = (n — 2k + 1)/2. 


2 3 -1 -2 
1801.) xX = (j 3 )e¥ = ( ‘ ey: 


b) y=2x+(1 Ds where X is an arbitrary matrix of size 2. 
11 HM. .3 a b 
1803. ») (j “| » (34 =) c) Be 2p-3) @b ER) 
d) @. 
sane es 12 3 aoe 
e) ( : a) (2 1 2) o(: 5 6} h) 3 
5 7 Re 78 9 hie & 
Lok 2 1/79 1-5 Pee ae | 
i) ( 4°24) partie 2 ‘) wi (o =a 2) 
\-6 3 3/ 5 ee ee PN Or ® 
hey aes | (1 7-5 iy. Aes 
1) te 2 0) ak a i) eT ag 4). 
\o 3 0 PRS YF ¥6 2 3) 


1804. Hint. Apply the Kroneker—Capelli theorem. 


1805. Hint. Reduce A by elementary row transformations of the augmented 
matrix (A|B) to the row-echelon form. 


1806. Hint. Indicate a matrix B assuming that the matrix A is in row-echelon 
form. 


1 -3 1 0 -5 2 *” -3 
1808.2) (j a) »( 3 ?): © ( 3 =): (3 4 
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— siIna@ 
cosa 


COS a 
sin a 


k) 


al “ 

coooo :o0o- 

oooco ons 

I 

oooo maar eae 
ooo- : 
Qouaw: 
rs 

meee ti: 

\ Po Ve Sess 

—— 
ro 


—A'BC"! ) 
cA ; 


)on(% 


0 
C=} 


—) 
—C"'BA"! 


1810. a) ( 
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3 20 0, ae 
2-10 oO 1-2 4 -1 
W8ll.a)} 3 9 y 4 "I ol 
Lt ad: On 0 0 1-1 


1813. a), b) +1. 

1814, +1. 

1815. Hint. Utilize the adjoint matrix A 

1816. b) Hint. Note that if det A = 0 then the system of equations Yj=1 Qj jX; 
= 0 has a nonzero solution. 

1817. Hint. Put C = (E + AB)! and prove that (E — BCA)(E + BA) = E. 

1818. Hint. Compare ranks of AB and BA with ranks of A and B. 


1819. Hint. Apply Exercise 1804. 

1820. Hint. Exploit the correspondence between multiplication by elementary 
matrices and elementary transformations. 

1822. Hint. Let A = (a;j), B = (b;;) be matrices of size n whose entries are 
polynomials in 2n? variables a;;, bij, 1 < i, j <n. Then AS = (det A)A7!. 
Make use of Exercise 1821 for the proof of the first equality. Any values can be 
substituted instead of a;;, bj;. Similarly one can prove the other equalities. 

1823. Hint. Apply Exercise 1110f. 

1824. Hint. Let B; be arow of length n—1 which is obtained from B by excluding 
ith coordinates. Prove that C;‘B; # —1 for some i. Applying Exercise 1822, 
indicate a nonzero minor of size n — 1. 


1 O 1 0 U> 2 
1902.) ({ ( S)( 2): 
b) (E — E,2)(E + En) x (E — 2EnyE + Evp)(E + Ex1)(E + E32) 
(E — 3E33)(E + E13)(E + 2E23). 


Hint. Make use of Exercise 1713. 


14 9 16 oe oe 

1 6 15 28 2 6 10 14 
1903.8) 1 ¢ a oo get Sy gw 90 
12 3 4 44a 4 
5234 i & # @ 

5 (es PP Lgl = 2 2 2 
-15 24 8]° 4 6 18 i6 
i414 8 =5 +2. fl 


1906. Hint. Make use of Exercise 1904. 

1908. In the case of commuting matrices. 

1909, Hint. For construction of Y utilize matrices U, V such that UXV = 
E\, +---+E,,. 
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1912. Yes, ifn > 3. 
1914. {wEi,—1 | € K}. 


1915. Hint. Apply the binomial theorem from Exercise 1706. The statement is 


not correct. 


1917. If A” = 0 then det A = 0. Hint. Make use of Exercise 1802. 
1919. Hint. Apply the formula for the sum of an infinite geometrical progression. 


1920. Hint. Make use of Exercise 1919. 
1922. Hint. See Exercises 1917 and 1919. 
1923. The statement is not valid. 


1927, Hint. Exploit calculations of the inverse matrix with the help of elementary 


transformations. 
2001. a) 1+ 18. 
b) 4i. 


m) -l. 


2002. i" = lifn = 4k, i" =tifn = 4k 41; 


if n = 4k +3 where k is an integer, i7” = i; i% 
2004. a) z} =i, z2 = 1+ i. 

b) z=2,722=1-i. 

c) @. 

d) y= Cte nt 

e-) x=3-lli,y=—-3-9i,z=1-Ti. 
2005. a) x = 2, y = —3. 

b) x=3,y=—-5. 


i* = —-lifn = 4k4+2;i" = -i 
:~§7 ‘ 
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2008. a) 0,1, -4 +12. 
b) 0,41, +i. 
2009. Hint. Induction on the number of operations. 
2010. Hint. Apply the previous exercise. 
2011. a) +°2(1 +i). 
b) +(2—i). 
c) +(3 —2i). 
d) z} =1—-2i, z2 =3i. 
e) 27 =5—2i, 22 =2i. 
f) z =5—3i,z2=2+i. 
2101. a) S(cos 0 + i sin 0). 
b) cos = +isin i 
2 2 
c) 2(cosx +isinz). 


0, 3(ou(-) +1sn(-4)) 


e) V2 (cos = + isin =). 
f) V2 (cos (-=) +isin(-—)). 


n 
g) 2 (cos = + i sin 5 : 
h) 2 (cos + isin =). 
i) 2( 


n) 2 cos (~=) +isin(-=)). 


0) cos ~ +isin —) 
J 6) 
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p) 272+ J/3 3 (cos + isin =) or (V6 + 2) 2) (cos = +isin =). Hint. In 
order to obtain the second expression for the absolute values poly fhe formula 
2 _ = 
lazy - 2+" a ja = b 


q) uVa-+ V5) (cos (-) +: an (- 7): 


r) cos(—a) +i sin(—a). 


s) cos (5 —a) +isin(> —a). 
t) cos2a +i sin 2a. 
gy ?\ 


u) 2cos & 5 (cos 5 + isin a)" 


v) wee v) +isin(g — ). 
2102. a) 2%. 

b) 21%, 

c) —2%0, 

d) (2+ /3)!2, 

e) —2!2(2 — /3)°. 

f) —2°. 

g) 255). 

h) —64. 
2103. a) 3+ 4i. 

b) 5—12i. 
2105. Hint. Make use of Exercise 2104. 


2106. The equality is obtained only if either arg z} = arg Z2 or at least one of 
the given numbers is equal to zero; utilize the geometrical meaning of a number 
min(|z;|, |Z2{)| arg 21 — arg zi]. 

2107. Hint. Reduce the exercise to the theorem on the sum of squares of lengths 
of diagonals in a parallelogram. 

2110.Hint. Prove that z = cosy + ising. 


2111. a) 4cos? x sinx — 4cos x sin? x. Hint. Calculate (cosx + isinx)* by 
de Moivre formulae and by the binomial formula. 


b) cos? x — 6cos? x sin? x + sin‘ x. 
c) 5Scos*xsinx — 10cos? x sin? x + sin? x. 


d) cos> x — 10cos? x sin? x + 5cosx sin* x. 
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2113. a) $ (cos 4x — 4 cos 2x + 3); if z = cosx +i sinx, sinx = (z—z~')/2i, 

zk +. z7* = 2coskx. 

b) § (cos 4x + 4cos 2x + 3). 

c) xg (sin5x — Ssin3x + 10sin x). 

d) Tg (cos 5x + 5cos3x + 10cos x). 


2114. a) Hint. Apply the hint of Exercise 2113. 


2206. It is not valid: these sets have different cardinalities. 
(4k + 1) pei (4k + 1)x 


2207. a) cos DD isin 2 (0 <k <5). 
(6k-—l)r  .. (6k-—1)x 
b) [cos SEO isin SO" | sk <9) 
c) V3 (cos SV" isin FHP) 0 sk =D. 
t ...e 
d) {1.52 
e) (+1, +1}. 
: [12th gto 8| 
2 2 
YC ea eS ae 
8) [sade a . 
h) {14i,-1+i). 
i) 21. 
i) {+v2, v2, 40 +0,20-9}. 
k) {svi aBi+n.2%uA-on, 


1) {V3 +i, -1+iv3, V3 —i,1 -iv3}. 
m) {3 +iv3, V3 -3i, =3.2iS5, —V3+3i]. 


3 3 
n) [3 ¥40— 0, Ba - v5-1em, Bas io], 


0) {5 V20/2 + VB - ivV2= VB), ~5 V2 - 8 iv2 +B i - i} 
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» f(r) +(F-3)} 

rr} 
q) ee 


1) [+2i,-V3-i, ¥3—i}. 


6k 
+ isin7 4 ay 


=f 
s) V2 (cos = )e= 0, 1,2, 3. 


2208. a) 1(4/5~ 1). b) 4/10 +25. 

2210. {41}; {1,4 +198}; (41, ti); [21,440 +iv9), tha -iv9)}; 
[21.4,28a+0,22c-a, 
(si; +40 +iV3), +43 +1), 44/3 - ad}. 

2211. (—1)"~!. Hint. Multiply each root except 1 and —1 by its inverse. 


2213. Hint. The greatest common divisor of numbers r and s can be written in 
the form ru + sv. 

c) Ifa € U,, B € Us, then (@B)"* = 1, i.e. aB € U,s and U,U, € U;s; if 
a, ¥ @2 are elements of U,, 8, #4 By are elements of U, then a, 8; 4 a2fh, 
otherwise a,05' = £\B,' € U, MU; though ajay! # 1, U, NU; = {1} 
(see b)); therefore |U,U,| = rs = JU,,;|, and hence U,s = U,U;. 


2215. € and & have the same orders. 
2216. See Exercise 2212. 


2217. a) —n(1 — z) if z # 1 and fz=1. 


n(n+1). 
5) 1 


b) 2(1~z)7!. 

c) eithern = 2,m=1lorn=1,m=2. 
2218. Hint. a) See Exercise 2214. 

b) See Exercise 2216. 
2219. Hint. See Exercise 2216. 


2220. Hint. b) Each root is primitive only for one order, so the given sum is 
equal to the sum of all roots of order n. 


c), d) follow from b). 
e) See Exercise 2216. 
f) Consider primary decomposition of n. 
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2222. Hint. Represent z in the trigonometrical form. 
2223. a) x — 1. 

b) x+1. 

c) x?+x41. 

d) x? +41. 

e) x? -—x41. 

f) x4—x7 41. 

g) xP-l 4 yP2 4... 4, 

h) (x — 1x" - 1). 
2224. Hint. a) See the hint to Exercise 2220b. 


b) See Exercises 2219a, b; € is a primitive root of order n if and only if —e is a 
primitive root of order 2n (n is odd). 

c) follows from a) and the inversion formula (see Exercise 505b). 

d)_ if {e;} are all primitive roots of order d of 1 and {éj¢ | 1 < k < d} are all 
values of roots of order d of €; then {ej, [i = 1,...,6(k); k = 1,...,d} 
are primitive roots of order n. 


e) See Exercise 2219; for any divisor d of m = n/p we have: 


u(5) =H (G2) =™(G) mn =x (8) 


and all divisors of n are obtained if we add to all divisors of m their products 
by p; therefore 


Om (x) = | [x4 - i“(4) = [[@?- 1y#(3) Tle” - 1“(7) 


din din d\n 
= dij -»(3), pd_y (3) X- Om(x?) 
Te ) [Io ) ar 


2225. a) Dig(x) = Os(—x) = x4 ~ x3 4x2 -—x 41. 
b)  @yg(x) = x6 — x5 txt — x3 4x2? — 2 $1. 
ee = x87 4x52 4453-741. 
d) D3o(x) = Oys(—x) = x8 4x7 — 5 — x4 — x3 — x 41. 
€) 36 (x) = Bo(x®) = x!2 — x6 4-1. 
f)  Dyo9(x) = io(x!9) = x — x90 4 x20 — x10 4 1, 
B) P216(x) = 6 (x76) = x7? — x96 41. 


c)  15(x) = 03(x5)/O3(x) = 
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h) Dogg (x) = Do (x48) = x — x8 +1. 
i) Dyqo0(x) = Dio (x!) = x40 — 300 4 7200 _ 100 4 

2226. Hint. a), b) follow from 2224c; ©,(0) is equal to the product of all 
primitive roots of order n by —1. 


2227. ©1(1) = 0, (1) = p and ®,(1) = 1 for all other n (p is 
a prime). Hint. By Exercise Ade we have ® pi pe) = Op,..p,1) = 


®p,...p, (1) /Pp,.. am = 1; finally see Exercise 2225h. 


2301. a) 2"/2 cos =. Hint. Calculate (1 + i)” by the binomial formula and by 
the de Moivre formula. 


n[2 sino 
b) 2”/*sin 7 
1 7 2 n 
c) 3 = (2! + 2"/2 cos ce Hint. Make use of a) and the equalities Li-o(, 
= 2"; Tiao-vt(7) =0. 


d) - (2-1! + 20/2 sin =). 


e) -—— ife £1; es » if ¢ = 1. Hint. Multiply the given sum by 1 — ¢ 


2302. Hint. The left- and right-hand sides of the equalities a) and b) are 
equal to the real and imaginary parts of the sum z+ --- +2" = 2e>}, where 
zZ=cosx +isinx. 

c), d) are similar to a) and b). 

f) Factorize the left-hand side into the product (x —&)) . . . (x —€2,) and combine 
factors x — &; and x — €,_; = x — &;. h) Divide equalities in exercises f), g) 
by x2 — 1 and by x — 1, respectively; put x = 1 in the obtained equality. 


(2k+ Im — 2p] [ (2k + lym — 29 - Poa) 
mL 


2303. x, = — sin on 


k=0,1,...,n—1. 


Hint. If z = cosy + ising, t = cosa +isina then 2cosg = z+ 27!; 

2cos(y + ka) = zt* + z—!¢-* and therefore (1 + zx)" +2711 + z7!x)? =0. 
2304. d) Hint. Make use of Exercise 412. 

n+2 

2 


2305. a) 2” cos" 3 = cos x 


2 
b) 2" cos” = sin —-. —x. 
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“ n sin 4nx 
2 4sin2x° 
(n + 1) sinnx — ncos(n + 1)x — 1 
ae ie 
4sin? — 
sin 5 
(a + 1) sinnx — nsin(m + 1)x 
4 sin? ; 
2307. Hint. As in Exercises 412 and 2304d sin mx/sinx is a polynomial of 
degree (m ~ 1)/2 in sin? x with the leading coefficient (—4) "3 whose roots are 


sin? (71) where j = I, 2,02, hn 


d) 


e) 


2402. a) re + mn 
a 


i373 
b) —l, 2 +i “a.t 
c) 44i/3,3 + 21/3, 1 + 2iV5, iV3, 1, 3. 
2403. The distance between the points associated with the given numbers. 
2404, a) The vertices of a regular triangle with the center at the origin. 


b) The vertices of a diamond with the center at the origin. 


2406. a) The circle of radius 1 with the center at the origin. 

b) A ray outgoing from the origin and forming the angle 7/3 with the positive 
real half-axis. 

c) The circle of radius 2 with the center at the origin including the boundary. 

d) The interior unit disc with the center at the point 1 +i. 

e) The circle of radius 5 with the center at the point —3 — 4: including the 
boundary. 

f) The interior ring located between the circles of radii 2 and 3 with the center 
at the origin. 


g) The ring located between the circles of radii 1 and 2 with the center at the 
point 2i, the circle of radius 1 is included and of radius 2 is not included. 


h) The interior angle containing the positive real semiaxis which is formed by 
rays outgoing from the origin and forming the angles —7/6 and 2/6 with the 
real semiaxis. 

i) The interior angle with the vertex zg whose rays form angles @ and B with the 
positive real semiaxis. 

j) The band between the lines x = +1 including boundaries. 

k) The interior band between the line y = 1 and the real axis. 
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}) Two lines y = +1. 
m) The interior band between the lines x + y = +1. 


2 2 
n) The ellipite Sete dae a 
9 5 
4x2 Ay? 
0) The hyperbola —— — 7 = 1. 


p) The parabola y? = 8x. 


2407. Hint. The sum of squares of diagonals of a parallelogram is equal to the 
sum of squares of its sides. Put z} = x; + yii, 22 = x2 + yoi and interpret the 
square of the absolute value of a complex number as the scalar square of the vector 
associated this number. 

2408. 24 = z1 — 22 +23. 

2409. z+w con Ww 


ja 


20k 
2410. 3% = c+ (an ~ 6) (cos = +isin 


20k 


n 


) (k = 0,1,2,...,” - 1), 


1 
where c = 3 0 +21)+ 3 cot “(a1 — 29) is the center of the polygon. 


2411. The circle of radius 1 with the center at the origin except the point z = —1. 


Hint, Putt = tan £, —x <p<7. 


2412. Hint. a) In the proof of necessity check that the vectors z3 — z and z3 — z2 
are collinear; in the proof of sufficiency subtract (A) + A2 + A3)z1 = 0 from the 
given equality. 

b) Make use of the previous exercise. 


Zi +AzZ2 21 — Az2 if 
144° 1L—A 

A # 1; the line passing through the middle of the segment with ends 21, 72 and 

perpendicular to this segment if A = 1. 


2413. The circle with ends of a diameter at the points 


2414. /13 — 1. 
2415. 14375. 


2416. The required curve consists of points such that the product of distances 
between this point and the points z = +1 is equal to A. This curve is a lemniscate. 
If A = 1 we obtain the Bernoulli lemniscate which is given in the pole coordinates 
by the equation r? = 2cos 2g. Hint. Show that the curve has no points on the 
imaginary axis if A < 1. 

2424, and 2425. Hint. See H. Cartan. Théorie élémentaire des fonctions 
analytiques d’une ou plusieurs variables complexes, Hermann, Paris, 1961, ch. 6, 
§ 3, items 5 and 6. 


342 AJ. Kostrikin 


2426. a = 0. Hint. Consider the image of U under the mapping z > 1 + az. 
2501. a) 2x? + 3x + 11, 25x — 5. 
b) $x —7), —$(26x +2). 
2502. a) x + 1. 
b) xe—x4+1. 
c) x9 +x242. 
d 1. 
e) x2 41, 
f) x41. 
g) x7~2x 42. 
h) x +3. 
i) x?+x41. 
j) x? -272e - 1. 
k) 1. 

2503. a)d =x? -2=-—(x+ 1) f +(x +2)g. 
b) d=1=xf — Gx? +x—-DNeg. 

2504. Hint. a) Passing from f and g to fd—! and gd-' one can assume that 
d=1.1f 1 = fw + gh then take instead of w the remainder from division of w 
by g. 

b) Compare degrees of gv and d — fu. 
c) Make use of the fact that u and v are coprime. 

2505. a) u(x) = 5(—16x? + 37x + 26), v(x) = 5(16x3 — 53x? — 37x + 23). 
b) u(x) =4-—3x,00 =1 + 2x + 3x2, 

c) u(x) = 35 — 84x + 70x? — 20x3, v(x) = 1 +.4x + 10x? + 20x°. 

2506. Let 


Prat) = 1+ ox 14 D2 +. EHD 
Then u(x) = Pinn—1(1 — x); v(t) = Paym—i(%). 
2508. a) (x — 1)3(x + 3)3(x — 3). 
b) (x —2)(x? — 2x + 2). 
c) (x +1)*(x — 4). 
d) (x4 1)4(x - 2). 
e) (x3 —x*—x —2)?, 
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f) (x? + 1)2(@x - 1)%. 
g) (442942027 4-241). 

2601. a) f (x) = (x — 1)(x3 — x2 + 3x — 3) +5, f(xo) = 5. 
b) f(x) = (x +3)(2x4 — 6x3 + 13x? — 39x + 109) — 327, f (xo) = —327. 
c) f(x) = (« —2)Bx4 + 7x3 + 14x? + 9x +5), f (xo) = 0. 
d) f(x) = (« +2)(? — 5x2 +2) +1, f(xo) = 1. 
e) f(x) = (x-1)54+5(x—1)4+10(4- 1) +10(x-1)?+5(e-1) +1, f (xo) = 1. 
f) f(x) = («+14 —2(e +1) —3(¢ +13 -—3(8 +1)? +402 +) 41, f (xo) = 1. 
g) f(x) = (x — 2)4 — 18(% — 2) + 38, F(x0) = 38. 
h) f(x) = (x+i)*—2i(x+i)3—(148)(x+i)?-5(e +i) +745, f (xo) = 745i. 
i) f(x) = (4 +1-2i)* —-@ 41-213 +2 +1 — 21) +1, fo) = 1. 

2602. a) f (2) = 18; f’(2) = 48; f"(2) = 124; f’"(2) = 216; f!¥(2) = 240; 
fF’ (2) = 120. 
b) f(i+2i) = —12 — 21; f’(1 + 2i) = —16 + Bi; f"(1 + 2i) = -8 + 30); 

f" (1+ 2i) = 24 + 301; f7% (1 + 21) = 24. 

c) f(—2) = 8; f'(—2) = 2; f"(-2) = 12; f"(-2) = —24; FIV (—2) = 24; 

2603. a) 3. b) 4. c)2. d)3. 

2604. —5. 

2605.a =n, b = —(n+ 1). 

2606. 3125b? + 108a5 = 0,a £0. 

2608. Hint. Calculate the derivative. 

2609. Hint. Induction on k. 

2610. If k is the multiplicity of a as a root of f’’(x) then this multiplicity is 
equal to k + 3. 

2611. Hint. Induction on the degree of the polynomial. 

2612. Hint. Show that if xo is a root of multiplicity k then f (xo) 4 0 and xpo is 
a root of multiplicity k + 1 of the polynomial f(x) f’(xo) — f (xo) f'(x) of degree 
at most n. 

2613. Hint. Induction on r. Consider the polynomial x f’(x). 

2614. Hint. a) Apply Exercise 2613. 


b) Prove that for any numbers bo, ..., bg—1 there exist polynomials g;(n) of 
degrees at most 5s; — 1 such that 


ba =) gi(n)a?, n=0,...,k—1. 


i=1 
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2701. a) (x — 1)(x — 2)(x — 3). 
b) (x -1-)@—-14)G41-D)Daq4+14+5. 


c) iV +1) (1-3 - Fi) (:-3 +1) (:+3-%) 


2nk 2nk\ 
30-1 ae 
d) [J hast (: — cos cog isin — ): 


(k,3)=1 
e) 2 The (: — cos ao) 


2702. a) (x? + 3)(x? + x + 3)(x? — 3x +3). 


! 


fa 


2 


2 | 
(tr2t1e Vina wt ; 


ce) (x7 —xJat241)(x? +xJSa4+2+4+1). 
es (<7 - 2x cos $50" 4.1), 


( 4 
(x? - 2xcos = +1) SP ox cos amt {x2 +2x cos — +1 : 
9 9 \ 9 


(x? +xv2+1) (x? -x/2 +1) (x? +.xV72+V2+1) 
(x? -xv2+ V2 +1) (x? +2v2=/2+1) (x? -xv2- V2 +1). 


2703. a) (x ~ 1)?(x — 2)(x — 3)(x — 1-3). 
b) @~i* +142). 

2704. a) (x — 1)?(x — 2)(x — 3)(x? — 2x +2). 
b) (x? + 1)?(x? + 2x +2). 

2705. Hint. The roots of x? +x +1, i.e. roots of 1 of order 3 which are different 
from 1, are roots of x3" 4 2344! 4 x3pt2, 

2706. Numbers m,n, p should have the same parity. 


2707. m = 6k + 1. Hint. Write down the condition under which the roots of 
x? +x +1 are multiple roots of (x + 1)" — x" — 1. 


2708. a) (x — 1)?(x +2). 


( 
b) nein ay 


4 


=> £ 
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b) (x +1)*(x? +1). 
c) x") — 1. 


d) x") 44, if 7 


and poe are odd numbers, and 1 otherwise. 
(m,n) (m,n) 


2709. Hint. Prove that f (1) = 0. 
2710. Hint. Induction on the degree of f (x). Consider - f(x"). 


2711. Hint. Divide f(x) and f2(x') with remainder by x? + x + 1. 


2712. Hint. Notice that f(x) = g(x)*h(x) where f(x) has no real roots. Show 
that [u(x)? + v(x)?}(x? + px +q) is asum of squares if x2 + px +q has no real 
roots. 


2713. and 2714. Hint. See Lang. S. Bull. Amer. Math. Soc. 1990; 23(1): 38-39. 
2801. c) Hint. Change the variable x by y — m and reduce the statement to b). 
2802. a) 2. 

b) —3. 

c) —3, 1/2. 

d) 5/2, -—3/4. 

©) 3-94. 

f) The polynomial has no rational roots. 

g) —s of multiplicity two. 

h) 3. 
2803. Hint. Let m be an integer root of f(x). Then f(x) = (x —m)g(x). Hence 


f (0) = —mg(0), i.e. m is odd. Similarly f (1) = (1 — m)g(1), i.e. 1 — m is odd, 
a contradiction. 


2804, Hint. Let r be a rational root of f(x). Then f(x) = (x — r)g(x) where 
g(x) € Z[x] and f (xj) = (4 — r) g(x) = +1. It follows that xj -—r = +1. 
2805. Hint. If the polynomial f € Q[x] is irreducible over Q then (f, f’) = 1. 


2808. Hint. Suppose that the coefficients of the product are divisible by a prime 
p. Reduce modulo p. 


2809. Hint. a), b) Apply Exercise 2808. 
c) Letx!5_9= Ff (x)g(x), where f(x), g(x) € Q[x] anda = "8/9; then 


f(@) =(% -— ma)... - aya)(a} =1) 


and 
If (0)| =a* lay ...04| = a! €Q, 
which is impossible if k < n. 
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d) Change the variable y by x — 1. 

e) If f = gh where g,h e€ Z[x] then for any i = 1,...,m we have 
g(aj)h(a;) = —1; it follows that g(a;) + h(a;) = 0, and if degrees of g 
and h are less than n then g +h = 0 and f = —g?. 

f) Let f(x) = g(x)h(x), where g(x), A(x) € Z[x]. It is possible to assume 
that g(x), h(x) take only positive values. Then g(a;) = A(a;) = 1 for all i. 
Therefore it can be assumed that degrees of g(x) and h(x) are equal to 2, i.e. 
g(x) = 14b(x — a1)... (4% — an), A(x) = 1 4+c(x — a1)... (4 — ay), where 
b=c=I1. In this case g(x)h(x) # f(x). 

2810. and 2811. Hint. See Selmer E.S., Math. Scand. 1956; 4: 287-302. 
2812. Hint. See Tverberg H. Math. Scand. 1960; 8: 121-126. 
2813. Hint. See Ljunggren. Math. Scand. 1960; 8: 65-70. 


2814. Hint. If the set of these numbers p is finite then ag 4 0. Let c be a number 
which is divisible by all these primes. Then f (aoc) = agr, where r = 1 (mod c) 
and (for appropriate choice of c) r #4 +1; thus f(x) has a root in the residue field 
modulo any prime divisor of 7, a contradiction to the choice of c. 


2815. Hint. Notice that all elements of Fg are roots of x? — x. 


2816. Hint. Consider first the case of a mapping h which takes value 1 at one 
point in F" and vanishes at ail other points. 


2817. Hint. See the references in Exercises 2812 and 2813. 
2818. — 2820, Hint. See the reference in Exercise 2810. 
2821. Hint. See Perron O. L. J. Reine angew Math. 1907; 132: 288-307. 
2822. a)x,x+ 1,x2+x+ 1, x3 42x24 Lxtxti x44x34-1 x4 424 1, 
xt 4x27 4x41. 
b) x24 1x27 +2 42,27 42142. 


Hint. A polynomial of degree 4 is irreducible if and only if it has no roots in the 
given field and is not a product of two irreducible polynomials of degree two. 


ce) 14. 


d) 8 and 18. 
2823. ae 1) nd 2 oa -2) 


2824. Hint. The group Z> is cyclic of order p — 1. Therefore Z}, has a subgroup 
of order d. All generators of this group are roots of ®g(x). 

2825. Hint. Let f(x) = f(x +k) for some 1 < k < p-—1. Then 
f(x) = f(x + kl) for all 1 € Z. But elements k/ run over the whole field Zp. 

2826. Hint. Let H(x) = x? —x—a = f(x)g(x) where f(x) € Zp[x] 
is irreducible. Notice that H(x) = H(x +k) for all k € Zp. Therefore 
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f(x)g(x) = f(x +k)g(x +k). Notice that Z,[x] is a unique factorization domain. 
Apply Exercise 2825. 


2827. Hint. See Lang S. Algebra, Addison-Wesley, Reading, 1965, p. 245. 

2828. x = b(a — 1)~!. 

2829. and 2830. Hint. See R. Lidl, H. Niederreiter, Finite Fields, Addison- 
Wesley, Reading, 1983, ch. 3, § 5. 

2831. a = 0 and 36. Hint. Expand in powers of x — a. 


2832. — 2834. Hint. See E.R. Berlekamp, Algebraic Coding Theory, McGraw- 
Hill, New York, 1968, ch. 3, § 3. 


1 4 9 
a 2-1) 36042) ° 4(x +3)" 
iy ges ee Se ees es a 
a) Py eke en haere wars | 
m ee 
4-1? 441)" 
3 4 1 1 2 1 
oo Gat «Gait Soin Chi eal Ea: 
yee ee er 
) 6G = 1). 20-2) 26-3) =): 
2 = Cree he 
 *G-h Sle=) ©2640: 
eh ee ae ee 
8 ep 441) 4@—-N” 4@40° 
1 € e \ 1 iJ¥3 
h) 3(- GSD ice ee 
2 (—1)"-* 
i) ye ole sie J 


1 1 1 1 
4x+1) 4-1 - 4(x — 1)? = 4(x + 1)?" 


1 -1 &k 2xk |. Qnk 
k) — > p29 ——., & = cos — +i sin —. 
) n “k=O y — & . : n ay n 


5D) 


1 1 1 
8(x—2) B(x +2) ‘ 2(x? + 4)” 


b) 3(- x+2 = x—2 ) 
8\ x242x4+2 x2?-2x42 
ae oe eee) ert 
4(x+1) 0 402241) 2002412" 


2902. a) — 
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3 1 3 1 1 
d) 16(x — 1)? * 16(x — 1H" 16(x + Dt 16(x + a2 + D142 +1)?" 
sin ae Le 
€) ra (—1)! oo ; i 
xX — COS w 
2n 
1 
f) iat F' Ge — x) es eee are roots of f(x)). 
1 x+2 
8) 


3(x—1) 3(x2+x41)° 


1 1 1 2 
h) a (aaa t woe 7): 


: 1 7 . 3 6x +2 3x +2 
Ser ae OLD fe ROLE ED! 
1 3 3 1 1 1 
D 6G 1? 6G) 6 +) 4G 4 AGP? OG FD 
(2k — 1)mx (2k — 1)(2m + 1) 
1 a Se cena RA, 
ge G=1) 


2_ a 1 
x* — 2x cos on r+ 
= eae | 
2903. — ro ee 
2905. Hint. Make use of Exercise 2904. 
3001. a) —x* + 4x3 — x2 — 7x45. 
b) x? —9x?2 + 21x — 8. 


3008. f(0) = (1 +--+ yn). 

3006. Hint. Reduce the exercise by a change of the variable to the case when 
X1,..., %, are roots of order n of 1 and xp = 0; then make use of Exercise 3005. 

3007. Hint. a) Reduce to Exercise 3005 for the polynomial x*t!. 
b) Reduce to Exercise 3005 for the polynomial x” — f(x). 

2x 2x(2x—2), =, 2x (2x — 2)... (2% —4n +2) 

3008. f(x) = <a Es dane | lie ‘ oof wr 

3009. f(x) = xP-2, 


3011. and 3012. Hint. R. Lidl, H. Niederreiter, Finite Fields, Addison-Wesley, 
Reading, 1983, ch. 7, § 3. 


3101. a) x4 + 4x3 — 7x? — 22x +24. 
b) x44 (3 —i)x3 + (3 — 3i)x? + (1 — 3i)x -i. 


(-1)". 
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c) 
d) 


b) 


x4 — 3x3 4 2x? 42x — 4, 
x4 — 19x? — 6x +72. 
3102. a) ; and -}. 
a” and (—1)"b. 
3103. a) 0. b) —1. 
3104. 0; = Oif i < nando, = (—1)"*!, 
3105.4 = +6. 
3106. A = —3. 
3107.4? + pq+q =0. 
3108. Hint. Calculate the product of the roots of x?—! — 1 over the residue field 


modulo p by the Vieta formula. 


b) 
c) 


3109. a) 0102 — 303. 
of - 40702 + 80103. 
ojo, + of — 40204. 
ao? — 4a; 02 + 803. 
102 — 03 +07 +02 +201 +1. 
o2 + 0703 — 20203 + 0? — 20103 + 03. 
30? — 90102 + 2703. 
010203 — o704 - a2. 
ofa — 2afo3 — 3010} + 6070203 + 30703 — Toyo2. 
o} — 40102 + 803. 
a? — 20>. 
a? — 30102 + 303. 
0103 — 404. 
a? — 20103 + 204. 
«703 — 26703 — 0104 + Sos. 
o1o2 - 20703 — 0203 + 50104 — Sos. 
3110. a) —35. 
16. 
ajas - 4a; - 4a; + 18a)a2a3 — 27a3. 
25 
27° 


350 AJ. Kostrikin 


35 
e) 7 
1679 
E25" 
3112. Hint. Make use of the equality ox; = 0% — xjO%-1,i. 
d 
3114. = (nds) = 5; a (lat tat est. 
1+ xjt 
’ pt 
3115. Sind) es Se ase aah an GER 


Ar 1 + Ot +--+ + ont" 
cise 3114 it eels that (i + oyt +--+ + ont")(S] — sot t+...) = 0; + Zoot + 
++ + nont"—!, Compare coefficients in the same powers of f. 


3116. Hint. Make use of Exercise 3115. 


o(nm) gn 
3118. —— where d = (m,n). 
ty" (a) 
3119. s) = -—1, 52 =--- = 5, = 0. 
3120. 5; =--- = S,_) = 0, 5, = 2. 


3121. a) x = 2, x2 = —1+iV3, x3 = —1 —i/3 up to a permutation. 
b) x; =1,x2 = 1,x3 = —2 up toa permutation. 

3124. Hint. Factorize f(x) into linear factors and apply Exercise 3123. 

3125. x3 — 3x? 4 2x — 1. 

3126. x* — 4x3 + 10x? -x +9. 

3127. Hint. a) Check that f (x1, ..., Xn) is divisible by x; — x; for all 
l<i<j<n. 
b) follows from a). 

3128. Hint. b) Consider the product 


» mecay| (1 + x40)... (1 + xnt) 
r>0 
and utilize a). 
c) Utilize b). 

3131. Hint. See I. G. Macdonald. Symmetric Functions and Hall Polynomials. 
Clarendon Press, Oxford, 1979, ch. 1, § 3. 

3132. Hint. Ibid. Ch. 1, § 4. 

3133. Hint. Ibid. Ch. 1, § 5. 

3201. a) —7. 
b) 243. 
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c) 0. 
d) —59. 
e) 4854. 
3202. a) 3 and —1. 
b) +i/2 and +2i/3. 


c) t=L1=5[-24+ vi Ve5—2], 


3203. a) y® — 4y* + 3y? — 12y +12 =0. 
b) Sy* —7y* + 6y? — 2y? —- y-—1=0. 
c) xy =1,x2 = 2, x3 = 0, x4 = ~2; yy = 2, 2 = 3, 3 = —-], yg = 1. 
d) x) =0, x2 =3,2x3 = 2, x4 =2; v1 = 1, yp = 0, y3 = 2, vg = —-1. 
e) xy = x2 = 1,43 = -1 x =23y = y= —-l y= 1, 4 =2. 
3204. Hint. If f = ao(x — x1)...(% — x») and gj, g2 have degrees m and k, 
then R(f, 8182) = ay’ gi (x1)g2(x1) -.. 81 (in) 82(%n) = RUF. 81) RUS, 82)- 
3205. Hint. Consider the case whet n > 2 and m is not divisible by n. Then 


R(®,, x™ — 1) = P@M/4P@) if ny = — = p». Otherwise the result is equal to 1. 
3206. R(®m, Pn) = O if m = n; nae: ®,) = p*™) if m = np* and 

R(®m, Pp) = 1 otherwise if m > n. 
3207. a) a(b? — 4ac). 

b) —27q? —4p°. 

c) ~27a3 + 18a,a2a3 — 4a%a3 - 4a3 + aza?. 

d) 2777. 

e) 725. 


3208. a) +2. 


0 {aa(-z28 a 


c) Ay =0,A2 = —3,A3 
d) Ay =—1,% HN oe 
1= HLA Sodas = 5 +5 . 


3209. Hint. Make use of the factorization f = ag(x — x1)... (x — Xn). 
3210. (-1)@-D@-2)/2, 


S211, (- 19799 [TT], pOen/a-P)], 


3212. (-1) "5" (nty-*. 
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3213. Hint. Make use of Exercise 3209. 
3214, Hint. Make use of Exercises 3201, 3204 and 3123. 


3215. Hint. See E.R. Berlekamp, Algebraic Coding Theory, McGraw-Hill, 
New York, 1968, p. 143. 


3216, (—1)"@-YP2nra*—. 
3217. a) 1-2?-33-...-(2—1)""!n", 
by 1222237 .2pn@ yo) See, 
3301. a) There are three real roots in the intervals (—2, —1), (—1, 0), (1, 2). 
b) There are three real roots in the intervals (—2, —1), (—1, 0), (1, 2). 
c) There are three real roots in the intervals (—4, —3), (1, 3/2), (3/2, 2). 
d) There is one real root in the interval (—2, —1). 
e) There is one real root in the interval (1, 2). 
f) There are four real roots in the intervals (—3, —2), (~2, —1), (—1, 0), (4, 5). 
g) There are two real roots in the intervals (—1, 0), (1, 2). 
h) There are four real roots in the intervals (—1, 0), (0, 1), (1, 2), (2, 3). 
i) There are two real roots in the intervals (—1, 0), (0, 1). 
j) No real roots. 
3302. If a5 — b? > 0 then all roots are real. If a> — b? < 0 then the polynomial 
has only one real root. 


3303. If n is odd and d > O then there are three real roots. If n is odd andd <0 
then there is only one real root. If n is even and d > 0 then there are two real roots. 
If n is even and d < 0 then there are no roots. 


3304. If n is even then E,(x) has no real roots. If n is odd then E, has one 
real root. 


3305. Hint. Check that the derivative has no roots in the interval (0,1). 


3306. Hint. a) Numbers aj,...,@m are roots of f’(x) with multiplicities 
ky—1,...,4m—1, respectively. Moreover in each interval (a;, aj) the derivative 
Ff’ (x) has a root. 


b) follows from a). 
c) Ife, = cy41 then x = 0 is a multiple root of the kth derivative f ® (x), Le. 
by b) x = O is a root of multiplicity at least k + 1 of f(x). 
3307. Hint. Follows from Exercise 3306c. 
3308. Hint. Multiply by x — 1 and apply Exercise 3307. 
3309. Hint. Multiply by x". 
3310. Hint. Prove that f (x) > Oif x > (1/n!). 
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3312. One root is in the first and one root is in the fourth quadrant. There are 
two roots each in the second and in the third quadrants. 


3314. Hint. Show that the root z satisfies the equation z" = (1 — az)/(a — z). 
Check that |1 — az| = |a — z| for the real number a. 
3315. Hint. Show that 1 — |ayz +---+@,_z"| > 1/(K +1)" if [zl < 1/4 +1). 


3316. Hint. According to Exercise 2905 f’/f = (x —a,)7!++--+(x—a@,)7! 
where a; are roots of f. Let x = a — bi where b > 0. Then 


3 (fe) - b+ 3a; 


fla—b))™ i 


jal ja — bi —a;|? . 


Thus f’(a — bj) #0. 
3317. Hint. Any convex domain is an intersection of half-planes. Make use of 
Exercise 3316. 


3318. Hint. Apply the Sturm theorem. S. Lang, Algebra, Addison-Wesley, 
Reading, 1965, ch. IX, § 2. 


3319. Hint. Make use of Exercise 3318. 

3320. x3 +x? -—x-1,x274x-—Lxtl. 

3402.a)A =+1. b)A#¥(—1)". 

3403. Hint. Differentiate twice and apply induction in the cases c), d), e). In the 
cases f), g) use Vandermonde determinant. 

3404. Hint. a), b) Utilize Vandermonde determinant. 


c) Differentiate and utilize Vandermonde determinant. 
3405. Hint. If fi,..., f, are linearly independent then there exists a point a, 


such that f; (a1) 4 0; check that the system f; — on 
1(@) 

independent and finish the proof by induction on n. 

3407. Hint. a) If charP # 2 then | + 1 = 2 is an invertible element in P. 
Therefore for any vector space L over P and any x € L there exists a vector y € L 
such that y = $x. Then y + y = x. If the characteristic of P is equal to 2 then 
x +x = 2x = 0 for any x € L but in the additive group of integers 1 + 1 34 0 and 
2y # | for any integer y. 


fi,i =2,..., mis linearly 


b) In a vector space over a field of characteristic p we have px = 0 for any 
vector x. 


c) For proof of necessity see the hint to Exercise 3407b; in order to prove 
sufficiency put 


[kla =a+a---+a. 
——_—_—_— 


k times 
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d) In order to prove the sufficiency put “a = b for any rational number eZ 


q 
(p,q € Z) if bis a solution of the equation gx = pa; check that solutions of 
m 


equations gx = pa and nx = ma coincide, if - alee 


3408. Hint. e), f) Induction on n. 


3409. a) A system of all one-element subsets of set M form a basis. The 
dimension is equal to n. 


b) Hint. Induction on k. 

3410. a) (1, 2, 3). 
b) (1,1, 1. 
c) (0,2, 1,2). 

3411. a) x} = —27x, — 71x, — 41x33 x2 = 9x} + 20x) + 9x5; x3 = 4x) + 
12x), +824; b) x1 = 2x} +24 —x43 x2 = —3x4 +44 +2445 23 = x4 — 244 +203 — 24; 
X4q =X} — x4 +14 — XG. 


3412. ay, a1,...,4n; f(a), f(a), f(a) /2!, ..., F(a) /n!; 


l-a a? -e .., (-—1)"a" 
0 1-20 3a? ... (-1)*" na"! 


ee ee oy 


3413. a) Two rows will interchange. 
b) Two columns will interchange. 
c) The matrix will be replaced by one symmetric with respect to its center. 
3501. The sets are subspaces in the following cases: b) if a line passes through 
the origin; f), g), h), i), j) if a = 0; k) only if f is zero sequence; and also 1), m). 
3502. 
a) ((1,0,0,...,0, 1), (0, 1,0,..., 0,0), (0,0, 1,...,0,0),..., 
(0, 0,0,...,1,0));” — 1; 
b) ((1,0, 0,0, 0,...,0), (0,0, 1,0, 0,..., 0), (0, 0, 0, 0, 1, -.+40),.-.)5[ $4} 


c) add the vector (1,1, 1,..., 1, 1) to the vectors from b); 1 + lew ifn > 1; 
d) (1,0, 1,0, 1,...), ©, 1,0, 1,0,...));2 fa > 1); 
e) the fundamental system of solutions forms a basis. 
3503. a) {Ej |i, j =1,2,..., mh n?. 
b) Matrices {Ejj + Ej; | 1 <i < j <n} forma basis; n(n + 1)/2. 
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c) IfcharK # 2 then {Ejj — Ej, |1< i < j <n); n(n — 1)/2; if charK = 2 
the answer is the same as in b). 


f) {Ey — Ey |i =2,3,...,n}U {Ey li, j =1,2,...,959 # fn? — 1. 
3504. The sets form a subspace in the following cases: a) and b) if a = 0; c) if 
|S| = 1; e). 
3505. The sets form a subspace in the following cases: a), b), d). 
3507. a) { f (x)(x — a) | f(x) € R(x]n-1}. 
b) {f(x)@ — a) — &) | f(x) € R[x)]n-2}. 
c) The dimension is equal ton —k +1. 


/ —1 
3509. a) The dimension is equal to ASE 1 
n= 


of monomials and apply Exercise 3501. 


). Hint. Take a base consisting 


k A 
b) ( * “} Hint. Put x; = aoe and apply a). 
n Yn+1 


3510. a) q". 
b), c) (g" — 1)(q" — 4g)..." —q"}). 
d) g™ —(q" — 1)" - 9)..." —q"). 


(g" — 1)(q" —@)...(q" —q"**!) ae ah 
Qe FZint. The denominator is equal to the 
EE -—.. FF) " 


number of distinct bases in k-dimensional subspace. 
f) qg’. 
3511. a) (a), a2, a4); 3. 
b) (a1, a2, as); 3. 
3512. b), c) Hint. Make use of the formula: dimL; + dimL2 = dim 
(L; + L2) + dim(L1 N L2). 


3513. a) No, it is not possible. Hint. Take U = (a + b), V = (a), W = (5), 
where a and b are linearly independent vectors. 


b) Hint. ifx €e UN(VW) thenx = v+w,w =x—v eé U (since v, x € U), ie. 
w € UM W, and therefore x € (UNV) + (UM W). The converse inclusion 
follows from the fact that UN V and UN W are contained in U and in V + W. 


3514. a) 3, 1. 
b) 3,2. 
c) 4,2. 
3515. a) (a1, a2, 1); (3, 5, 1). 
b) (a1, 22, a3, by); (1, 1, 1 1, 1); (0, 2, 3, 1, —1). 
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c) (aj, 42, , 43, bi); (1, 1, 1, 1, 0); (1, 0, 0, 1, -1). 
d) (@}, @2, by), (5, —2, —3, —4). 
€) (a), a2, a3, bi); by is a basis of the intersection. 
3516. a) x) — x2 — x4 = 0, x2 +23 —2x4 = 0. 
b) x1 ~ x2 — 2x3 = 0, x} — x2 + 2x4 = 0, 2x1 +22 — 2x5 = 0. 
3517. Hint. b) Consider (x), (y), (z) where the vectors are pairwise linearly 
independent. 


3518. Hint. The projection of the vector e; into Z; in parallel with L2 has ith 
coordinate (n — 1)/n and all others are equal to (—1/n); the projection into L2 in 
parallel with L; has all coordinates equal to 1/n. 


3519. (—1, —3, 1, 3). 
3521. A = $(A+'A) + 5(A—'A). 
3522. b) 0 and Ej; ifi < j, Ej; — Ejj and Ej; ifi > j. 
3523. b) O and Ej; if i < j; Ej and 0 if i = j; Eij + Ejj and —Eyj ifi > j. 
3524. (g" — g™)(q" — q™*!)...(g" —q"—")/(q™ — 1)...(g™ —q™""). 
3601. Hint. Induction on m. 
3602. a) q™. 

b) (gt — 1)(q* — q)...(g* — gq"), where n < k. 
3605. Hint. Choose a basis e;, ... , €, in V such that A(e), ..., A(e,) is a basis 


of Im A and eg41,...,@n € KerA. Define the action of C and D on eg41,..., €n 
and on A(e;),..., A(ex)- , 


3606. Hint. Choose a basis €), ..., én as in Exercise 3605. Define an action of 
C on A(e}),..., A(ex). 


3607. Hint. Make use of Exercise 3605. 

3608. Hint. Choose a basis €],..., én, as in Exercise 3605. 

3609. Hint. a) Apply Lagrange polynomials f; such that f;(i) = 1, fj(/) = 0, 
G@,j =0,...,m;i 4 fs). 
b) Consider polynomials 1, x,..., x". 
c) Consider the matrix (y#(x/)) @, j =1,...,.n +1). 


3610. a) Hint. Choose in V an arbitrary system of coordinates and write down 
the assertion of the exercise in the form of systems of equations. 


b) fj is a Lagrange polynomial: 


_ @-0@—-1)...@-i+N@—i-1)...a@—Aa) 


fi) TES Were | Pa (ee 
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c) fi(x) =x'/i! =0,1,...,n). 

3611. Hint. Find a basis (e1, €2,..., ex) for which f(e1) = 1, f(e2) =--- = 
f (en) = 0. 

3612. Hint. Make use of systems of linear equations. 

3613. Hint. Prove that 


3614. Hint. Apply Exercise 3613b. 


3615. Hint. Define the intersection of kernels in some basis by a homogeneous 
linear system as in Exercise 3612. 


3616. Hint. If the system e;, ..., e; is linearly independent then complete it to 
a basis and consider the dual basis in V*. 


3617. Hint. a) Complete a basis (e1,..., €,) of U to a basis (€],..., en) of V. 
If (e!, ..., e") is the dual basis then prove that U+ = (e*t!, ... |e”). 
b) Make use of a). 
c) Make use of b). 

3618. Hint. Prove that Q[x] is a countable set and indicate in Q[x]* an 
uncountable set of independent linear functions. For example, for each subset 


1 of natural numbers define the function f; by the formula f;(u) = Dije; Mis 
where u = So; ujx/. 


3619. Hint. Make use of Exercise 3526 where U = Kerl;, W = Kerlp. 

3620. Hint. Make use of Exercise 3525. 

3621. See S. Lang, Algebra, Addison-Wesley, Reading, 1965, ch. VII, § 4-6. 
3701. a), b), c), f), g), h), i), §), 1), m), n), p), q), s). 

3702. a) E in the standard basis. 


c) Ina basis of matrix units Ej; the matrix entries a;;,4; of the function f have 
the form a;;,;; = 1, and 0 in the other cases. 


d) 0. 
g) 4j;,;; = 1 and O in the other cases (see c)). 


h) in the basis (1,1) the matrix (6 ay i) E (see g)). w(} “i 


1), m), 0) The space has an infinite dimension. 


ae wees 
q) 2E in the standard basis. 9(- 0 1 a oe basis of R3. 
fr it 26 


3705. a), b), d), e), f). 


358 AJ. Kostrikin 
0 -6 -9 ll 8 15 
3706.» ( -2 20 30). bil6 5 2) 
-3 30 45/ \11 10 29 
, l+i 1-i ({4-2i —2-i 
sora) (14, es) (Lyi i} 


3708. a) —43. 


b) 1—19i. 
3709. a) —3 + 7i. 
b) 224 40i. 
2 5 -1y 
20.9) ( 4 6 a o(-s “10 3) 
-10 -23 —4 \29 -26 3 


5+5i 2 \ Ce, i i Si 
smi.a (573) Hiding > ay 


3712. a) ((-1, —1, 1)), (C10, 7, 1)). 
b) ((-1, -5, 3)), (Cl, —2, 1)). 
3714. a) ((—1, 1, 1)), ((—17, —13, 7)). 
b) ((2, —3, 1)), ((—4, —5, 1)). 
3716. a) ((1, —2, 1)), ((—1, —5, 3)). 
b) «(-1,1, 1), (4,0, —9)). 
3718. c) Hint. Make use of Exercise 3622 and show that the left and the right 
kernels are ideals of K. 
d) (a-—a?|ae RK). 


3719. IC >): 


d) Hint. Follows from c). 
e) F4/2. 
3721. a) if} = +1, c). 
3722. F ='AGB. 


3723. If F is symmetric then it can be reduced to the form aE1, if it is not 
symmetric then it can be reduced to the form £2. 

3724. F’ ='CFC, F = FC ='C-'F’. 

3726. Hint. An example of discrepancy: the function on R? with the matrix 


wet in some basis 
0 0 : 
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3728. b) Hint. Example: the function on R? with matrix ( : a in some 
basis. 
3729, d) Hint. If e = 1 then matrices for f, and f2 in suitable bases have the 


form 
0 A\ 0 B 
tA 07’ AIR. OF 
where A and B are nonsingular matrices. Find directly the matrix of a change of 
basis. 
3730. Hint. Make use of Exercise 2729. 


3731. Hint. The proof is similar to that of the theorem on reduction of a 
symmetric bilinear form to the normal form. It is possible to apply a method 
similar to Lagrange algorithm: firstly group together monomials with factors y; 
and x,, then apply induction. 


3732. a), b) Functions are not equivalent. 
3733. a) xi) = Mis where x} =%1- 2x3, x) = X2— x3, x4 = X3. 


3 
b) x} y¥3 — x5y}, Where x} = x1 — 573 Xp = 2x2 + x3, X5 = x3. 


C) XY, — X4Y] +244 — X44. Where xj = x1 — 2x3, 44 = x2 — x4, X43 = 43, 
X = X4. 
d) xi ys — x5y}, where x} = x1 +3, X4 = x2 +3 +.14,%3 = X3,.x4 = X4. 
3735. 60t(1 — t), 21 — 1), 11 —? —t — 2). 
3736. Hint. Make use of Exercise 3731b. 


3737. Hint. The determinant of a skew-symmetric matrix of odd size is equal 
to zero. 


3745. a) 1, 2. 
b) 2,3,4. 


c) The maximal dimension is (). 
3801. a), c), g), i), 1), 0), q), 1). 
3803. The functions are not equivalent. 
3804. A basis exists only for f}. 
3806. a) ((2, 1, 0)). 

b) ((—21, 13, 0)), (-79, 0, 13)). 
3808. a) 2x! yt — }xhy} + 3x4y4. 

b) xy} — 444 + 16x5y5. 
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3809. a) The functions are equivalent. 
b) The functions are not equivalent. 

3810. a), c), i), 1), ©), p). 

3811. a) A > 2. 


b) [Al < /573. 
c) —0,8<A <0. 
d) Fornoa. 


3813. Hint. Consider the function x? + 4x1 x2 + x3. 

3814. a) A < —20. 
b) A<-—0,6. 

3815. a) xy y1 +X1y2 +x2y1 + 2x2y2 — 3x2 y3 — 3x3y1 + 2x1 3 +2x3y1 — x33. 
b) $(x1y2 txay1 + x1y3 + x31 + x23 + x32). 

3816. a) 2x1y1 — 3xiy2 — 3xoys — 2x3y1 + $2192 + fxay1 — Fx293— 
Sx3y2 + X33. 
b) —2x2y2 + 3xays + $x3y2 — fxrys — 4x3y1 + Qx3y3. 

3817. a) The functions are not equivalent. 
b) The functions are equivalent. 


3818. a) y? + y? — yg. 
b) yp t+y3 - y?. 
c) yf — yp. 
d) yf-yy—¥3— YG. 
3819. a) The functions are not equivalent. 
b) The functions are equivalent. 
3822. n(n + 1)/2, n(n — 1)/2. 


3823. Hint. If U = (e1, 2) and f(e;, e2) = f(e2, e2) choose in U+ a vector 
e3 such that f(e2, e3) 4 0. 


3826. Hint. Reduce the function to the normal form and apply an argument 
similar to that in the proof of the law of inertia. 


3827. n, Nn. 

3829. Hint. Consider the appropriate quadratic function. 

3831. n(n + 1)/2. 

3832. Hint. Consider values at the points of the form Ax + y where A € F. 
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3901. The following mappings are linear operators: a) if a = 0; b) if a = 0; 
c), d), e) if a = 0; f), g), h), k). 
3905. a) {0}, V. 
b)  “V, {0}. 
c) V, {O}ifa 40; V ifa =0. 
d) (b), (a)+ if a, b £0; {0}, V if eithera = Oorb =0. 
e) V, {0}. 
f) R[x]n, {0}. 
g) R{x]n-1,R. 
h) R(x},-«, R[x ]k-1. 
k)_ R, {0). 
3907. Hint. Complete the basis (e1,...,¢%) of the subspace to the basis 


(e1, ..., €n) of the whole space and consider projections onto (e), ..., €) and onto 
(€k+1, +++» €n) (see Exercise 3917). 


3909. Hint. Complete the basis of the subspace to a basis of the space. 
3912. Hint. Prove firstly that rk A = rkB.A + dim(Im AN KerB). 
3914. n(n — r) where r = rkA. 


/1 0 0 
ms. (1 2 0). 
3 


~ sina \ 
b) ( oe \, if the positive direction of reading of angles coincides 
sina cosa } 


with the direction of the shortest rotation which maps the first basic angle into 
the second one. 


001 00 0\ [ued 
c) ( 0) (a 1 oF o( 0 0 0). 
010 000 .. ae 


ooo 
> =) 


ab, ayb4 azby arb, 
a3b, a3b3 a4b; a4b3 


a 
b 
0 
0 
ab, a,b3 arb, =) 
a3b2 a3b4 a4b2 aab, 
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aj +b, bs a2 0 
i) b2 a+b, 0 a2 
a3 0 ath bs 
0 a bz ag+ be 
/0 10 0 0) ‘0 100 0 
002 0 0 001 0 0 
i) 00 0 3 0 ; ) 0 0 1 0 
0000. n 0000. l 
0000. 0 000 0 o/ 


3917. Hint. The first k entries of the principal diagonal of the matrix of the 
operator are equal to 1 while all other entries are equal to 0. 


3918. The first k columns of matrices consist of the coefficients of expressions 


of vectors bi, ..., by Via a1, ..., @,; other columns are arbitrary. 
45 0 Shy -5 -8 -6 -2 

leo 2-8 2 4 4 =O 

SO. 3 “0 3 PE whee? 1.5 
16-1 7 \ 6 7 6 13 


fl 2 2% 


3921. 3 = 2): 
2 -3 1 
3923. a) The first k columns of the matrix are zero ones; other k columns are 
linearly independent. 


3924. Hint. Consider the subspaces V; (i = 1, 2), consisting of all vectors x for 
which (f;(A))(x) = 0. 


4001. a) Polynomials of zero degree; {0}. 
b) Nonzero symmetric and skew-symmetric matrices; {1, —1}. 
c) Monomials; {0, 1,2,..., 7}. 
d) Monomials; {0, $,...,1/(n + 1)}. 
4002. Hint. The equality f (ax + b) = Af (x) implies 4 = a* where k is the 
degree of f(x). 
4004. Hint. If A(x) = Ax, A #0 then A7!(x) = (1/A)x. 
4006. Hint. Make use of matrices of operators. 
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4008. Hint. a) Make use of Exercise 4007. b) Consider the factor-space with 
Tespect to the subspace (a) where a is acommon eigenvector of all given operators. 


4009. Hint. Consider A? — AE?. 
4011. Hint. Consider the matrix 


—@n-1 —Gn-2 «+. —@) —@ 


1 0 0 0 
A= 0 1 0 0 
0 0 1 0 


4015. a) Ay =Az2 =A3 = —1: c(1, 1,-1) (C $9). 

b) Ay = Az =A3 = 2; c1(1, 2, 0) + ¢2(0, 0, 1) (cy and c2 are not equal to zero 
simultaneously). 

c) A, =1,Az2 = Az = 0; for Ay = 1 the eigenvectors have the form c(1, 1, 1), 
for A2,3 = O they have the form c(1, 2, 3) (c # 0). 

d) Ay = Az = 1; for Aj,2 = 1 they have the form c;(2, 1, 0) + c2(1, 0, —1) 
(c, and cz are not equal to zero simultaneously), for Az = —1 they have the 
form c(3, 5, 6) (c # 0). 

e) Ay = 1,A2 = 243i, A3 = 2 — 3i (over C); for Ay = 1 c(1,2, 1), for 
A2 = 24+ 3% c(3 — 3i, 5 — 3i, 4), for Az = 2 — 3i c(3 + 31,5 + 3i, 4), 
everywhere c # 0. 

f) A = 2; c1(1,1,0,1) + c2(0,0,1,1) (Cc, and cz are not equal to zero 
simultaneously). 


1 0 0 
4016. a) ((1, 1, 1), (1, 1,0), (1, 0, —3)), (0 2 0) ; 
0 0 2 
b) It is not diagonalizable over R nor over C. 


1 0 0 
c) ((1,1,2), (3 —3i, 4,5 — 3i), (3 + 31, 4,5 + 3i)), (0 2+ 3i 0 ) 


0 0 2—3i 

(2,9 0 0 

d) ((1,1,0,0), (1,0, 1,0), (1, 0,0, 1), 1, —1, —1, —1)) {0 ee 
SEO Ge CER IGT Cte eel ae eee eS PO OV2 0 
000 -2 


4017. Elements a, and a@,~-%41 are either both non-zero or are both zero 
(k=l, 3.55 0): 

4018. Hint. It is possible to take as T the matrix with 1 at the principal diagonal 
and at the adjacent diagonal below, with —1 at the adjacent diagonal above the 
principal diagonal and with 0 at the other places. Then B has from the beginning 
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n/2 units at the principal diagonal if n is even and (n + 1)/2 units if n is odd; the 
other entries of the principal diagonal are equal to —1. 


4019. Hint. Consider the matrix of A in a basis whose first vectors are 
eigenvectors with the eigenvalue Ao. 


4020. At, ..- Ams At, - 00s Ane 

4021. a) AjAj (i, jf = 1,...,7). 
b) Aj/Aj Gj =1,-..,M). 

4022. {0} and R[x], (k = 0, 1,2,...,7). 

4027. {0} and the linear spans of subsets of the basis. 

4028. V; = (e1,..-,e;) G@ = 1,...,”). 

4029. {0}, V, ((2,2,-1)), U = ((1, 1,0), (1,0, —-1)), ((2,2, —1), a), (a) 
where a € U. 

4030. V, {0}, ((1, —2, 1)), (1, 1, 1), (1, 2, 3)). 

4031. The linear span of any set of monomials of degree at most n. 

4032. (coskx, sinkx). 


4033. Hint. Consider eigenspaces U,, U_, of A and V;, V_; of B. In the case, 
when all intersections U; MV; are trivial find nonzero vectors a € Vj,a+Ab € V_1 
such thata +b € V;,a+Ab € V_, for some A. 


4035. a) Ay = 1, A2,3 = 0; (C1, 1, 1)) for Ay = 1, ((1, 1, 0), (1, 0, —3)) for 
A2,3 = 0. 
b) Ay = 3,423 = —1; ((1,2,2)) for Ay = 3, ((1, 1,0), (1,0,—1)) for 
A23 = —1. 


ce) A23=—1, V. 
d) At2=2,A3,4 = 0; ((1, 0, 1, 0), (1, 0, 0, 1)) for Ai,2 = 2, 
((1, 0, 0, 0), (0, 1, 0, 1)) for A3,4 = 0. 
4037. Hint. Make use of Exercise 4036. 
4040. Eigenvalues of L4 are eigenvalues of A. 
4041. Hint. a) Reduce X to the row-echelon form. 
b) Utilize a). 
4042. Hint. Induction on the dimension of the space. 
4043. Hint. Induction on the degree of minimal annihilator polynomial. 
3 Oo 0 
4101. a) (0 -1 ') 
0 oO -!l1 
b) diag(1, 2 + 3i, 2 — 3i). 
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—2 0 0 

c) ( 01 02, 
\oo1/ 


-1 0 0 0 0 0\ 
( tet 0) o(0 2 0b. & 
0 Oo -I 00 2 


d 


= 
ocoo- 
oor oO 
omr © 
-—-—- COC 


g) Two boxes of size 2 with 0 at the principal diagonal. 

h) A box with | at the principal diagonal. 

i) A box with 1 at the principal diagonal. 

j) A box with n at the principal diagonal. 

k) diag(1,2,...,7). 

1) diag(e€o, €1,..., €n—1), Where €; is a root of order n of 1 (i = 1,..., 7). 


m) A box witha at the principal diagonal. Hint. A nonzero minor of size n — 1 is 
located in the right top comer of the matrix A —AE; A—AE; find elementary 
divisors of A — AE. 


f fi@) f"(@) fM™@) 
Fe) 5 aa et ni 
f'(@) f°) 
aay) 2S Aa Cf sem 
ig f(a) 
Meee uae IO) Soe 
0 0 0 f(a) 


b) A Jordan box with a? at the principal diagonal if a 4 0; if « = 0 then two 
Jordan boxes with zero at the principal diagonals whose sizes are equal ton /2 
if n is even and to (n — 1)/2, (n + 1)/2 if n is odd. 


4104. Two boxes with a at the principal diagonal. Their sizes are equal to n/2 
if n is even and to (mn — 1)/2, (n + 1)/2 if n is odd. Hint. Make use of Exercises 
4102 and 4103. 


4105. a) In each box of the Jordan form of A replace A (A # 0) by 42; if the 
diagonal entries of a box of size k are equal to 0 and k = 21 then the box is replaced 
by two boxes of sizes [, if k = 2/ + 1 then replace the box by two boxes of sizes 
i+ Land. 


b) In the Jordan form of A the diagonal entries are replaced by their inverses. 
4106. a) The diagonal matrix with entries +1 at the principal diagonal. A is a 


reflection of the space V with respect to some subspace L; and in parallel with 
some complementary subspace L2. 
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b) The diagonal matrix where entries of the principal diagonal are equal either to 
1 or to 0. A is a projection of the space V onto some subspace L; in parallel 
with some complementary subspace L2. 


4107. The entries of the principal diagonal are roots of 1. 
y2 1.0 

4110.a){0 2 0), (,4,3),0,0),0,0.0). 
10 O 2 

0. 

0), ((1, —3, —2), (1, 0, 0), (1, 0, 1)). 

0 


, (1, 1, 1, 1), (-1, 0, 0, 0), (1, 1, 0, 0), (0, 0, —1, 0)). 


conocer 


» ((—1, —1, —1, 0), (2, 1, 0, 0), (1, 0, 0, —1), (3, 6, 7, 1)). 


CONKF CORR OO 


ONO Oo OrFf OO 
eK OO CG = OO 


0 
4111. One Jordan box. 
4112. Hint. Make use of the Jordan form of the matrix of A. 
4113. Hint. Make use of the Jordan form of matrices of operators. 
4114. Hint. Make use of the Jordan form of B. 
4116. The eigenvalue is equal to 1, boxes have sizes 1, 3, 5. 
4117. The eigenvalue is equal to 0, boxes have sizesn + 1,n,...,2, 1. 
4118. Hint. Make use of reduction to the Jordan form. 


4120. Hint. Make use of the Jordan form of the kth power of the Jordan box 
(see Exercise 4103). 


Yaa 
at.) +7 (_j 3): 
1/12 2 i 
) 23(3 re a). 
-24 25 = a 
50 
4122. a) 2 hes a) » (2 =): 
A123- 4). =D): 
4124. (t — a)". 


4126. a)t—1. 
b) ¢. 
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c) tt. 
d) r?—1. 
e) r*, 


f) #(t—1)...(t—n). 


1 1 
g) @-(r-5)...(a-—5). 


h) (t?+1)...(t? +n). 
1 
i) (+0...(#+5). 
n 
j) Coincides with the minimal polynomial of A3. 


k) (t—1)?. 
4127. a) (t — 2)3. 
b) 12 —5t4+6. 


4128. (¢ — 1)2(t — 2), V = Ly © Lz, where L; has a basis (e;, e2 — €3) and 
Lz has a basis (e2). 


4130. It contains boxes of size one with entry 1 and of sizes one and two with 
1 and 0 at the principal diagonal. 


4133. Hint. Compare the dimensions of the space of polynomials in A and the 
space of matrices commuting with A. 


4134. c) Hint. Make use of b). 


4138. Hint. Make use of Exercise 4134 and of decomposition of a space into a 
direct sum of cyclic subspaces. 


4142.c) Hint. Prove by induction on/ that there exists B; € J such that p(A+B;) 
is divisible by p! (A) in the ring K[.A]. 


4143. Hint. Deduce from Exercise 4136 and the previous exercise, proving 
firstly that all elements of J are nilpotent. 


4144. Hint. Make use of Exercises 4139, 4142. 
4145. Hint, a) Make use of Jordan form of A. 
b) Utilize Exercise 3117. 


4147. Hint. Follows from Exercise 4116. 


4202. Hint. See A.I. Kostrikin, Yu.I. Manin. Linear Algebra and Geometry, 
Gordon and Breach, Reading, 1989, part 1, § 10. 


4203. Hint. Make use of Exercises 4202 and 4201. 
4204. Hint. Make use of Exercise 4203. 


4213. Hint. See N. Bourbaki, Théorie Spectrale, Hermann, Paris, 1976, ch. 1, 
§ 2,5. 
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4214. Hint. See R. Horm, C.R. Johnson, Matrix Analysis, Cambridge University 
Press, 1986, chs. 5, 6. 


4219.2) (% ei! w(E6 jah 


3e-—1 e —3e+1 
c) ( 3e e+3 “1-3 


3e-1 e+1 —3e 


/3 -15 6\ 
d) e -5 a at 
1 -5 2 
1 -l 
¢) (3 =}: 
\ 4 


4220. det e4 = e®, 


4222, — 4233. Hint. See R. Horn, C.R. Johnson, Matrix Analysis, Cambridge 
University Press, 1986, ch. 8, § 81-84. 


4234. a) x = (1, 1), p(A) = 3. b) x = (1, 1), p(A) = 7. 
c) x = (5,3, 1), ep(A) =S. d) x = (1,0, 1, 0), p(A) = 6. 


4304. a) Subspace of scalar matrices. 
b) Subspace of skew-symmetric matrices. 
c) Subspace of symmetric matrices. 
d) Subspace of lower niltriangular matrices. 

4313. Both matrices are equal to G~!. 

4314, a)'S-!. 
b) 'S7). 

4315. a) ((1, 2, 2, —1), (2, 3, —3, 2), (2, —1, —1, —2)). 
b) ((1, 1-1, —2), (2,5, 1, 3)). 
c) ((2,1,3,—1), (3,2, —3, —1)). 

4316. For example, a) ((2, —2, —1, 0), (1, 1,0, —1)). 
b) ((0, 1,0, —1), (1, 0, —1, 0)). 

4318. a) x2 + x4 = 0. 
b) Xtx2+ x3+ x4 =0, 

—18x) + x2 + 18x3 + llx4 = 0. 

4319. a) (1, —1, —1, 5), (3, 0, —2, —1). 

b) (3,1, —1, —2), (2, 1, —1, 4). 
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3.3 5 5 
c) (0, ~ 3s 3,0), (7. -§,-$.2). 
4321.a)/14. b)2. c)1/5. d)J3/5. e) J5/7. 
4326. Hint. See Exercise 4325d. 
4328. a) 6, 6, 6; 60°. 


ae lfn 2k-1\ . 
4332.0, ifn is oda: 5(7) = (4° | itn = 2. 


4333. a./n; arccos nit 


Jn 
4334. p= 2Y", p< aifn<4,R=aifn=4andR > aifn>4 


4336. a) 8. b) 4. c) 12714. d) 0. 
4338. a) 60°. b) 30°. 
4341. arccos ./k/n. 


4342. arccos(2/3). Hint. Let aj = AoA; (i = 1, 2, 3, 4); show that the square 
of the cosine of the angle between the vectors a1t) +a2t2 and a3t3 +a4%4 is equal to 


(ty + £2)? (t3 + t4)? 


4(12 +tte+ aye + t3t4 + 12)’ 


find the maximum of the function (t; + £2)? under the restriction f? +t)t2 +13 = 1. 


4343. 45°. Hint. Find the minimum of angles of vectors of the second plane 
with their orthogonal projections to the first plane. 


4344. b) Po(x) = 1, Pi(x) = x, Po(x) = 53x? — 1), P3(x) = 5 (Sx? — 3x), 
Pa(x) = 5 (35x* — 30x? + 3). 


g—j_1-3-5...27-1) aye 


c) rG)= oi aay -paeT* 


j=0, j2k/2 


am s(t) 2D! ay 
= —1* i( laa 2k 
= aoe’ ee 6 re 


d) /2/2k +1. 
e) 1. 
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4345. a) VA, where 


1 
2 n+1 
a 1 1 1 |. (1!2!...n!)3 
=| 3 3 n+2 ~ (nt1))i(n4+2)!...(2n¢ DE 
1 1 : 
oe ee) 2n+1 


1 
b =———. 
@\anet 
4402. G-"'AG. 
SB’ 6 

4403. & 3 ; 

4404. Projection onto the bisector of the second and the fourth quadrants in 
parallel with the coordinate axis. 

4409. a) D* = —D. 
b) Hint. Integrate by parts. 


4410. Hint. See the hint to Exercise 4409. 
4413. Hint. Make use of Exercise 4412 and of connections between Hermitian 
and quadratic functions. 


4414. Hint. The assumption of the exercise is equivalent to the equality 
(AA*x, x) = (A* Ax, x) for all x € V. Make use of Exercises 4401e and 4413. 


4415. Hint. If A = B —2€ then A* = B — iE, apply Exercise 4414 where x 
is an eigenvector of the operator B with the eigenvalue i. 
4416. Hint. Make use of Exercise 4415. 
4417. Hint. a) Make use of Exercises 4415, 4406 and 440 1a. 
b) Make use of a) and Exercise 4402. 
c) IfAisnormal then the statement follows from Exercise 4415, in order to prove 
the converse statement show as in b) that A has an orthonormal eigenbasis. 


4419. Hint. Make use of diagonalizability of the matrix of an operator in some 
orthonormal basis. 

4420. Hint. Make use of an orthonormal eigenbasis of A and B. 

4421. Hint. Make use of an orthonormal eigenbasis. 

4422. Hint. Make use of an orthonormal eigenbasis and interpolating poly- 
nomial. 

4423. Hint. Apply Exercise 4401c,d,e. 
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4424. Hint. a), b) Make use of Exercise 4423 for the subspace Ker f (A). 


c) There exist polynomials a(x), c(x) such that a(x) f(x) + ¢(x) fa(x) = 1, 
deduce from here that Ker f(A) = Ker f(A) @® Ker f2(A); if x € Kerh(A), 
y € Kerf(A) then by Exercises 4423 and 4424a,b we have (x,y) = 
(c(A) f2(A)x, y) = (x, €(A*) f2(A")y) = 0. 

d) By Exercises 4407, 4423 and 4421a—c we have Ker f(A)+ = Im f(A*) € 
Ker f(A*)"—! = Ker f(A)"~!, hence V = Ker f(A) + Kerf(A)"~|, ice. 
f(x)"—! annihilates A if n > 2. 


4425. Hint. Make use of Exercise 4423. 
4426. Hint. Make use of Exercise 4425. 


4427. Hint. a) Make use of Exercise 4426. b) follows from Exercises 4406 and 
4429. Induction on dimension with the help of Exercises 4427 and 4428. 


1 o\/1 , 
4. k » | —(, -—1), —(1, 1) }. 
- »(4 3) (= oe A ) 


190 OR 7 ; ' ‘ 
b) {9 18 0), (32.2.0, 5@,-1,-2), 344,-2.0)), 
90 0 i ; i 
09 0}, a(t, 1,0, ZG, -1, 4), 52, -1, 0). 
¥ (0 0 °) (F v18 3 
600 : : , 
d) (0 6 Oh (0-23 DEG 1), 20,4  ). 
) (0 § 0). (Je ). 75 a ») 
BO LE 4 : 
0. 1 0:1 felt BD), (0, 1, Opel = 1 ) 
: (0.1 9}.( a Ti 
10 0 O 
01 0 O 
f) f te =4 of 
i a ae 
(=a 0, 0, 1) to 1, 1,0) ta 0, 0, —1) eG it ») 
4/2 , 9 ’ LD y ’ , "ef ’ ’ ’ ev gy) ’ ’ > ‘ 
m0 0 ©@ 
» {92 09 9 
8 oo =2 of 
‘90 0 2 
1 


1 1 1 
( (1, 1,0, 0), zl, -1,1,)), hae 0, 1, —1), zl, -i, -») : 


S| 
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5 0 1 : l ; 
4507. a) (j a ), (=a +i, 1), ve" +i, -2)). 


2 0 1 se ; 
b) ¢ ) (=a. —i), 11.0). 
2 0 1 ‘ 1 ; 
c) ( (0-1-0, 0,240). 


4509. Hint. Commuting operators have a common eigenvector x; consider 
orthocomplement to (x). 

4510. Hint. Apply Vieta formulae and Descartes’ theorem. 

4511. Hint. Apply Exercise 440 le. 

4513. Hint. Make use of the diagonalizability of A in some orthogonal basis 
and apply Exercise 4510. 

/3 2 OV 
4514, (2 4 2). 
02 5 

4515. Hint. By Exercise 4513 we have A = A?, B = B? where Aj, 
B, are non-negative self-conjugate operators; if A is positive then AB = 
Ai[A1B1)(AiBi)*].47'; apply Exercise 4511. 

4518. Hint. Prove that the rank of A — AE is not less than n — | for any A. 


4519, The functions in principal axes and matrices of changes of basis A 
(‘x = A'y) are given: 


& 


1 2 -l 2 
) 3y? + 6y2 + 9y?, 3( e 2 -1). 
—1 2 2 


1/2 2-1 
b) 9y? + 18y3 — 9y2, 3(-2 2 2) 
2 


=f 2 
e_52 ! yi te 
c) 3y?+6y2 -2y%, —[-V2 -1 V3 
V6\ fi 2 0 
1 (v2 1 V3 
“at HF ED 
1/4 v2_ 3v2 
e) 3y? —6y2, 5(2 “ 0). 
4 3 
ie: oe 
2 se o2oge Stok £2 ef 
f) 2yy + 4yz — 2yz — 4y4, “+ ae ae \ 
i Yk eg 
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1 
g) Sy? — Sy? + 5y3, FR 


h) 2y? —4y2, 
: 2 2 2 1 


A) 4y? + 4y2 + 4y? — 6y? — 6y2, 


V2 


5° 1. 0 @ 
12 00 
BOs. Bef 
© oO -L 32 
10 1 0 
Ie 6: 1. 0 
G1 ° O19 
91 0 th 
me 0 0 8 
01 2 2 
Of i <3 
2. 2 Sa 
/10 0 0 0 
1 ) ee oe 
se 0 -—2/2 0 2 
V10{ 9 01 0 
0 3 Oo 


4604. Hint. Apply Exercise 4603 and orthogonalization. 


Ill 


4605. Hint. aS ea or 

4606. 

a 4, (at, 1.19, 0,0, -D, A,-2,d) 
5 ae #4) (Rar C* : taneaia ie aaa bi 
b) fo o 1); (—«a.1,0),0,0,1, ~<a, -1,0)). 

» (0 0 1): (Fe ), ©,0, 1), ) 

1 0 0 

c) | 9 ae ; (=a 1,1), £@, -1,-1), -£@, 1-1 
2 2 ’ J3 o. 9% 'J/6 * ’ " f2 oan 
V3 1 

Oe 37 

1 0 O 

o» Jeo 1 1 
d) 2 7; (Fa.1.0, 0,-1.0,00,0,1). 

ea. ee 6 Se 

\ 2 Z 


) 
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1 0 0 
4 2/2-1 _v¥74+42 
e) 4 4 : 
Vira, © 27821 
0 a / 
: 4 4 
1 1 1 
= (1 - V2, 1, -1), =, 1,1), ——— (2, 1, -v2 - ») ; 
(5 V2 10 - 4/2 
100 0 
010 =O 
f) f 01 a. 
000 -I,s 
1 1 1 1 
(5a. 1,1,-1), 50,1, -1, D504 “11D, 3-11.10). 
1 0 00 
gr oe 
8 0 0 4 
& 0 =<) 03 


1 1 1 1 
—=2(1, 1,0, 0), —(0, 0, !, —1), —(1, —1, 0, 0), —=(0, 0, 1, 1) }. 
( 52 ds Fl ds al ) ) 
1 0 0 
h) 0 ; at (=a 1, 1) J -1,-l dap —1 -1) 
7 2 ’ J3 As “6 , ’ "Sj . ’ . 
jae 2 
2 2 
/1 QO i) 1 1 1 
i) 00 -1i4i, (5(-1.2.2), 5@.2,-0, 3(-2,1,-2)). 
iC ee 3 3 3 
1 0 0 
0 z 3V5 1 
i) (a ae: (0.1.0, —(1, -1, 0), —=@G,5, -®)). 
A. eed he ol 8 
7 T 
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1 0 0 

B fe 52+ - V+ 
0 V2 +283 a2 +72) 


(aa = Re (apr oom 3V3, V3), = (6V2, -2 - Jf2,2— 4), 
V42 + 28/2 


a 5 (0 42 — 28V2, 42 + 28/2 )) ; 
0 


0 

» |? ; nee (4.-2.0).(4 -2.0).0.0,-» 
1 1 
= 

wor. (% ,). (40.0, 50.-0). 

1 (1+i72 0 : 
b) aI 0 iva) (Geert - Vo, 
——(il= vi),-0). 


———* 


4-2/2 
/1 0 0\ 1 
c) to i 0), (52, —2i, i), = 52,42), $(-1,2,2)), 
00 -i 
1+iJ73 ‘ 
d) “ ome 1 | =, (V3 - 20), 
. it ( can 
2 
————— ((V3 — 2)i, 4) 
= 3-4/3 : ) 


» (5 Goa fess) 


4608. Hint. The matrix is similar to the diagonal matrix ( 


ea 


0 
ae 
cosa —sina : 
’ by Exercise 4607a. 
sina cosa 


e-ia ays which 
is in turn similar to the matrix ( 


4611. b) Hint. Make use of diagonal form of matrices of unitary and Hermitian 
operators. 


4612. Hint. Any orthonormal basis in V with the same orientation as (e1, €2, €3) 
by an operator of the form A,BgAy, can be transformed to (e1, €2, €3). 
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4613. a) Hint. If e;, e2, e3 is a basis in V then operators of rotations of the planes 
(e1, €2) and (e2, €3) have the required representation; apply Exercise 4607a. 


4614, Hint. A rotation of two-dimensional plane is a product of two reflections; 
for the proof of the second statement notice that if A = A,...A, then 
Ker(A — €) > NL, Ker(A; — €). 


4615. Hint. Use orthonormal eigenbasis. 
4616. Hint. Apply Exercise 4515. 


eye ty 17k ad 
mont Sy aC) 
Je. ( OPT R <) 
» (3 $)-aa(i 1): 
ij 2 fds 2 
; ah 2 17 oteoe B 2 —LE 
; 3(2 2 14/ 3\-1 2 :) 


4618. Hint. Prove that B? = AA*. 


4619. Hint. Let e!, ..., e#* be all distinct eigenvalues of A, find a polynomial 
f (t) of degree at most n such that f (e!/) = e!%//* for all 1 < j <n. Check that 
SAR =A. 


4620. Hint. Make use of diagonalizability of the operator. 


4621. Hint. Represent A as a square of a positive self-conjugate operator C. 
Show that the operator C~' ABC is self-conjugate. 


4622. Hint. Apply Exercise 4621 and represent A and 8 as squares of positive 
(non-negative) self-conjugate operators. 


4624. Hint. Apply Exercise 4623. 
4629. Hint. Make use of pole decomposition of A. 
4630. Hint. a) Apply Exercises 4625-4627. 
b) Follows from a). 
c) Utilize the Vandermonde determinant W(1, «, e?,..., e"-1), where ¢ = 
cos = + isin ce 
n n 
4631. Hint. Apply Exercises 4604, 4605. 
4632. Hint. Apply Exercise 4332. 
4701. a), d). 
4702. 21. 


4703. a) B(v3, v4, v5) =0, —B @ A(ej, e1 + €2, €2 + €3, €2, €2) = 1, 
(A @ B — B@ A)(u, v2, 03, v4, vs) = 1. 
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b) A(e; +e2,e2+¢3)=2, Ble3 +e}, ¢2,e2) =2, A(e2,e2) =0, 
Ble, + e2, €2 +€3,e€2 +e1) = 8, (A@B—B@A)(M, v2, v3, v4, vs) = 4. 
4704. 0. 
4705. 0. 
4706. (A ® B)(e}, €2, €3, €3, €3) = 0, (B ® A)(e1, €2, €3, €3, €3) = 1. 
4707. a) 4. b) —9. c) 3. 
4709. a) T(v, f) = f(Av), where 


0 0 
= (Im A)* = (e+); 


_ 
oO 

- OC oO 

oooo 


0 0 


therefore {f € V*||T(v, f) = 0 for any uv € V}. 
b)  (e4). 
4710. p?(4p — 3). 
4711. a) 2. b) 1.) 2. 
4713. a) 5. b) 1. c) 3. 
4714, a) e3. 
b) 5Se3 + Seq. 
4715. a) (2e! — e3) @ (2e1 + 2e2). 
b) 2e! @e3. 


4716. a) (2e, + €2) @ €3 + (e1 + €2) @ €4; e! @ (2e? — e*) — e? @ (€3 — 4). 


b) Ge1 + 2e2) @ (€3 + €4) — (2e1 + €2 +63 + €4) @ 2; 
(e! +e?) @e? + (e! +€*) @ (e4 — 27). 
C) (e1 +2) @ (e1 + €2 + €3 + €4) + (3e1 + 2e2 + 2e3 + 3e4) @ €4; 
PG —El+Ftey@aitelt+ertert+et) Bey. 
d) (2e; + €2) @ e; + 2(e1 + €2) ® e2 + 3(€3 + €4) @ €3 + 4(€3 + 2e4) @ €4; 
e! @ (e! — e*) — 2e? @ (e! — 2e?) + 33 @ (2e? — e*) — 4e* @ (€? — 4). 
4717. Hint. Consider the eigenbasis. 
4718. b) (trA). c) d2". 
4719. a) Three boxes of size 2 with 1, 2, 3 at the principal diagonal. 
b) One box of size 1 and one box of size 3 with 2 at the principal diagonal. 
c) Two boxes of size 3 with 0 at the principal diagonal. 


4802. 3n(n + 1)(n — 1), where n = dim V. 
4805. Hint. Calculate dimensions. 
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4807. Hint. Prove that the trace of A?A coincides up to a sign with qth 
coefficient of the characteristic polynomial. 


4808. a) Two Jordan boxes of sizes 5 and 1 with | at the principal diagonal. 
b) Jordan box of size 3 with 6 at the principal diagonal and three boxes of size 1 
with 4, 6 and 9 at the principal diagonal. 


c) Two Jordan boxes of size 2 with 2 at the principal diagonal; one box of size 2 

with —2 at the principal diagonal and four boxes of size 1 with 1,4, —4 and 
—4 at the principal diagonal. 

4809. Hint. Make use of hint for Exercise 4807. 

4814. Hint. Apply Exercise 4812. 

4815. Hint. Consider a basis containing x. 

4909.'x = Bx’ +'a, x! = B-'x — Boa. 

4910. a) x) — 2x2 — x3 + 2x4 = —2, b) 3x) — 2x2 —x3 —x4 = 1, 


2x1 + 7x2 + 3x3 + x4 = 6, 6x3 + 5x4 = 1, 
x1 =t + 3b, x1 =h + 2h, 
x2 = —t +h, x2 = t) + 3te, 
x3 = 2+ 2t; — 3t2, x3=6-5t, 
x4 = —ty — 4. x4 = —7 + 6f. 


4911. The first equality takes place if (a1, ..., as) contains the origin, otherwise 
the second equality takes place. 


4914. Hint. lf P; = a; + L; (i = 1,...,5), then 
(Py U... Ps) = ay + (L1 +-°> + Ls + (2142, ..., a1as)). 


4916. a) dim(P; U P2) = 3, dim P} N Pp = 1. 
b) dim(P, N P2) = 4, P; N P2 = @ the degree of parallelelism is equal to 1; 
c) dim(P, M P2) = 4, the planes P; and P>2 are crossing. 
4918. The hyperplane parallel] to P;, and to P2. It passes through one of the 
points of the form mentioned. 
4920. a) x) = 3t, x2 = —14+-3t, x3 =3-t,xg= 1-18. 
b) x, = 14 2, x2 = —3 4+ 6t, x2 = —2 4-20, x4 = —24+-41, x5 = St. 
c) There is no line. 
4922. 1 — x) —--- — Xp, X1,---,Xn- 


4923. The line contains at least three points if |K| > 3; the statement is not 
valid if |K| = 2. 


4924. For any point a there exists a vector v such that f(a + v) =a+v. 
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4928. If charK {n then 1(a + f(a) + f(a) +--- +f"! (@)) isa fixed point 
for any point a. 
4929. Hint. See Exercise 4928. 
4931. a) a + (e€1, €2), where a = (—1, 0, —1), e; = (1, 2, 3), e2 = (1, 1, 1). 
b) a+tiAe,a+ {e1), a=athet {e2), a + (e1,€2),a@ + Ae, + {e2, e3), 
where a = (3, 3, 4), e, = (1, 2, 2), e2 = (—1, —2, —1), e2 = C1, 1,0), A is 
arbitrary. 
c) a,a+(Ae1+e3),a+(e1, €2),a = at+(e1, €2+Ae3), wherea = (0, —1, —4), 
a= qi, 4, 3), 2= di, 0, 0), e430= 3, 0, 1), A, be are arbitrary. 
d) a+Ae; + (e1, €2),a+ (e1, €2),a +Ae; + (€1 +62, €3), Where a = (3. 5, 7), 
a= (2, 1, 0), aQ= (-1, 0, 1), 43> G3, 5, 6), Ais arbitrary. 
4933. a) A transformation exists. 
b)_ A transformation does not exist. 
c) A transformation exists. 


4934. a) A transformation exists. 
b) A transformation does not exist. 


4935. Pi; Po; []; \P; (@ = 1,2), where J]; is a hyperplane containing P; and 
parallel to P; (j # i); arbitrary hyperplanes which are parallel simultaneously to 
P, and P2. 

4936. Hint. Apply Exercise 4923. 

4937. Hint. b) Show with the help of Exercise 4936 that f preserves parallelism 
of lines; define the mapping Df : V > V by the formula Df (ab) f (a) f (b). Show 
that f(x + y) = f(x) + f(y). Let u be some vector from V. Making use of the 
relations Df (av) = o(a) Df (v) define a mapping o : K — K. Show that it does 
not depend on v and it is an automorphism of the field K. 

5003. Hint. If M’ # @ then H = {x | Dies fi(x) = 0} is a hyperplane of 
support of M and MN H =M J, Conversely, let [ be a side of M which is an 
intersection with H. Let a be an internal point of I’ and let J = {i | f(a) = 0}. 
Then M2 is a side of M containing I and a is its internal point. It follows that 
M! C H and therefore M/ =T. 

5004. Hint. Consider the system of barycentric coordinates associated with the 
points ao, 41,.--,4n- 

5007. The vertices are A = (1,1,1), B = (1,1,-2), C = (1,-2,1), 
D = (-2,1,1) and E = (—},-4,-}). The polyhedron is the union of 
triangular pyramids with common base BCD. 

5008. a) Tetrahedron with vertices 


(1,0, 0,0), (0, 1,0,0), (0,0, 1,0), (0,0, 0, 1). 
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b) Octahedron with vertices 


(1, 1,0,0), (1,0, 0, 1,0), (1,0, 0,1), (0, 1, 1,0), (0, 1,0,0, 1), (0,0, 1, 1). 


c) Triangular prism whose vertices of one base are 
(1, 0,6, 0), (0, 1,0, 0), (0, 0, 1, 0) 


and the vertices of the other base are 
(1, 0,0, 1), (0, 1,0, 1), (0,0, 0, 1, 1). 


d) Parallelogram with vertices 
(1,0, 1,0), (1,0,0, 1), (0, 1, 1,0), (0, 1,0, 1). 


5015. Hint. Reduce the proof with the help of Exercise 5014 to the case when 
S = MU{a)}, where M is n-dimensional simplex anda ¢ M. Apply Exercise 5014 
and notice that any segment ab, where b € M, intersects some (n — 1)-dimensional 
side I" of the simplex M which does not contain the point b; hence it is contained 
in the union of simplices M and conv(T U {a}). 


5016. Hint. Make use of Exercise 5015. 


5017. Rays starting at the point a and intersecting M° are sweeping out the 
angle whose size does not surpass 7. 


§018. Hint. Induction onn. Consider the arbitrary hyperplane H passing through 
a. Prove that if some neighborhood of a in H is contained in M then M lies in one 
side of H . Otherwise, by inductive hypothesis, there exists in H ahyperplanea+W 
(where W is (n — 2)-dimensional subspace of the vector space V corresponding 
to A) such that M1 H lies in one side of H. Let U be a two-dimensional 
complementary subspace to W. Consider the projection N of the set M into two- 
dimensional plane P = a+U in parallel W (see Exercise 4938). Prove thata ¢ N 0 
and apply Exercises 5017, 5012. 


5020. Hint. Choose apointb € M and forany pointa ¢ M conduct a hyperplane 
of support through a point of the segment ab, which is the nearest to a. 


§021. Hint. Show that any hyperplane of support of a closed convex cone passes 
through the origin. 

5022. Hint. The set M of all non-negative linear combinations of functions 
Fiv-++» Sm is a closed convex cone in vector space L of all affine linear functions 
in A. If M does not contain positive constants then by Exercise 5021 there exists a 
linear function gy on L such that y(1) = 1 and g(f) < Oif f € M. Show that any 
linear function g on L, for which g(1) = 1, is of the form g(f) = f(a) where a 
is some point of A (not depending on f). 
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§023. Hint. b) Prove with the help of Exercise 5020 that for any point a #4 M 
there exists a linear function f € M* such that f(a) > 1. 


5024. Hint. Induction on dimension of the space. Firstly prove that any non- 
extreme point belongs to an interval connecting boundary points. Then by inductive 
hypothesis deduce that any boundary point belongs to a convex hull of the set of 
extreme points lying in a hyperplane of support passing through this point. 


5027. Hint. Follows from Exercises 5024 and 5026. 


5028. Hint. It suffices to consider the case when the affine hull of the given 
points coincides with the whole space. Then identify the affine space with a vector 
space, taking as a zero some internal point of the convex hull M of the given points. 
Prove that the convex set M* defined as in Exercise 5023 is a convex polyhedron. 
Apply Exercises 5027 and 5023b. 


5029. a) x; > 0,x2 > 0,x3 > 0,x4 > 0,21, +23 < 1,21 +23 < 1x1 +244 < 1, 
X2+X3 < 1,x2+2x4 < 1; three-dimensional sides are four quadrangular pyramids 
Oabcd, Odefa, Odefb, Oabce with the vertices d, e, a, b and four tetrahedrons 
acdf , acef, bcdf , bcef. 


b) x; > 0,x2 > 0,x3 > 0,24 > 0,243 +244 < 1, x24+%4 < 1343424 < 1; three- 
dimensional sides are the parallelepiped Oabcdefg and six quadrangular 
pyramids with common vertex h, the bases of which are the two-dimensional 
sides of the parallelepiped mentioned. 


5031. Hint. Consider the convex set N — M in the space V, which consists of 
the vectors connecting points of M with points of N. Prove that it is closed and 
deduce from Exercise 5020 the existence of a linear function g on V such that 
y(xy) = 1 forallx € M,y € N. Take as f a suitable affine linear function whose 
linear part coincides with g. 

5032. Hint. In the space L consider the closed convex cone K consisting of all 
affine linear functions which are non-negative on M. Assume that KN N = @ 
and deduce from Exercise 5031 the existence of a linear function on L which (i) is 
non-negative on K, (ii) is negative on N (iii) satisfies the condition g(1) = 1. 
Show that g( f) = f(a) where a € M, acontradiction with the assumption. 

5033. Hint. Obviously max,em Minyen F(x, y) < Minyen Maxey F(x, y). 
Let max,e4 MiNyen F(x, y) = c. Then for any point x € M there exists a point 
y € N such that F(x, y) < c. Prove with the help of Exercise 5032 that there 
exists a point yo € N such that F(x, yo) < c forall x € M. Deduce from here that 
miNyen Maxxem F(x, y) = c. Similarly prove that there exists a point x9 € M 
such that F(xo, y) > c forall y € N. 


5034. Hint. Prove all statements by induction on n + m. 
5035. a) It is bounded. 
b), c) It is not bounded. 
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d), e), f) It is bounded. 
5036. a) (0,0, 3, 0, 2), (0, 1,3, 0,0), (0,0, %, §, 0), (3, 0,0, 0, 3), 
(3%, 0,0, 3, 0), (3, 3,0, 0, 0). 
b) (6,4, 0), (0, 12, 2). 
c) (0,0, 9, 20), (0, 3, 0, 14), (4, 0, 13, 0). 


5037. a) Zmax = 9. 
b)  Zmin = —45 
C) Zmax = 90; 
d) Zmax = 35/4. 
5101. If ap, a1, ..., @_, are the required points then scalar products of vectors 
Goa}, ..-, 20am Can be expressed via distances between the given points; the Gram 


matrix made from them should be either positively definite (in the case a)) or non- 
negative definite (in the case b)) (see Exercise 4311). 


5102. a) 4. 
b) 3. 
c) 2. 
d) A Set does not exist. 
§106. a) (5, —4, 4, 0) + (3, -4, 3, —1)). 
b) (5,0, 2, 11) + (3, —1, 2, 5)). 


5107.a)5. b)6. c)7. d)/(G81/27). 
5108. |c — 7, aibi| IV eae! 


2n 
5109. 2"+2 /./In +1 » ) Hint. Make use of an orthogonal basis consisting 


of Legendre polynomials (see Exercise 4344.) 

5110. 7/2". Hint. Utilize the representation of cos"*+! x as a trigonometrical 
polynomial. 

5111. PN Q consists of one point. 

§112. a) ~x1 + 3x2 + 2x3 + x4 = 6, x1 + 2x2 + 3x3 — 2x4 = 4. 
b) (3, —2, 1,4) + ((2, 3, ~1, ~2), (3,2, —5, 1)). 


5114. a) 22/3. b)5S. c)7. d)6. 

[n+l 

2k +D(n—k) 

5117. Pairs {P;, P2} and {Qi, Q2} are metric congruent, but they are not 


congruent to the pair {R,, R2}. All distances are equal to 36; cosines of angles 
for the first pairs are equal to ~3/5 and 4/5, for the third pair to —1//5 and 2//5. 


5115. d 
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5118. a) (2, —3, —4, 1, 0) + ((18, 0, —13, —1, 5)). 
b) (5,2,2, —5, —6) + ((0, 3, —2, —2, 1), (1, 0, 1, —1, 0)). Hint. Make use of 
Exercise 5113d. 
5120. Hint. Make use of Exercise 4604. 
$122. Hint. Prove that there exists an orthogonal operator which maps the unit 
basic vectors which are orthogonal to the sides of the first tetrahedron to unit basic 
vectors which are orthogonal to corresponding sides of the second tetrahedron. 
5123. a) The rotation on —2/2 around the point (1,3). 
b) The rotation on 2/4 around the point (-1/7%, 14 1/7). 
5124. a) The composition of the reflection with respect to the line with directing 


vector a = (1, 1) passing through the point (1/2,0) and of the parallel transfer on 
the vector 5a. 


b) The reflection with respect to the line with directing vector (/3, 1) and passing 
through the point (2,0). 
5125. a) The rotation on 2/3 around the axis with directing vector a = 
(—2, —2, 1) passing through the point (1, 2, 0). 
b) The composition of the rotation on 1/2 around the axis with directing vector 
a = (—2, —2, 1) and passing through the point (2, —1, —$), and of the parallel 
transfer on the vector 2a. 


c) The composition of the rotation on  — arcsin(5/14) around the axis with 
directing vector a = (1, 1, 1) passing through the point (—1, 2, 1), and of the 
parallel transfer on the vector a. 


5126. a) The composition of the rotation on 2/2 around the axis with directing 
vector (2, 2, —1) passing through the point P = (0, 1, —1) and of the reflection 
with respect to the orthogonal plane passing through the point P. 


b) The composition of the reflection with respect to the plane x — 2y + z = 3 
and of parallel transfer on the vector (3, 2, 1). 


c) The composition of the rotation on arccos(1/3) around the axis with directing 
vector (1,0, —1) passing through the point P = (1, —1,0), and of the 
reflection with respect to the orthogonal plane passing through the point P. 

d) The reflection with respect to the plane 3x ~ y ~ 27+ 7=0. 

5202. Hint. Transfer the origin to the point b utilizing the formula from Exercise 

5201. 

5203. Hint. Make use of Exercise 5202. 
5204. Hint. If we introduce the extended column of coordinates 


X ='(x1,...,40, Ds 
then Q(ap +x) ='XAgX and X = TX’. 
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5205. Hint. Utilize the Taylor expansion of the polynomial Q(x), ..., X,) at 
the point (x?,..., x9): 


aa 
O(x1,.--,%n) = OUP AD DE Os 9) (x; — x°) 


re y 82 (0 x°)(x; — x°)(xy — x9) 
2 4x1 Oxi 8x; aaah ok ae | a MBs: Li 
§206. a) The point —1/(n — 1),..., —1/(# — 1). 
b) The hyperplane x; +---+2,+1=0. 
c) If is even then the center is the point (x?, ..., 22) where 
0 (-1)'? if i is even, 
x; = 


~ | C7 if i is odd. 
If n = 4k +3 then the center is the line 


(0, -1,0, 1,...,—1,0) +71, 0, -1,0,...,0, —1); 


ifn = 4k + 1 then the center is empty. 
d) The center is empty. 


§207.a)9. b) 17. 
5208. a) 3n — 1. 
b) n?+3n-1. 
5209. Hint. Apply Exercise 5205. 
5210. Hint. Make use of Exercises 5201 and 5205. 
§211. a) x; + 2x2 + 2x3 +24 = 1. 
b) xy +2 xi txn +2 =0. 
5212. Hint. Make use of Exercises 5203 and 5210. 
§213. Hint. Make use of Exercise 5203. 
5214. Hint. Make use of Exercise 5213. 
§215. a) (—1, 2, 3) and (—2, —1, —4). 
b) The lines entirely lies in the quadric. 
c) The line is tangent to the quadric at the point (—3, 0.0). 
5216. (x) + V/12)/2 = x2 = —x3 and (x1 — /12)/2 = x2 = —x3. Hint. The 


required line can be defined either by equations (x — a)/2 = y — b = —z onor 
by equations x = a — 2z, y = b — z. After substitution of these values of x and 
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y into the equation of the quadric we obtain an identity. Since all coefficients of 
the obtained equality are vanishing we can determine the values of parameters a 
and b. 


§217. Two complex conjugate lines are: 


(o-3) ot oi) 


5218. a) x? + 5x3 + 4x2 + 4x1x2 — 2xox3 — 4143 = 1. 

b) x? + 2x2 + x} — 4xyx2 + 6x2x3 — 2x123 + 20x2 + 1223 + 12 = 0. 
5219. a) An ellipse. 

b) A hyperbola. 

c) A pair of intersecting lines. 

d) Anempty set. 


5220. a) The affine type of the quadric is determined by the canonical equation 
ve + ys tee t y2 + 2yn+1 = 0, the metric type is determined by the equation 
yeyg e+ + y2_ 1 + (nt Vy2 + 2yntt = 0. 

b) The affine type of the quadric is determined by the equation yz - y3 - 
yee a y2 = —1, the metric type is determined by the equation 
(n— Dy} — yh — y+ PL. 

5221. a) (—1, }, 0), a hyperboloid of one sheet. 


b) The line of centers is defined by the equations x; /3 = x2/2 = (x3 — 2)/1, an 
elliptic cylinder. 


c) The center is empty, an elliptic paraboloid. 
d) (¥. 3, 3): a hyperboloid of one sheet. 
e) The pair of intersecting planes (x; + x2 + x3 — I(x + x2 — 2341) = 0. 
2 
f) The sphere (x; — 1)? + (x2 + 3) +x3 = ¥. 
2 
g) The circular cylinder (x; — 1)? + (x + 3) = 8. 


2 2 
h) The circular cone (x; — 1)? + (x2 + 3) o (x3 = 3) =0, 
i) The pair of parallel planes (2x; — x2 + 6)(2x; — x2 — 6) = 0. 


j) The ellipsoid y}/49 + 4y3/49 + 9y3/49 = 1, the center is (3, —1, 2); the 
large, the average and the small axis are parallel to the axes Ox1, Ox2 and 
Ox3, respectively. 
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k) The rotation hyperboloid of one sheet yy /4- y3 /16- y3 /16 = —1; the center 
is (—4, 0, ~6), the axis of rotation is parallel to Ox. 


1) The circular cone y? — y32/3 + y? = 0; the top is (3, 5, —2) and the axis of 
rotation is parallel to Ox2. 


m) The paraboloid of rotation, the top is (10, -4, -§); the axis of rotation is 
parallel to Ox;. 

5222. a) The circular cone —y? + y3 + y} = 0, directing vector of its axis is 

(1/2, 1/V3,0). 

b) The hyperbolic paraboloid y? - y3 = 2y3; the top is (0,0,0), directing 
vectors in the canonical system of coordinates are: e, = (1/ J2, 1/72, 0), 
e, = (-1/V2,1/V2,0), € = (0,0, 1). 

c) The parabolic cylinder 4 = 5x}, directing vectors in the canonical system of 
coordinates are e) = (3. 4,0), a= (-3. 3,0), e; = (0,0, 1). 

d) The circular cone —4y? + y3 + yy = 0, the directing vector of its axis is 
- (2/-V5,1/¥3, 0). 

e) The hyperbolic cylinder y3 - 2y? = 1, the directing vector of the axis of 
the hyperbola is (1 (2, 1/72, 0); the directing vector of elements of the 
cylinder are (-1/v2, 1/72, 0). 

f) The circular cylinder y? + y? = 4/25; its axis passes through the point 
(0, 0, —215) and has the directing vector (-2/¥5, 1/V5, 0). 

g) The parabolic cylinder y? = Sy, the top of the parabola is O’ = 
(-1. —%, -#8), directing vectors in the canonical system of coordinates 
are: €) = (0, -i, -3) (the directing vector of the axis of the parabola is in 
the side of concavity), e, = (1, 0,0), e&, = (0, 3: -}) (directing vector of 
elements of the cylinder). 

h) The parabolic cylinder y3 = 2y?, the top of the parabola is O’ = (0, 0, 1), 
the directing vector of its axis in the side concavity is (0,0,1), the directing 
vector of elements of the cylinder is (-1 / V2, 1 / /2, 0). 

i) The rotation hyperbola of one sheet 3y?/2 + 3y3/2 - 3y3 = 8 the center 
is O' = (¥. —% -It), the directing vector of the axis of rotation is 


(3.4.-3). 
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»D 


k) 


m) 


n) 


0) 


P) 


q) 


r) 


s) 


t) 


The paraboloid of rotation y? + y3 = $y3, the top is O’ = (1,0, —1), the 
directing vector of the axis of rotation is (3. i, -3). 
The rotation hyperbola of two sheets 2y? “ 2y2 - 4y? = —], the center 
is O' = (-4, -4, -}), the directing vector of the axis of rotation is 
(1/¥3, 1/3, 1/3). 
The ellipsoid of rotation y? + y3 + (y3/4) = 1, the center is O’ = (1, 1, 1), 
the directing vector of the axis of rotation is (1/3, 1/V3, 1/3). 
The rotation hyperboloid of two sheets 6y; + 6y3 - 2y3 = —l, the 
center is O’ = (-}. z, 3), the directing vector of the axis of rotation is 
(1/2,0, 1/2). 
The parabolic cylinder y = $y, 0 = (2,1,-1,'4' = (3. , }), 
= [2 1 2 , 
& = (3.-4,-3). é, = (4.-3, ) 
The elliptic cylinder (y?/2) + y3 = 1, O’ = (0, 1,0), 
1 = (1/V3, 1/V3, -1/V3), € = (1/v6, -2/v6, -1/V6), 
Z &. (1/2, 0, -1/V2). 
The elliptic paraboloid y? + (3y3/2) = 2y3, O’ = (2,2, 1), 
e, = (1/V2, -1/V2, 0), & = (1/3¥, 2, 1/302, -4/3V2), 


22. 1 
e, = (3.3.4). 


The hyperbolic paraboloid y? — y2 = 2y3, O’ = (0,0, 1), 

e, = (1/3, -1/V/3, 0), ¢, = (1/32, 1/32, -4/3V2), 

= (3.4.4). 

The hyperbolic paraboloid (y?/2) + y2 = 2y3, O' = (1, 2, 3), 

d= (-E4.9)4=(b-b 94 =(-b-4-J). 

—(9f/9) — (93/9) — (93/9) + 09/3) = 1; O' = (0, 1,2, 3), 

e = (1/V2, 1/2, 0,0), 5 = (1/¥6, -1/v6, 2/6, 0), 

e = (1/23, -1/2V3, -1/2V3, -3/2V3); ¢, = (4.4. -}.4). 
i+ y+ =9; O' = 0,0,0,0), As i= (G4 

é, = (3.-4.4.-4).4 =(4.-4.-b a) = Gb 
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5223. If -} <a <1. 
5224. All appropriate coefficients of their equations, except possibly constant 
terms, are proportional. 
5225. The canonical equation of the quadric in the space is (a — b) y? Se 
(a — b)y2_, + (a + (n — 1)b)y2 + 2cyng1 = 0. 
§227. If a = b (the plane of dimension n — 1). 
§228. Hint. a) The required quadratic equation is of the form w A w = 0 where 
G@) = X9e) A €2 + xX1e1 A €3 + X2€1 A €4 + X3€2 A €3 + X4€2 A €4 + .X5€3 A €4. 
b) Let U € A’V, W C V bea minimal subspace such that U is contained 
in the image of the embedding A’,W -—> A’V. Consider the subspace 
= {w € W: wAU = 0}. Itis clear that decomposability of U is equivalent 
to the equality W = W’. Since pairings A‘V @ A?-*V — A"V = K are 
nondegenerate, it is possible to define a pairing A’-!V* @ A’V — V. Let 
the image of © @ U in V be denoted by /(©)U. Then W can be characterized 
as the image of the mapping A’~!V* -» V defined by © —> i(@)U. The 
condition W = W’ is now equivalent to the condition (i((@)U) AU = 0 
for all @ € A’~!V*. This is the required system of quadratic equations. In 
particular, if r = 2 then ((v*)U) AU = $i(v*)(U AU) for all v* € V* and 
therefore the decomposability of U is equivalent to the validity of the equality 
UAU =0.Ifn = 4 then the condition U A U = 0 gives a unique quadratic 
equation. 


5301. a) (x, y) > (=. - ~). 
l— 
b) (x.y) > (2.2), 


x I1+y\ 
l-y’l—-y/] 


§302. a) (x, y) > ( 


b) ey) > (5. *). 


Ix +1 3 \ 
5303. a) (x, y) > (24 2S). 


2k—-1 yJ3 

x-2°%-27 

5304. a) (x, y, z) > ~t2 12,4), 
Va y y 

ry 2d x-y\ 

z+1'z+1' rey 


b) @,y)—> ( 


b) (x, y,z)> ( 
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c) (x,y,z) > (. 2, :): 
5305. a) min(k ~ 1,n—k). 
b) min(k,n —k —1). 
5310. Hint. Consider complementations to affine charts. 
5311. gq" +q"t!+---+1. 
(g**t — 1)q*t! — 9)... (g**! — 9") 
(g**! — 1y(q@i*! —¢)... Ft! —9*) 
(ght) — 1)"t! — g)...g**! — 9") 
q-1 , 
5317, Hint. Consider both P(V) and P(V*). 
5320. Hint. Make use of the the previous exercise. 


$312. 


5313. 


§322. a) a3 = (a1 + @2)a2 
3a, — a2 
a;(I — a) 
yas i+ay, 


§325. Hint. Choose an affine chart in which the line is infinitely far. 


5326. Hint. Choose an affine chart in which two pairs of opposite sides of 
hexagon are pairs of parallel lines. 


§334. Hint. This line is obtained by application of a correlation corresponding 
to the given circle to the given point. 


$401. a) It is not associative. 
b) It is associative. 
c) It is not associative. 
d) It is not associative. 
e) It is associative. 
f) It is not associative. 
g) It is associative. 


§402. All elements of the forme, = ) are left neutral; there are no two- 


Da 
0 0 
sided and right neutral elements. The only right invertible elements with respect to 
x y x ax\. 
cx are (5 0 0  )ifx #0. 
5403. Each element is right neutral; each element is left invertible with respect 
to any neutral element x; the only right invertible element with respect to x is x 
if |M|= 1. 


) if x 4 0; the only left invertible elements are ( 
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5404. It is a semigroup. There is no neutral elements if |M| > 1. 
5405. a) 3. 

b) It is not a group. 
5406. Hint. Consider the mapping A > A. 


§501. In a) all sets except N are groups. In c) all sets except No are groups. The 
sets d), e), f), g), h), i) if either r = | or r = 0, and k) if g = 2km/n (assuming 
that g1 < @ <-+- < g,), are groups. 


§502. It is isomorphic to the group i) if r = 1. 
§504. The following mappings form a group: d), e), h), i), j), k). 


5505. The following sets form a group: a), d), e) if d = 1, f), h), i), k), 1), m), 
n), 0), p), q) if A < 0, r). 


5510. a) and c) hold. 
5513. Hint. Consider the element (xy)?. 
§514, a), e), f) are homomorphisms. 
5515. For commutative groups. 
5516. It is a homomorphism. 
ie ee {Z, nZ, UT2(Z)}, {Q, UT2(Q)}, {R, UT2(R)}, (C, UT2(C)}, (Q*}, (R*}, 
5518. [k] — [2] and [k] — (3*]. 


5519. Hint. See Exercise 5513 ifx? = e holds identically in the group; otherwise 
find non-commuting elements x and y for which x? = y? = 1. 


§520. There is no other automorphisms. 
5522. a) Isosceles nonregular triangle or a pair of points. 


b) [KB]N[LC]N[MA] where K, L, M are middles of sides of a regular triangle 
ABC. 


c) A regular triangle. 
d) A parallelogram or a rectangle. 
§523. D4 is isomorphic to the group from Exercise 5504k; Qg is isomorphic to 
the group from Exercise 5505d. 
5526. a) Zz. b)Zp-1. c)S3. d)S3. e€)Dy. f) Sy. 
5528. a) {e, (123), (132)}. 
b), f) Hint. See Exercise 5502. 


5530. Hint. Make use of Exercise 5529. 
5531. Hint. Make use of Exercises 5523 and 5529. 
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5533. These groups are not pairwise isomorphic. Hint. Consider centers of the 
groups. 

5601. Hint. b) If A U B is a subgroup and x € A \ B, y € B \ A then consider 
the element xy. 


c) Considerx € (C\ A)N(C \ B). 
5602. Hint. For any element a of a subsemigroup there exist distinct integers k 


and / such that a* = a!, hence a -a*—!-! = a*—' = ¢ and therefore the element a 
is invertible in the subsemigroup; the statement is not valid for N c Z. 


§603.a)6. b)5. c)12. d)8 e)4. f)8  g)2. 
5604. Hint. Consider the case when E + pX has prime order. 
5606. a)2. b)4. c)20. d)0. 
5607. Hint. b) Apply a). 
c) Consider the permutations (123), (12) and (13). 
5608. Hint. a) For coprime integers p and q there exist integers u and v such 
that pu +qu =1. 
b) follows from a). 
c) Consider (12) and (123). 


5609. Hint. Make use of the fact that the order of a cycle is equal to its length. 
$611. n/GCD(n, k). 
5613. p™ = p™"!. 
5614. Hint. a) See Exercise 5611. 
b) See the hint to Exercise 5608. 
c) Consider the least natural number s for which a* € H. 
d) Make use of c). If d, and d2 are distinct divisors of n then the corresponding 
subgroups have different orders. 


5615. Hint. If x* = e and x =a! then a*! = e, hence kl : n and! :GCD(n, k); 
the element a* has the order n/GCD(n, k) (see Exercise 5610) and therefore it 
satisfies the condition if GCD(n, 1) = n/k. 


5617. Hint. Let n = [|G|, d = d(G) and m be the least common multiple of 
orders of elements G. 


a) By the Lagrange theorem d|n whence x? = 1 and d is divisible by the order 
of any element of the group, i.e. m|d. 


b) Letd= pr re pe be the prime decomposition; by a) G contains an element 
x whose order is equal to pil, where | and p, are coprime; then the order of 
x! is equal to pr; similarly we obtain elements x2, ..., Xs; then the product 
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X1,...,Xs (see Exercise 5608a) has order d. Statements b) and c) are invalid 
for S3. 
5618. Up~. 


5619. b) It is not valid: in the group G of bijections of a plane onto itself the 
composition of symmetries with respect to two parallel lines is a parallel transfer. 


c) The set of roots of all orders of 1; the set of diagonal matrices with roots of 1 
at the principal diagonal. 
5620. It is not valid: in GL2(R) the elements of order 2 do not form a subgroup 
(see the answer to Exercise 5619b). 
5621. Z yt (p is a prime). 
5622. a) Hint. Write out explicitly all the subgroups (see Exercise 56144). 


b) Z,+ (p is a prime). Hint. Notice that the group is the union of its cyclic 
subgroups; if they form a chain then the group is cyclic, next make use of 
Exercise 56144. 


C) Zp Up. Hint. Let p be the least order of elements of the group; then p is 
a prime since p = kl implies that the subgroup (x) has an element of order 
k; (x)p is the least nonidentical subgroup contained in all other subgroups, so 
orders of all elements are divisible by p and are in fact powers of p. 
5623. Unen (4). 


k 2 
5624. cos all +i sin = — [Kk]. 


§625.a)=b); c)=f); d)=e)=g). 


5626. Hint. a) If the group G has no elements of order 2 then G = ((x, x—') 
(x ¥# e)} U {e} and (G| is odd. 


b) See Exercise 5513. 


5627. Hint. If the order of a subgroup H is equal to n then x" = e for any 
x € H, whence H C Up, but U, is cyclic, apply Exercise 5614c. 
5628. Hint. See Exercise 5622c. 


5629. Hint. b) Show that if finite abelian group contains at most one subgroup 
of any given order then it is cyclic; apply a). 


5630. a) E, S3, ((éj)), ((123)). 
b) E, Da, ((13)), ((24)), ((12)(34)), ((13)(24)), ((14)(23)), ((1234)), Va. 
c) E, Qs, (i), (7), (k). 


d) E, Ag, ((12)(34)), ((13)(24)), ((14)(24)), Va, ((123)), ((124)), ((134)), 
((234)). 
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$631. a) ij) = (Hd s/)dys). 
5632. a) Da. 
b) D»)(R) if a 4 b; SL2(R) ifa = b. 
c) (g). 
5633. a) Dg. 
b) S3 as a subgroup of S, consisting of all permutations fixing the element 4. 
c) fe, (12), (34), (12)(34)}. 
d) Sq. 
e) Ag. 
5638. Hint. Make use of Exercise 5637. 


5701. a) Two orbits; the first consists only of one zero vector, the other consists 
of all nonzero vectors. 


b) Each orbit consists of all vectors of the same length. 


c) Forany/ C {i,2,...,n} the corresponding orbit O; consists of the vectors 
x in which the coordinate x; is equal to 0 if and only if i € J. There are 2” 
different orbits. 


d) There are n + 1 different orbits O, O1,..., O, where O consists only of zero 
vector and O;,i > 1 consists of all vectors x = }-7_; xje; such that x; 4 0 
and x; = 0 forall j > i. 

5702. a) Gq contains only the identical operator. 

b) Gz, consists of operators with matrices A = (a;;) such that Dj=1 aj; = 1 for 
alli = 1,2,...,n. 

5703. a) The group of orthogonal operators on the plane (x)+. 

b) The group of rotations of the plane (x)+. 

5704. a) The orbit of G is equal to X. 
b) Gy consists of all matrices of the form 


k 
1 O * 
0 1 x * 
0 QO x * 
Ooi "Or See 3S 


5705. c) Gy consists of all upper-triangular matrices in the base ¢1,..., €n- 
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5709. The orbits are a) (1,5, 4, 9}, {2, 8}, {3}, (6, 10, 7}. b) {1, 7, 2, 4}, (3, 6}, 
{5, 8, 9}, {10}. 


5710. a) & 4 } 


b) Hint. Consider, for example, the mapping 


OA 1 0 

lj 7 re, ({ a) + (12)(34), 
-1 0 -1 0 

( 0 ')  (13)(24), ( 0 ) r (14)(23), 


and establish an isomorphism by enumerating the sides of a diamond. 
c) Two orbits: {A, C} and (B, D}, 


cx=Ge={(j {)- (a §)) 
co=co={(j {).(5 4)}: 


5711. The group contains n different rotations of an n-gon around its center 
and n axial symmetries; |D,,| = 2n. 
5712. a) 24. 
b) 12. 
c) 60. Hint. All vertices of a regular polyhedron form one orbit with respect to 
the action of the group of rotations of the polyhedron. Thus the order of the 
stationary subgroup is equal to the number of edges outgoing from one vertex. 


5713. Hint. a) Associate each rotation of a cube with a permutation of the set 
of its diagonals. 

b) Associate each rotation of a tetrahedron with a permutation of the set of its 
vertices. 

c) Associate each isometry of a tetrahedron with a permutation of the set of 
its vertices; the obtained mapping into S4 is injective because each affine 
transformation is uniquely determined by images of four points in the general 
position; deduce surjectivity from the fact that the image contains the subgroup 
Ag and some odd permutation. 


5714.a) 4. b) 5. 
5715. a) The orbit of G is equal to Y. 
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b) Gg=1. 
5717. a) {az | |ja| = 1}. 
b) The orbit of the origin is the whole disc. 
c) 1. 
5719. By the assumption m = hmo for some h e€ G. It follows that 
gm = g(hmo) = (gh)mo = (hg)mo = h(gmo) = hmo = m. 
5720. Hint. a) Notice that ag}H = agoH — g,;H = g2H; and xH = 
a(a—!xH) for each x € G. 
b) Check that og4 = og0p. 
c) Prove that conditions gH = agH anda € gHg™ are equivalent. 
5721. a) Cosets {e}, {x}, {x2}, {x>} are singletons, enumerate them by numbers 


1, 2, 3, 4. Then o, = (1234), 0,2 = (13)(24), 0,3 = (1432), o¢ is the identical 

permutation. 

b) Let x be the given symmetry and y be a rotation of the square on 90°. Then 
G=HUyHUy*HU y?H. Enumerate cosets in this order. Then a, is 
the identical permutation, ay = (1234), oy2 = (13)(24), oy3 = (14)(23), 
Ox = (24), oxy = (12)(34), Oy, = (13), Oy3, = (14) (23). (Hint. Apply the 
relation xy = y~!x for calculations). 


5723. a) The subgroup generated by the Klein group and by the cycle (12). 
b) The set of all powers of the given permutation. 


5724. a) The subgroup of diagonal matrices. 
b) The whole group. 


a+b 2a \ 


3a i Bp ee Se 


c) The set of matrices of the form ( 
b? + Sab — 2a? £0. 


d) The set of matrices of the form (§ 


b 
0 @) where a, be Ra #0 


5725. a) The subgroup of all diagonal matrices. 


b) The subgroup of all matrices of the form ° ). where A and B are 


A 
0 B 
nonsingular matrices of sizes k and n — k respectively. 
5726. A, and A3 are conjugate since they have the same Jordan canonical form, 
A, and Az are not conjugate since they have different Jordan canonical forms. 


5727.a) Cj; asa group is generated by matrices E+AEpq where j # p#q #i. 
b) AE,A" =1. 
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c) E + ‘ab where a, b are rows such that b‘'a = 0. Hint. The last statement 
follows from c). 


§728. a) SO2(R). b) +E, symmetries with respect to OX and to OY. 
5730. a) S3 = {e} U ((12), (13), (23)} U {(123), (132)}. 


b) Ag = {e} U {(12)(34), (13)(24), (14)(23)} U {(123), (134), (142), (243)}U 
{(132)(143), (124), (234)}. 


c) Symmetries with respect to lines joining midpoints of opposite sides of the 
square, rotations of the square on angles +7 /2, central symmetry of the square, 
the identical mapping. 


§731. a) The identical group. 


b) A group of order 2. Hint. Since all nonidentical elements of the group are 
conjugate the order n of the group is divisible by n — 1. 

c) The group is either isomorphic to the group of permutations S3 or is the group 
of order 3. Hint. Each group has a class containing only the unit. Let n be the 
order of G and k, / be the numbers of conjugate elements in each of the other 
classes, k < /. Then n is divisible by k and!, 1+ +1! =n. The only possible 
solutions are: 1)n = 3,k =1=1,2)n =4,k = 1,1 = 2 (this solution can 
be rejected since the groups of order 4 are abelian and they have 4 classes), 
3)n = 6,k = 2,1 = 3; in order to establish an isomorphism G = S3 consider 
the action of G by conjugations (see Exercise 5722) on the class containing 3 
elements. 


§732. a) {(12)(34), (13)(24), (14)(23)}. 
b) = {(123), (132), (124), (142), (134), (143), (234), (243)}. 
5733. Hint. Leta = (i... ig) (izas.--is)... be a decomposition of the 


permutation a into disjoint cycles. Write down the permutation ¢ = bab™! in 
the form 


(it oa a ae eee | 
\S eee ik Seta eee St is 
Then c = (1... Je) Cic+1-+- Jt) .--- 
§734, a) 5. 
b) 7. 
c) 11. 


d) (n+ 6)/2 if n is even, and (n + 3)/2 if n is odd. Hint. In order to find the 
number of elements conjugate to the given one it suffices to find the order of 
its centralizer; notice that the rotation around the center on angle m maps an 
n-gon onto itself if n is even. 
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5735. Hint. Necessity follows from the equality of traces of conjugate matrices. 
In order to prove the sufficiency of the equality g;+g2 = 27k take diag(—1, —1, 1) 
as a conjugating matrix for canonical forms. 


5736. Hint. a) Conjugate subgroups have the same order. 
b) K =gHg™! where g = diag(2, 1). 


0 1 
5737. a) N(H) = (x G )} 


b) N(H) consists of all non-singular matrices of size 2 such that a2, = 0; 


c) N(H) consists of 8 permutations written in answers to Exercise 5701b. 


5738. a) AutG is the cyclic group of order 4, consisting of automorphisms of 
raising to powers k = 1, 2, 3, 4. 
b) AutG is a group of order 2 in which the only nonidentical automorphism is 
the automorphism of raising to the fifth power. 


5739. Hint. a) Each automorphism of the group $3 is determined by its action 
on three elements of order 2. 


b) Any permutation of nonunit elements of the group V4 determines an auto- 
morphism. 
5740. a) AutZs is the cyclic group of order 6 generated by the automorphism 
of squaring. 
b) The group is not cyclic because |AutZ9| = 4 but the square of each 
automorphism is the identical mapping. 
5741. |AutAutAutZ9| = 1. Hint. Make use of Exercises 5738 and 5740. 


5742. and 5743. Hint. M.1. Kargapolov, Y.I. Merzlyakov. Basic Group Theory. 
Nauka, Moscow, 1982, ch. 2, § 5.3. 


5744, Let D4 = (a,b | a4 = b* = (ab) = 1}. Then AutD, = (y, v) where 
g(a) = a, o(b) = ba, (a) = a7', o(b) = b. Thus g* = w? = (yy) = 1, ie. 
AutD, ~ Da; IntD, = (g?, ¥). 


5745.LetD, = (a,b|a" = b? = (ab)? = 1). Then AutD, = (y, We, (k,n) = 
1), where g(a) = a, g(b) = ba, g(a) = a‘, w(b) = b, where (k,n) = 1, 
1<k<n-l1. 


5801. Hint. b) Apply the theorem concerning the determinant of a product of 
matrices. 


c) Apply the theorem concerning the parity of a product of permutations. 
5803. a) A3. 
b) Va. 
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c) V4 and Ag. Hint. Note that the order of a subgroup divides the order of a 
group and that normal subgroup together with any element contains all its 
conjugates. Apply Exercises 5727 and 5730. 


5804. Hint. For example, K = {(12)(34)}, H = V4. 
5805. Hint. xyx~!y~! = x(yx7!y7!) = (xyx7) yy! € ANB. 


5806. Hint. Let c € C and G = H U Hx be coset partition of G. Then any. 
element of C can be written either in the form Ach7! or in the form hxcx7!h7! 
where h € H. 


5807. Five classes of conjugate elements consisting of 1, 15, 20, 12 and 12 
elements. Hint. Make use of Exercises 5733 and 5806. The group As consists 
of four classes of elements which are conjugate in Ss and whose representatives 
are e, (12)(34), (124), (12345). The first and the second classes contain 1 and 15 
elements respectively and therefore they are classes of conjugate elements in As. 
The third class does not split into two classes in As , for we can take x = (45) 
(see the hint to Exercise 5806), but then (45)(123)(45)~! = (123). Finally the 
fourth class splits into two classes in As, for the number, 24, of its elements does 
not divide the order of As. 


5808. Hint. According to Exercise 5807 if the order of anormal subgroup divides 
60 then this order is a sum of numbers 1, 15, 20, 12, 12 with the coefficients 0 or 1, 
and one of the summands is equal to 1 since e belongs to every subgroup. 


5809. Hint. Prove c) first. The center consists of +E. There are no other 
subgroups of order 2 and therefore all of them are normal (see Exercise 5802). 
Classes of conjugate elements are {EF}, {—E}, {EJ}, {4J}, {4K}. 


5810. Subgroups D, in D, where k divides n and subgroups of rotations in Dy. 

5812. AE. 

5813. Hint. c) follows from Exercise 5604. 

d) Byc) the group G maps injectively under the natural homomorphism SL, (2) 
onto SL, (Z:3). 

5814. Hint. If og is the automorphism x > gx g~! then ae is the identical auto- 
morphism, (ag)~! = aj-1, &gop = gn, and (pagg™')(x) = o(gg”'(x)g—') = 
v(g)xo(g—!) = Qy(g)(x) for any g € AutG. 

5816. a) So ifm = 2 and {e} ifn F 2; 

b) “Agifn = 3 and de} ifn 33, 
c) The center is identical if n is odd and contains the rotation on angle w ifn 


is even. 


5817. Hint. The element belongs to the center if and only if it is equal to all its 
conjugates. Therefore if the center is trivial then p” = 1+ p"+.---+p% (k; => 1) 
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(the number of elements in any class of conjugate elements divides the order of 
the group). But then 1 is divisible by p. 


5818. b) The center consists of the matrices of E + bE}3. 
c) Acclass of conjugate elements containing a noncentral element E + aE 12 + 
bE,3 + cE23 consists of the matrices E + aE 12 + x E13. + cEz3 (x € Zp). 


5819. a) {AE}. 


b) {+E}. 
c) The whole group. 
d) {E}. 
e) {+E}. 


f) {aE |a” = 1}. 
g) {E+E in}. 
5822. Hint. The group H is isomorphic to a factor-group of G. 


5823. A homomorphism is determined by the image of a generator a. Here 
are all possible images of this element: a) any element of the group; the number 
of homomorphisms is equal to n. b) e, b?, b®, b°,.b!?, b!. c) e, b, b*, b’, bt, D°. 
d) e, b>, b!°. e) e. 


5824. Hint. Find the image of a/2ifar 1. 
5825. a) Zn. b)Z4. c)Z3. d) Zp. 
5826. Hint. Construct a linear mapping F” onto F”~* with the kernel H. 


5827. Hint. Consider mappings: a) x — cos27x + isin2x; b) z > ae 


n 
oz le dz> ze)z > 22> (H) se)2> Hz kel 


5828. Hint. In order to prove the existence of an isomorphism X/Y = Z finda 
homomorphism from X onto Z with the kernel Y. 


5829. Hint. Use the fact that each element g € G has a unique decomposition 
kh where k € K,h € H. Prove that the mapping g — k is a homomorphism 
G— K. 


5830. Hint. According to Exercise 5713 the group S4 acts on a cube. Enumerate 
three pairs of opposite sides of the cube as 1, 2, 3. Thus we obtain the action of the 
group on the set {1, 2, 3}. Check that the kernel of this action is the subgroup V4. 


5831. Hint. Check that the intersection N of all subgroups of G which are 
conjugate in G to H is a normal subgroup of G. Show with the help of Exercise 
5720 that the factor-group G/N is isomorphic to some subgroup of the group S,. 


5832. Hint. Let N be the normal subgroup of G constructed in the hint to 
Exercise 5831. Then p! is divisible by |G/N| and by |G/N| > p, for N C H. 
By assumption, p is the minimal prime divisor of |G|. Hence |G/N| has no 
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prime divisors less than p since |G| is divisible by |G/N]. On the other hand in 
prime decomposition of p! all prime divisors, except p, are less than p. Therefore 
|G/N| = p, i.e. indices and orders of subgroups N and H coincide. The inclusion 
N CH implies N = H and therefore the subgroup H is normal. 


5833. Hint. Any linear operator acts on one-dimensional subspaces. Check that 
in two-dimensional space over Z3 there are four one-dimensional subspaces which 
can be permuted by the appropriate linear operator. Check finally that the keel 
of the action coincides with the center of the group GL2(Z3). 


§834. Hint. A proper subgroup of order n contains all cosets of the form 
(k/n) + Z, where k is any integer. 

5835. Hint. Consider the mapping which associates with each g € G an 
automorphism x > gxgm!. 

5836. Hint. If G/Z = (aZ) then elements x, y € G can be factorized x = a*zy, 


y = a!zp, and therefore xy = yx. 


5837. Hint. Make use of Exercises 5817 and 5836. 
5838. Hint. Make use of Exercises 5835 and 5836. 


5839. p? + p— 1 where p classes consist of one element, and the others consist 
of p elements. Hint. Deduce from Exercises 5817 and 5836 that the center Z has 
order p. The centralizer of any element a ¢ Z has order p? since it contains ZU {a} 
and does not coincide with the whole group. The number of elements conjugate 
with a is equal to p> : p? = p. 

5840. Hint. a) Check that the products apb; ...dn—1b,-1a, of elements of 
maximal subgroups A and B form a subgroup C strictly containing A and B 
(hence, coinciding with G). Elements of AN B commute with elements of C since 
A and B are commutative. 


b) Let H be some maximal subgroup of G: H # (e} since G is not acyclic group. 
Put |H| = mand |G| =n = Im. Since H is amaximal subgroup and the group 
G is simple, it follows that the normalizer N of H in G coincides with H, i.e. 
there exist / different maximal subgroups conjugate with H. If we admit that 
pairwise intersections contain only é then their union contains 1 + /(m — 1) 
elements of G. Since 1m — 1+ 1 <n there exists an element which does not 
belong to any of them. Hence there exists a maximal subgroup K containing 
this element which is not conjugate with H, Let again|K | = m, andn = I,m. 
Then, assuming as above that /+/) maximal subgroups have {e} as the pairwise 
intersection, we obtain 1 + /(m — 1) +1;(m2 — 1) > 14+ (n/2)+(n/2) >n 
elements of G. 


c) One ofthe maximal subgroups is noncommutative since otherwise, as is shown 
in a), b) the group G has a nontrivial center and therefore is not simple. 


5841. Hint. See D. Gorenstein, Finite Groups, Harper and Row, 1968, 
ch. 2, § 8. 


Answers and hints 401 


5842. Hint. Let G be a finite subgroup in SL(2, Q). Introduce in the space R? 
a new scalar product (x, y}g = Leec (sx, gy), where (x, y) = x,y, + x2y2 for 
rows x = (x1, x2) and y = (yj, y2). Show that with respect to this scalar product 
each operator g is orthogonal. Therefore G consists of rotations and reflections. 
Deduce that G C D,, for some n. Since trg € Q deduce from Exercise 413 that 
n = 3,4 or 6. 


5843, — 5847, Hint. See D.A. Suprunenko. Matrix groups, Nauka, Moscow, 
1972, ch. 3. 


5848. Hint. See O’Meara. A general isomorphism theory for linear groups. 
J. Algebra. 1977, 44(1): 93-142. See Dieudonné. La Géométrie des Groupes 
Classiques, Springer-Verlag, Berlin, 1971. 


5901. a) (q” — 1)(q" — q)...(q” — q"~!). Hint. If we have already chosen 
i first rows then we have q” — q! possibilities for selection of the next (i + 1)st 
row: in fact the (i + 1)st row is an arbitrary row of length n which does not belong 
to the linear span of preceding rows. There exist altogether g” rows of length 
over a field with q elements, and q! of them are linear combinations of i preceding 
(independent) rows. 
b) 1/() —4)(q"—1)(g" —q)...(¢" —q"~'). Hint. The subgroup SL, (q) is the 
kernel of ahomomorphism A — det A from GL, (q) onto the multiplicative 


group of the field Z, (containing g — 1 elements). By the homomorphism 
theorem |GL,,(q)/SL(q)| = q¢ — 1; now apply a) and the Lagrange theorem. 


5902. a) The groups are not isomorphic. Hint. Find the numbers of elements of 
second order in these groups. 
b) The groups are not isomorphic. Hint. Notice that the matrix 2E lies in the 

center of SL2(3), apply Exercise 581 1a. 

5903. a) 2-subgroups ((12)), ((13)), ((23)); 3-subgroup ((123)). 
b) 2-subgroup V4; 3-subgroups ((123)), ((124)), ((134)), ((234)). 

§904. a) The first and the second (see the answer to Exercise 5903a) Sylow 
2-subgroups are conjugate by the permutation (23), the first and the third by (13). 


b) The first and the second Sylow 3-subgroups are conjugate by the permutation 
(12)(34), the first and the third by (13)(24), the first and the fourth by (23)(14). 


5905. Hint, Enumerate vertices of a square and obtain an isomorphic repre- 
sentation of the group D4 by permutations: D4 ~ P Cc Sq. Since |D4| = 8 and 
|S4| = 24 = 8-3, P is a Sylow 2-subgroup of S4. Other Sylow 2-subgroups of S4 
are conjugate to P and therefore isomorphic. 


5906. a) It is contained in the subgroup 


{e, (1324), (1423), (12)(34), (13)(24), (14)(23), (12), (34)}. 
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b) It is contained in the subgroup 


{e, (1234), (1432), (13)(24), (12)(34), (14)(23), (13), (24)}. 


c) It is contained in each of the three Sylow 2-subgroups. 


5907. Hint. These groups are nonisomorphic by Exercise 5902. If some non- 
abelian group G of order 8 has a noncentral subgroup of order 2 then by Exercises 
5720 and 5905 G = Dg. Otherwise let e and —e be central elements of G (by 
Exercises 5817 and 5818 the center of G consists of two elements). Let i, j € G 
and ij # ji. Putk =ij,i~! = —i, j-! = —j,k-' = ~—k. Check that the natural 
mapping from G onto the quaternion group is an isomorphism. 

§908. Hint. Solving, in the group SL2(3), the equation X 2 — E we obtain only 
two solutions: X = +E. Similarly we find six elements of order 4, solving the 
equation X 2 — —E. There are no square roots of these elements, i.e. SL2(3) has no 
elements of order 8. Thus we have 8 elements whose orders are powers of 2. SL2(3) 
has only one Sylow 2-subgroup, since |SL2(3)| = 24 = 8 - 3 by Exercise 5902. 
Hence, this subgroup is normal. It is non-abelian, since, for example, elements 


0 1 -1 -l 
(0) m@ (217) 
have order 4 and do not commute. Now make use of Exercise 5907. 
5909. a) 5. b) 10. c) 6. 


5910. p™, where m = [=| + Fa + [=| Wa 


5911. (p—2)!. Hint. The number p! is divisible by p but it is not divisible by p’. 
Hence, each Sylow p-subgroup consists of powers of one cycle (i}i2...ip). The 
number of these cycles is equal to (p — 1)!, and the number of different generators 
of a cyclic subgroup of order p is equal to p — 1. 

$912. Hint. Apply the theorem on conjugacy of Sylow subgroups. 

§913. a) Hint. |SL2(p)| = p(p — 1)(p + 1) (see Exercise 5902). Therefore, 
Sylow p-subgroup has order p. 

x 

0 

c) Since the order of the normalizer is equal to p( p — 1) its index and the number 
of distinct Sylow p-subgroups is equal to p + 1. 

d) Hint. Make use of Exercise 5901. 


b) The normalizer consists of all matrices of the form ( Ba 1 ). where x # 0. 


e) The set of all matrices of the form (3 >), wher x,z #0. 
f) p+. 
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5914. Hint. Prove that the order of the subgroup and the maximal power of p 
dividing |GL,(p)| are equal to p""—)/2 (see Exercise 5901). 


5915. a) If p is odd then the Sylow p-subgroup is unique and consists of rotations 
of regular n-gon on angles 27rk/p',0 < k < p', where p! is the maximal power of 
p dividing n. Let n = 2! . m, where m is odd. Then D,, contains m different Sylow 
2-subgroups. Each of them can be obtained in the following way. Choose a regular 
2'-gon whose vertices are contained among vertices of the given n-gon (centers 
are the same). Hint. Consider all isometries mapping the 2!-gon onto itself. 


b) Incase p = 2 conjugating elements are rotations on angles 27k/m,0 <k < 
m-l. 


5916. Hint. Let |G| = p! -m, where m is not divisible by p, and |Kerg| = p*-t, 
where ¢ is not divisible by p. Then H =~ G/Kerg, and by the Lagrange 
theorem the order of the Sylow p-subgroup P of H is equal to p/-*. On the 
other hand, |P M Kerg| < p’*, for |Kerg| is divisible by |P M Kerg|. Hence 
\o(P)| = |P/P 1 Kerg| > pi’. 

5917. Hint. Clearly, P © g4(P) x gp(P), where g, and gp are homomor- 
phisms of projections onto A and B, respectively. This inclusion is in fact an 
equality (compare orders | P|, |pa(P)| and |ga(P)|). 

§918. Hint. a) Let |G| = p! -m and |H| = p* -t, where m, t are not divisible 
by p. Then the order of the p-subgroup PH/H of G/H is at most p’~*. Hence 
the order of the kernel P N H of the natural homomorphism P — PH/H is at 
least p’. 

b) Take as P and H for example, distinct Sylow 2-subgroups of S3 (see Exercise 
5903). 


5919. Hint. See Exercise 5831. 


$920. Hint. Apply the theorem on the number of distinct Sylow p-subgroups. 
This number divides the order of the group and is congruent to 1 modulo p. Apply 
Exercises 5912 and 5805. 


§921. Five Sylow 2-subgroups and one Sylow 5-subgroups (see the hint to 
Exercise 5920). 


5922. Hint. a) Apply Exercise 5831 to Sylow 3-subgroup H. 


b) Ifthe Sylow 5-subgroup is not normal then, by the theorem on the number of 
Sylow subgroups, the group has 16 distinct 5-subgroups. Since their pairwise 
intersections are trivial the group has at most 80 — 16-4 = 16 elements whose 
orders are powers of 2. These elements form only one Sylow 2-subgroup, and 
therefore it is normal. 


c) The solution is similar to b). 


5923. Hint. a) See the hint to Exercise 5920. 
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b) Consider all matrices of the form (¢ 4: where b € Zz, and a belongs 


0 1 
to a subgroup of order p of the multiplicative group of the field Z,. (This 
subgroup exists since |q — 1] is divisible by p.) 

5924. 49. 

5925. Hint. Induction on order of the group. 

5926. Hint. Induction on order of the group. Choose in G a normal subgroup 
of index p. 

6001. Hint. lf Z = A @ B, where A # 0, B # 0, andm € A,n € B, then 
mn € Af)’ B = {0}. The similar argument can be applied to the group Q. 

6002. Hint. The groups S3, Ay, S4 have no normal subgroups whose intersection 
is the unit subgroup. In Qx every nontrivial subgroup contains —1; therefore the 
listed groups have no direct decomposition. 

6003. Hint. If (a) is an additive cyclic group of order n = ny - n2, where 
(m1, n2) = 1, then (a) = (a”!) + (a”2) (these subgroups have orders nz and 71, 
respectively, hence their intersection is trivial). 

6005. a) (a)6 = (a3) x (a). 

b) Zi2 = Z3 © Zy. 

c) Zeo = Z3 ® Z4 @ Zs. Hint. Indicate generators in summands. 


6006. Hint. It follows from the representation of complex numbers in the 
trigonometrical form. 

6007. Hint. An element of Z2. is invertible if and only if its class contains an 
odd number, therefore the order of the multiplicative group of the ring Z2" is equal 
to 2"—!, The element 3 = 1+2 (mod 2") has order 2”~? and its cyclic subgroup 
has a trivial intersection with the subgroup {+1}; thus their product has order 2", 
ie. it coincides with the whole group Zn. 

6008. a) The product of orders of the factors. 


b) The least common multiple of orders of the components. 

6009. Hint. Show by the previous exercise that (A; -+A2+- + -+Aj_1)MA; = {0} 
for any ?. 

6011. Hint. If m = pi ... pk then the group has elements of orders 
Pes ae pe (see, for example, Exercise 6003). Show by Exercises 6008, 6007 
that the sum of these elements has order m. The group S3 has elements of order 2 
and 3, but it has no elements of order 6. Make use of Exercise 5608b. 

6012. {41} x (2) = {41} x (—2). 

6013. Hint. One of the summands coincides with A, while the other is generated 
by a sum of a generator of the group Z and some element of A. Thus there exist 
|A] direct decompositions. 


Answers and hints 405 


6014. Each class of A x B is a product of a class of A by a class of B. 


6016. Hint. Take as C a subgroup generated by preimages of basic elements of 
A/B. 
6017. Hint.G = A @ Kerz. 


6018. Hint. The commutativity of B is essential since images of A; and A2 
commute under any homomorphism gy : A; x A2 — B. 


6020. a), b), c) Ze. 
d) Hom(A,, B) ® Hom(A2, B). 
e) Hom(A, B,) @ Hom(A, By). 
f) Zag, where d = (m,n). 
g) Zn. 
h) {0}. 
i) Z. 
6021. Hint. Associate p(1) with a homomorphism ¢ : Z > A. 
6024. a) Z. 
b) Zn. 
c) Q. Hint. Show, that if g : Q — Q is an endomorphism then g(r) = r¢(1). 
6025. Hint. a) A map x — nx has a trivial kernel if and only if the group has 
no elements whose orders divide n. If n = pi ae ld is a prime decomposition 


then prime components of the groups with respect to primes p,..., pr are equal 
to 0. P 


b) Surjectivity of the map means that the equation nx = g is solvable in the 
group for any g. 
6026. Hint. Associate with the endomorphism ¢ a matrix in the same way as 
was done for linear operators. 
6027. a) Z2. 
b) Q*. 
c) The unit group if n = 1; the cyclic group of order 2 if n = 2; Zz x Zon-2 if 
n > 2 (see Exercise 6006). 


d) The group of all integer matrices with determinants +1. Hint. In all cases 
apply Exercises 6023 and 6024. 


6028. Hint. a) (a)39 = (a1)2 ® (@2)15, where aj = 15a, a2 = 2a. Under any 
automorphism we have ¢((a1)) = (a), ((A2)) = (a2), since a; and a2 have 
coprime orders. Note also that (a;) has only identical automorphism. 


b) Let Z = (a), Z2 = (b); under any automorphism we have ¢(Z2) = 
Z, and g(b) = b. Moreover g(a) can be equal to one of the elements 
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a, —a,a + b, —a + b. Check that the squares of all these automorphisms 
are identical. 


6029. Hint. With the notation of the previous exercise we have g(a) = na+eb, 
g(b) = 5b, where n € Z, €, 5 = 0, 1. Endomorphisms ¢1, g2, where gy; (a) = a, 
91 (b) = 0, g2(b) = 0, g2(a) = b do not commute. 


6030. Hint. Any prime component is invariant under any endomorphism of a 
group; make use of Exercise 6020. 


6031. Hint. The induction on the number of generators of a group. If the group 
is cyclic and it is equal to (a) with the operation of addition, U is its nonzero 
subgroup, and k is the least positive number such that ka € U, then U is generated 
by ka. Suppose that ma € U. Divide m with remainder by k: m = gk +r. Then 
ra = ma-— q(ka) € U,hence,r = 0 and ma = q(ka). Assume that the statement 


is proved for a group with n — 1 generators, G = (aj,...,@,-1) and U CG 
is a subgroup. Consider elements u = mya) +--+: + mpa, € U. Tf mz, = 0 for 
allu € U then U C (aq,...,@,-1) and the proof follows from the inductive 


hypothesis. Otherwise, let m® be the least positive number such that there exists 
u° € U for which u° = ma, + --- + m%a,. Obviously any number m, which 
occurs in the decomposition of some u € U is divisible by m°, m, = qm®. Then 
u—qu® € UN) (a),...,an—1). This subgroup, by hypothesis, is generated by 
n — 1 elements. Then U is generated by these elements and by u°. 

6032. Hint. a) If g is a homomorphism from a group G onto itself which is 
not an automorphism, then Kery C Kerg? C ... is a strictly ascending chain of 
subgroups and its union can not be generated by finitely many elements because 
each of them belongs to a member of the chain with a finite index. It remains to 
apply the previous exercise. 


b) Consider differentiation. 

6033. Hint. If free abelian groups of ranks m and n (m 3 m) are isomorphic 
then the rank is not an invariant of a free abelian group. But its invariance can 
be proved in the same way as the main lemma on linear dependence. One can 
also apply the following argument: if G is a free abelian group of rank n then 
|G/2G| = 2”. 

6034. Hint. Make use of the uniqueness of decomposition of finitely generated 
abelian groups. 

6035. Hint. Induction on the order of a group and the number m. 


6036. Hint. Make use of the proof of the theorem on uniqueness of decompo- 
sition of finite abelian groups. 


6037. Hint. Make use of the theorem on uniqueness of decomposition. 
6040. a) It does. 
b) It does not. 
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c) It does. 


6041. (3,27). Hint. Show that (2)y ® (b)27 = (a @ 3b) @ (5). 


6042. a) The groups are not isomorphic. Hint. The second group is cyclic and 
the first one is not. 


b) The groups are isomorphic. 
c) The groups are not isomorphic. 
6043. a) 3. b) 4. 


6046. Hint. Prove that a finite abelian group is not cyclic if it contains a subgroup 
of type (p, p) (see Exercise 6040). Notice that the equation x? = | has at most p 
solutions in a field. 


6047. Hint. Let aj,...,@, be a maximal independent system of elements. 
Consider an element 1 + a) ...a, and deduce from here that the group F* is 
finite. 


6048. Hint. Apply Exercise 6046. 
6050. Hint. If y, G = 1,...,m) is a basis then x; (i = 1,...,m) can be 


expressed via this basis with integer matrix of coefficients B. Then AB = E and 
det A = +1, where A = (a;;). 


6051. Hint. Make use of the proof of the main theorem on finitely generated 
abelian groups based on the reduction of integer matrices to the diagonal form by 
elementary row and column transformations. 


6052. a) Zz ® Z2 © Z3. 
b) Zs. 
c) Z2@Z3 @Z;3. 
d) Z2@Zs. 
e) Z40Z. 
f) Z20Z.+2Z. 
g) Z3. 
h) Z@Z. 
i) Z. 
D {0}. 

6053. 3. 


6055. Hint. Taking into account Exercises 6030 and 6024 it remains to 
show that the endomorphism ring of a finite prime-power noncyclic group is 
noncommutative. Without loss of generality it is possible to consider only the 
group (a), ® (b) 1, k > 1. By Exercise 6020 any endomorphism of this group 
has the form: g(a) = s1a + tb, o(b) = s2a + tb, where s2 is divisible by p*~. 
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Then, for example, automorphisms ¢, y such that p(a) = a, p(b) = 0, (a) = , 
y(b) = 0 do not commute. 


6056. Hint. Prove that H is finitely generated. Choose a system of elements 
€),..-,@ in H, maximally independent over R. Prove that H is generated by 
€},..-, e% and the finite set H M D, where D = {}- xje; | 0 < x; < 1). 


6059. Hint. Apply Exercise 6056. 


6060. Hint. A map x — nx is an automorphism of the cyclic group (a) (it has 
a trivial kernel), therefore nx = a for some x. 


6063. Hint. Clearly the group Q is divisible. Ife?" = 1 then there exists 5 such 
that 6? = e. If g # p isa prime then (q, p*) = 1. Apply Exercises 6060 and 
6061. 


6065. Hint. It follows from the assumption that the sum of subgroups A and 
B is direct; it is necessary to show that it is equal to G. Assume that there exists 
g ¢ A@B. The subgroup (g) has nonzero intersection with A @ B for otherwise 
the sum A @ B @ (g) would be direct and instead of B it would be possible to 
take B @ (g), a contradiction with the maximality of B. Letng € A ® B. We 
can suppose that n is a prime (if this is not the case then instead of g we can take 
(n/p)g for some p|n). Thus ng = a +b,a € A, b € B. Since A is divisible there 
exists an element a, such that na; = a. Thus ng; = b, where g; = g — a does 
not belong to A @ B. By the choice of the subgroup B we have AN (gi, B) # 0. 
Thus some element a’ € A can be expressed in the form a’ = kg; +b’, b’ € B, 
0 < k <n. Since (k,n) = 1 there exist u, v such that ku + nv = 1 and therefore 
g1 = kug; +nvg;.Sinceng; € A®@B,kg; = a’—b’ € A@B,theng,; € AMDB, 
which is a contradiction. 


6066. Hint. Let D be the sum of all divisible subgroups. It is not difficult to 
check that D is divisible. Let a € D, then a = a; +--+ + ax, where a; € A; 
(i = 1,...,k) and A; are divisible summands of D. If na; =aj,i = 1,...,k, 
then n (ha ai) = a. By the previous exercise, the whole group has a direct 


decomposition D@ B. If B has a divisible subgroup then this subgroup is contained 
in D, a contradiction. Hence B has no divisible subgroups. The factor-group of 
the whole group by D is isomorphic to B. 


6067. Hint. Make use of Exercise 6016. 
6068. Hint. Make use of Exercise 6067. 
6069. Hint. Apply Exercise 6067. 


6101. Hint. a) Consider elements, conjugate with the transposition (12) with 
the help of a power of the given cycle. 


b) Elements from A, are products of even numbers of transpositions, and 
(ij) GK) = Gk), Gj)(kL) = (ikj) (kD. (See Exercises 315 and 316). 
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6102. Hint. Make use of reduction of matrices by elementary row transforma- 
tions to the row-echelon form. 


6103. Hint. A nonsingular matrix can be reduced to the diagonal form by ele- 
mentary row transformations, i.e. by multiplication by corresponding elementary 
matrix from the left. 

6105. Hint. See D. Gorenstein, Finite Groups, Harper and Row, 1968, § 44. 

6107. a) {1, a}, {5, a}, {2, 3}, {4, 3}, where a is any element from Ze. 

b) Two different transpositions or a transposition and a threefold cycle. 
c) Any two elements of order 4 which are inverse to each other. 


d) A rotation o of a square on the angle +(7/2) and any axial symmetry 1; also 
t and to. 


e) {a,b}, {a,a +b}, {b,a +b}. 


6110. Hint. If 21, ..., 8n isa finite system of generators, and fi, f2,..., fis -+- 
is another system of generators, then elements gi, ..., gn can be expressed via the 
second system. Each expression contains finitely many elements of the second 
systems, say, fi,.-., fm. Then fi,..., fm generate the group. 


6111. The normal closure of A is generated as a subgroup by elements 


BiAB™ = (; 7) (i eZ). 


Hence it is isomorphic to the additive group of rational numbers of the form m/2*. 
This subgroup is not finitely generated. 


6112. Hint. a) Induction on a number of all possible cancellations. 


b) The operation is correctly defined by a). The associative law obviously holds. 
The empty word is the unit. An inverse of a word u = x; xi x is equal to 
8 


the word x5"... x; 
” 1 


6113. Hint. Define the homomorphism ¢ as follows: if u = x;'...x;" then 
y(u) = gi wy, a . This is the unique possible definition. 


6114. Hint. Every reduced word can be written in the form u = vwue!, 
where the first and the last letters of w are not coprime. Then u” = vw"y—!, 
where the length of w” is equal to the length of w multiplied by 7. In general 
d(u") = d(u) + (n — 1)d(w), and therefore u” ¥ 1 (the empty word). 

6115. Hint. Assume that commuting elements u, v are reduced. Let d(u) < 
d(v). 1) If in wv more than half of the word u can be canceled then we pass to 
the words u, uv. (The second one is shorter than v, and these words commute as 
well as u with v.) 2) If in vu more than half of the word u cancels then as above 
we consider the word u~', vu. 3) If more than half of the second factor cancels in 
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the word vu! then we pass to u—!, u~'v. 4) If more than half of the first factor 
cancels in vu~! then we pass to uvu~!, 5) In the remaining case, u = u,u2, where 
d(u;) = d(u2), v = uy 1 y! and the factors have no cancellations. It follows from 
uv = vu thatu, v’ = uz v'uyur. Since v'u juz has no more cancellations than uw; 
we have uy = uy 1 and u = 1.6) Applying transformations 1) — 4 ), we finally 
come to case 5). Considering the previous step we find a generating element g 
such that u and v can be expressed via g. 


6116. Hint. In any commutator, and in any product of commutators, the sum of 
exponents of all occurrences of x; is equal to 0 for any i. In a word u, let the sum of 
exponents in some x; be equal to k 4 0. According to Exercise 6113 we construct 
a homomorphism of a free group into Z such that x; —> 1, x; + 0(j # i). Then 
u passes to k ¥ 0 and, hence, does not belong to the commutant. 


6117. Words with irreducible presentation uw,u—', where w, is a cyclic 
permutation w. 


6118. Hint. Let F be a free group with free generators x1, ..., X,, and let A be 
a free abelian group with a basis a1,..., @,. If ahomomorphism F — A extends 
a mapping xj — a\,...,%_, —> Gn (see Exercise 6113) then its kernel is equal to 
the commutant. 


6119. Hint. Apply Exercise 6116. 


6120. Hint. A subgroup of index 2 is normal in any group. The exercise is 
reduced to determination of all possible homomorphisms of the free group onto 
the group (a)2. If x1, x2 are free generators of the free group, then according 
to Exercise 6113 it is necessary to find all possibilities for images of x; and x2. 
The answer: 91 (x1) = @, gi(xz2) = 1, g2(x1) = a, g2(x2) = a, 93(x)) = 1, 
93(x2) = a, i.e. there are three subgroups of index 2. 

6122. Hint. Obviously, under any homomorphism of the group F = (x1, x2) 
into Z, x Z, a commutant and xf, x5 go to the unit. The factor-group by the 
subgroup N generated by the commutant and elements xf, x3 is isomorphic to 
Z, x Zn. Therefore N is the kernel of any surjective homomorphism F > Z,, x Z,, 


6123. a) 16. 
b) 36. Hint. Apply Exercise 6113. 


6125. Hint. According to Exercise 6113 construct a homomorphism ¢ of a 
free group F with free generators x),..., xX, into H such that g(x;) = hj, i = 
1,2,...,”. Under this homomorphism the least normal subgroup R, containing 
words R;(x1,...,Xn),i € J maps to the unit. If N = Kerg thenImg ~ F/N ~ 
(F/R)/(N/R). 

6127. Hint. Prove that every element can be expressed in the form a‘b/, 
0<i<2,0<j <7. 

6128. Hint. Deduce from the defining relations that the order of the group < 8. 
Apply Exercise 6125. 
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6129. Hint. Deduce from the defining relations that the order of the group < 2n. 
Apply Exercise 6125. 


6130. Hint. Deduce from the defining relations that the order of the group < 8. 
Apply Exercise 6125. 


6131. Hint. According to Exercise 6125, consider the homomorphism from this 
group onto the group of matrices mentioned for which 


pee Ca a Ped bala 
o1uj' “4 Bye 


(The square of the second matrix is equal to E.) Utilize the fact that the subgroup 
generated by x) x2 is normal. 


6132. Hint. See the hint to Exercise 6131. 


6133. Hint. See J. Milnor. Introduction to Algebraic K-theory, Princeton 
University Press, 1971, § 5. 


6134. Hint. Each coset by H has the form g'H,i € Z, and therefore any element 
of the group has the form g'h,h € H. 


6135. Hint. Let (h) be the infinite cyclic subgroup generated by h; the factor- 
group G/ ZH is the infinite cyclic group generated by gH. By the previous exercise 
G = (g)(h). Since H is normal ghg—' € H andthe mapping x > gxg—' (x € H) 
is an automorphism of H. Therefore ghg—! (and h) is a generator of H. Hence, 
ghg~' is equal either to h or to h~!. Hence one of the relations ghg~'! = h, 
ghg~' = h™ holds in the group. In the first case the group is a free abelian group 
since it is generated by the elements x), x2 with the defining relation x1x2x,! = X2. 
Consider the group with generators x1, x2 and the defining relation x) x2x1 = x7 t 
It follows from the defining relation that in this group the cyclic subgroup generated 
by x2 is normal, and the factor-group by this subgroup is an infinite cyclic group 
(considering the homomorphism to Z such that x; — 1, xz — 0). The element x2 
has also infinite order. In fact, consider a homomorphism from the group into the 


group of matrices of the form & 4 ). x2—-> ( ; 1) (see Exercise 6125). 


6136. The least normal subgroup generated by x is isomorphic to the additive 
group of all numbers of the form (m/2*), m,k € Z. Hint. Consider a homo- 


morphism into the group of matrices of size two under which x, —> fo a 


‘ees ( ; I ). (Compare with Exercise 6111). 


l b ay-—bx y _ gai 
cana) (4 °Y.s9(% eens 2).9(¢ AB rd y 
0 a 0 1 
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6202. Hint. a) gla, b]g~! = [gag-', gbg-']. 
b) [aG’, bG’] = [a, b]G’ = G’. 
c) If[aN,bN] =N then [a, bJN = N and [a,b] € N. 


6203. Hint. p((a, b]) = [p(a), g(b)). 

6204. Hint. Ife : G - G/G’ is the natural homomorphism and gy : G/G’ > A 
is a homomorphism into an abelian group A then ge : G — A is also a 
homomorphism. This correspondence is bijective by Exercise 6202c and the fact 
€ is surjective. 

6205. Hint. It follows from the theorem on determinants of products of matrices 
that JABA~'B-)} = 1. 

6206. Hint. It follows from the fact that [(a;, 51), (a2, b2)] = ([a1, a2], [b1, b2)). 

6207, a) A3, 2. 
b)  {e, (12)(34), (13)(24), (14)(23)}, 3. 
c) Ag, 2. f) {+1}, 4. 

6208. a) Aq. Hint. A commutator is an even permutation and by Exercise 6201c 


the commutant contains all threefold cycles; A, is generated by threefold cycles 
(see Exercise 6101). 


b) If anelement a € D, is a rotation on angle 27/n then D}, = (a), if n is odd, 
and D’, = {a?), if n is even. 
6210. Hint. a) Induction with application of the previous exercise. 
b) Induction with application of Exercise 6202. 
6211. Hint. a) Follows from the fact that the commutant of a subgroup is 
contained in the commutant of a group. 
b) Follows from Exercise 6203. 
c) Induction with application of Exercise 6206. 
d) Since B“ = (e) then G® ¢ A and G+) = (e), where A = (e). 


6212. Hint. See Exercises 6207 and 6208. 


6214. Hint. Follows from Exercise 6213c, since the commutant of this group is 
contained in UT,,(X). 


6215. Hint. If a group G has a series, mentioned in the exercise, then G = (e) 
by Exercise 6202c. If a group is solvable then factors of its series of commutants 
G®/G+ are abelian, therefore it is possible to insert a chain of subgroups 
between G“ and G¢+) and obtain a series with the required properties. 


6216. Hint. According to Exercise 5817 the center of a finite p-group G is 
non-trivial. Let A be a subgroup of order p lying in the center. Then A is normal 
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in G. Complete the proof by induction on the order of the group. Pass to G/A 

(which is a p-group) and make use of Exercise 6212. 

6217. Hint. If gq > p then Sylow q-subgroup is normal in a group (see the hint 

to Exercise 5920). 

6218. Hint. a) Sylow 5-subgroup is normal since the index of its normalizer is 

a divisor of 4 and it is congruent to 1 modulo 5. 

b) If Sylow 3-subgroups in a group of order 12 are not normal then the number of 
these subgroups is at least 8. But by Sylow’s theorem there exists a subgroup 
of order 4 and it is unique. 

c) If p > q then the number m of subgroups of order p* is congruent to 1 
modulo p only if m = 1. If p < q then the number of q-subgroups is 
congruent to 1 modulo q and divides either p or p*. This number cannot 
divide p. Hence, it is equal to p’. Thus the number of elements of order q is. 
equal to p*(g — 1). However, a subgroup of order p? exists, hence it is unique 
(p?q = p*(q ~ 1) + p*). 

d) The Sylow 7-subgroup is normal. 


e) The Sylow 5-subgroup is normal. 

f) Apply the argument of Exercises 6216, 6218c and the fact that if k is an index 
of the normalizer of a Sylow subgroup then the group can be represented by 
permutations on sets of Sylow subgroups, i.e. on a set of k symbols. 

6220. Hint. Make use of Exercise 6219. 
6221. Hint. Make use of Exercise 620Ic. 


6226. Hint. See J.E. Humphreys Linear Algebraic Groups, Springer-Verlag, 
New York, 1975, ch. 17, § 17.6. 


6227. Hint. a) Since the order q — 1 of the multiplicative group Z, is divisible 
by p, then there exist p — 1 integers r (see Exercise 6046). 


b) The group, consisting of matrices be e where r is a number from a) 
considered modulog, x€Z, (O0< ‘ i< Oe is noncommutative. It suffices 
to consider matrices ( :) and ( vs 1 ). This group has order pq. Let 


G be anon-abelian group of order pq and let A = (a) be its Sylow subgroup of 
order gq. Let B = (b) be the Sylow subgroup of order p of G. Then by Sylow’s 
theorem (see also Exercise 6217) the subgroup A is normal in G. Therefore 
bab-! = a" . In particular, bPab-? = a = a”; therefore s? = 1 (mod q), 
since G is non-abelian. Replacing the element b by its kth power (1 < k < p), 
we may replace s by any number with similar properties. Therefore if G, and 
Gz are two non-abelian groups of order pq, then it is possible to choose 
elements a;, bj (i = 1, 2) similar to a and to b and having properties: a? =e, 
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bY = e, bjajb,' = af, where r? = 1 (mod q). An isomorphism between 
these groups is established by the correspondence y(ajb}) = ab}, where 
O<s<q,0<t<p. 

6228. Hint. b) The product of these permutations in the given order is a cycle 
of length 7. According to a) the factor-group of this group by the commutant is 
trivial, therefore the group coincides with its commutant. 

c) The grouphasahomomorphic mapping onto the group from b) and by Exercise 
6125 it is not solvable. 


6229. It is not solvable if a system of free generators contains more than one 
element, for in this case every nontrivial normal subgroup is not abelian. Hint. See 
also Exercise 6211b. 


6301. The following sets form a ring: a), b), d), f), g), h), j), k), 1), m), n) if 
D=1 (mod 4). 


6302. The following sets form a ring: c), d), e), f), g) if D = 1 (mod 4), h), 
i) Hint. Make use the fact that */2 is not a root of a quadratic polynomial over Q. 


6303. All sets form a ring except h). 
6304. It does not form a ring. 
6305. Hint. See Exercise 102. 


6307. 6302c; 6304d if n > 2; 6302e if D = c? (c € Z); 6302f if D = c? 
(c € K); 6303a; 6303b; 6303e if |R \ D| > 1; 6303i; 6305. 


6310. Hint. Notice that (xy)~! = y~!x7!. 

6311. a) Z* consists of all classes [k] such that k and n are coprime; zero divisors 
are all classes [k] such that k and n have a nontrivial common divisor; nilpotent 
elements are all classes [k] such that each prime divisor of n divides k. 

b) Zon consists of all classes [k] such that & is not divisible by p; zero divisors 
are all classes of the form [pm]; every zero divisor is nilpotent. 


c) Similar to a) where instead of n one takes the polynomials f. 

d) The set of matrices (a;;) such that a;; #0 = 1,...,n); aj; = 0 for at least 
one i; aj; = 0. 

e) The set of matrices A such that det A 4 0, det A = 0, trA = 0, respectively. 


f) The set of functions which do not vanish at any point; the set of functions 
vanishing at some point; the zero function. 


g) Invertible elements are the series with nonzero constant term; there are no 
nontrivial zero divisors and nilpotent. 


6312. Hint. a) A mapping x — ax (a € R, a # 0) is a bijection and therefore 
ax = a for some x € R; each element b € R has a factorization b = ya and 
therefore bx = b, ie. x is a left unit. 
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b) An element is not a right zero divisor if it is right invertible, thus x — xa is 
a bijection. 

c) If ab = 0 and a is not a right zero divisor then elements x}a,...,X,a@ are 
distinct and one of them is equal to 1. The statement c) is not valid for the 
algebra over Zz with a basis (x, y) and multiplication table xy = y? = 0, 
yx = y,x? = x. The statement b) is not valid for the infinite-dimensional 
algebra over Z with a basis (y*x! | k,! © N) (elements x and y do not 
commute) and with multiplication 


jp ytxi-r+s forl > r, 
ykx! . yxs = | ykxs for! =r, 
yh trys for! <r. 
6313. Hint. If ab = 1 then (ba — 1)b = 0. 


6314. Hint. b) See the answer to Exercise 6313. c) See the answer to Exer- 
cise 6312. 


6316. Hint. a) A mapping [x], —> ([x]x, (x]:) is an isomorphism. 
c) A pair ([x], [y]) is invertible in Z; x Z, if and only if [x] is invertible in Z, 
and [y] is invertible in Z;; g(7) is the number of generators in Z,. 
6318. Hint. b), c) Consider the linear mapping g, : A — A defined by the 
formula g,(x) = ax. 


6319. Hint. There exists an annihilator polynomial for each element of the 
algebra. 


6320. a) C © C, C[x]/{x?). 

b) Algebras from a) and the following three algebras: Ce @ Ce, where e” = 0; 
Ce @Cf, where e2 = ef =- fe = 0, f? = e; Ce @ Cf, where e” = 0, 
fraf. 

6321. a) R @ R, C, R[x]/(x?). 


b) Algebras from a) and the algebras: Re @ Re, where e2 = 0; Re @R Ff, where 
e? = 0, f? = f, and the vector space Re @ Rf, where e? = ef = fe =0, 
frae. 


6322. a) It is not an algebra. 
d) All quaternions x)i + x2j + x3k, such that x? + x3 + a =1. 
6323. Hint. Make use of a basis in T(V) constructed with the help of V. 
6324. Hint. b) Make use of a basis in A*(V) constructed via a basis of V. 
c) Ifx is anilpotent element of a ring then a + x is invertible if a 4 0. 


6327. Hint. Apply the operators pi ee pitq'! ...ge tomonomials xj"! ...x7'". 
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6330. Hint. b) Zeros of a continuous function form a closed subset. If fg = 0 
then the union of zeros of f and g is equal to [0, 1]. 


6401. Hint. Apply division with remainder. a) nZ. 
b) f(x)K[z]. 
6402. Hint. a) Consider the ideal (2, x). 
b) Consider the ideal (x, y). 
6403. Hint. a) If a nonzero matrix X belongs to an ideal / then AXB ¢€ I has 


the form E1; +---+2£,, € I for some matrices A, B. Hence AX BE); = Ej; € I, 
and therefore E = E,; +---+ En, ET. 


/ 
6405. Each ideal consists of all matrices of the form a2 


entries a, form ideals in Z, J, (k = 1,2, 3), where Ij S J2 and 13 € bh. 
6407. 0; the whole algebra; all matrices with zero first (second) column; all 
matrices with the same columns. 
6408. a) 0, L and a subalgebra (e). 
b) 0, L(1+e) and (1—e). Every ideal, different from 0 and L is a one-dimensional 
subspace of L. 


, such that 


6412. a) (p), where p is a prime. 
b) (p(x)), where p(x) is a polynomial of degree one. 


c) (p(x)), where p(x) is either a polynomial of degree one or a polynomial of 
degree two which has no real roots. 


6413. It is not the case. 


6414. Hint. b) Suppose that for each point a ¢€ [0, 1] there exists a function 
Ja in the ideal such that f,(a) # 0. Since the function f2(x) is continuous then 
f2 (x) is positive on some neighborhood (a — €g, a + &q) of the point a (and it is 
non-negative at all other points). From every cover of the segment [0, 1} we can 
choose a finite cover. Hence there exist finitely many functions f;,..., f, in the 
ideal such that FRx) Se fp) > 0 for all x. 

6415. Hint. Consider the ideal generated by a # 0. A ring with zero multipli- 
cation whose additive group is a cyclic simple group has no nontrivial ideals, but 
it is not a field. 

6416. Hint. Prove that total right zero divisors (i.e. elements a € R for which 
Ra = 0) form left ideal and therefore they are equal to zero. If ba # O then 
Ra = R. Deduce from here that R has no zero divisors and that nonzero elements 
of the ring form a multiplicative group. 


6417. Hint. Let R 3 a #0. Then Ra D Ra? D... and Ra* = Ra**! for 
some k. Hence a* = ba*t! and 1 = ba. 
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6418. Hint. Put 5;(a) = min 6;(ax), where x € K \ {0}. 
6419. Hint. a) Consider the norm 8(x + iy) = x? + y?. 


b) Elements 2 and 1 + J are prime, and 4 = 2-2 = (1 +i-V3)(1 —iV3) are 
two nonassociated prime decompositions. 


c) Consider the norm 6(x + iy) = x? + y?. 
6420. Hint. See Exercise 819. 


6422. Hint. Let R © A © Q and let J be an ideal of A. Prove that J = (ro), 
where ro generates the ideal consisting of all numerators of elements of J. 


6423. Hint. Let R[x] be principal ideal ring. For 0 # a € R consider an ideal 
I = (x, a) of R[x]. Since a € R, I = (fo), where fo is a constant, ie. J = R[x]. 
It follows that 1 = u(x)x + v(x)a and v(0) = 1, hence R isa field. Notice that 
F[x, y) = F[x)ly). 


6424. (x"), n > 0. 


6426. Hint. a) Present the unit element in the form 1 = a; +2, where a; € h, 
a2 € In. 


b) By induction reduce to the casen = 2. For each i > 2 it is possible 

to find elements a; € J; and b; € J such that 1] = aj + b;. Then 

1 = J], (ai +51) € 1 + Tino Me. Hence, hi +[]7L2 Ji = A, and according 

to a) it is possible to find y; = 1 (mod 1) and y; = 0 (mod Tez 4): 

Similarly find y2,..., yn € A such that yj = 1 (mod Jj) and yj = 0 

(mod J;) if i # j. Then the element x = x,y) +++: + XnYn satisfies the 
requirements of the exercise. 
6427. a) No, it is not the case. 


b) Yes, it is valid. 

6429. a) Hint. Make use of Exercise 631 1c. 
6435. a)n > 0. 

b) no>isn- 0. 

c) n> 0. 

d) Any homomorphism has the form n — ne;, where e; is an idempotent of the 
matrix ring; 8 homomorphisms corresponding to the idempotents O,E, En, 
Ex, Ex + E12, Ext + E22, Er + Ear, E12 + E22- 

6436. a) n —> na, where a is an arbitrary fixed element of Q. 

b) n> Onn. 


6437. Hint. Prove that the kernel of a homomorphism either is equal to zero or 
coincides with the field. 
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6439. Hint. Consider the homomorphisms a) f(x) > f(a); b) f(x) > fl); 


0 f@)> 1(=e* : 


6440. A field is obtained if fi(x) = xex4, isomorphic factor-rings if 
At) = x? and fo(x) = x? + 1. Hint. Consider multiplication tables for the 
factor-rings. 

6441. The factor-rings are not isomorphic. Hint. The first factor-ring has a 
nonzero element whose cube is equal to zero; the second factor-ring has no elements 
with this property. 

6442. They are not isomorphic. 


6443. Hint. Under multiplication by x — a € F[x] any element of the first 
module vanishes; the second module does not have this property. Both factor-rings 
are isomorphic to F. 


6444. Hint. Let ((x — a)(x — b)) = Kh, (x —c)(x — d)) = hh. Write down an 
arbitrary element of F[x]/ J, in the form a(x —a)+8(x —b)+/; and associate with 
it the element ka(x —c)+kB8(x —d)+ I) € F[x]/l2, where k = (a —b)/(c—d). 


6445, A, and A3, A2 and As. 
6446. a) The algebras are isomorphic. 
b) The algebras are not isomorphic. 


6447. a) The algebras are isomorphic. 
b) The algebras are not isomorphic. 


6448. Hint. Find the inverse of f by the method of indeterminate coefficients. 
6450. Hint. Similar to Exercise 6316. 
6451. Hint. See Exercise 6415. 
6452. Hint. Embed a domain into a field. 
6453. Hint. a) Find zero divisor. 
b) Prove that each nonzero element has an inverse. 


c) Prove that the ring has no zero divisors if n is a prime, which is not a sum of 
two squares, and that a finite nonzero commutative ring without zero divisors 
is a field. 


6454. Hint. Consider the mapping apx* + --»+ a, —> dox* + ---+ 4%, where 
4; = a; + (n) (@ =0,...,k). 

6455. p". 

6456. Hint. a) Introduce a structure of a ring on the direct sum S = R @ Z. 


b) If R is an algebra over a field K then decompose the algebra over K into a 
directsum $= R@K. 
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c) Associate with each element a of A a linear operator g, on the vector space 
A over K such that g(x) = ax. 


d) Apply b). 

6457. Hint. Prove that I, + Oj4eJ; = A for any k = 1,...,5. Deduce from 
here that the mapping f is surjective. 

6458. Hint. Apply the homomorphism f(x) > (f(1), f(—1)). 


6460. Hint. Show that NZ # O and J contains a polynomial which is nontrivial 
modulo I 1 Z. 


6461. — 6463. Hint. Apply the homomorphism theorem. 

6464. Hint. c) The condition det(a;;) #4 0 follows from surjectivity of the 
composition A(V) ak A(V) — A(V)/In, where Jz is the ideal generated by 
A?(V). In order to prove that g is an automorphism it is necessary to show that 
plei) A ple) + o(ej) A G(e;) = O for all i, j, and that g is surjective. It suffices 
to show the last statement for the mapping ¢ with the unit matrix (a;;). The proof 
can be given by induction on k, starting by inclusion A”V Cc Img. 

6465. Hint. b) The annihilator is generated by an idempotent 1 — e, where e is 
a generator of the given ideal. 


6466. Hint. If the ideals I,,..., Jn, are generated by orthogonal idempotents 
€1,...,é, then J; +--- + J, is generated by the idempotent e; + --- + én. 


‘ aa a 2a 
6467.4) Hint. For example, Ma = {(§ yel(s 2p) where a,b 
are arbitrary elements of the field. 


9 o((: o))=(¢ c}e((o a))=(@ 2) 


6470. Hint. Consider the kernel of the homomorphism Zp, — Zm ® Zp for 
which | + mnZ > (1+ mZ,1+nZ). 

6471. Hint. Apply Exercise 6470 if n is square-free. 

6472. Hint. Prove that the ideal consisting of all matrices aE), is a nonzero 
ideal of this algebra with zero multiplication. 


6473. Hint. If R = I, ®--- ® J, is a decomposition of R into a direct sum of 
simple rings and e is an idempotent of R then e = e; + --- + e,, where e; € Ij 
are idempotents. Prove that there are finitely many idempotents in J; (make use of 
Exercise 6416). Apply Exercise 6415. 


6474. Hint. If A = 1, @---@1, isacompletely reducible algebra (J; is a simple 
algebra) then 1; @---@Jy_-1O144.1®- + -OJy is its maximal ideal (k = 1, 2, ..., 7). 
6475. Hint. Make use of Exercise 6415. 
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6476. Finite cyclic groups of square-free orders. Hint. A cyclic group has no 
proper subgroups if and only if its order is prime; decompose a cyclic group into 
a direct sum of primary cyclic groups. 


6477. Hint. Let R = I; ®--- @ I, be a decomposition of R into a direct sum 
of minimal left ideals. If J C R then there exists , Z J and then , N/ = 0. If 
Ik, ® I # R then there exists ;, Z kk, ® J and Tk, 1 (Uk, ® 1) = 0. Eventually 
we have x, ®---@ Jk, @1 = R (for some s <n). 


6478. Hint. a) If R = 1; ®--- ® I, is a decomposition of R into a direct 
sum of minimal left ideals and / is a left ideal of Rthen R= 1, 0---@®, @T 
for an appropriate enumeration of summands (see the hint to Exercise 6477) and 
I~ R/(h®--:®) = 1e41 8+: Oly. bb) R = 1@J (Exercise 6477), 1 = e; +2, 
where e, € I, e2 € J; prove that e), e2 are idempotents and J = Re}. 


6479. Hint. Consider a cyclic group of prime order with zero multiplication. 
See the hint to Exercises 64776 and 6416. 


6480. Hint. See Exercise 6477. 
6483. Hint. See Exercise 6470. 


6484. Linear spans of vectors ¢;,,...,é€i,, Where 1 < i) < +++ < ig Sa. 
Hint, Prove that if the submodule A contains a vector qj, e;, + --- + aj,e;,, where 
@j,...@i, # Othene;,,...,¢;, € A. 


6485. Hint. The mapping k — kko, where ko is fixed, k is an arbitrary element of 
R, induces an isomorphism of R-module R with the left ideal J = Rko. Conversely, 
the existence of an isomorphism of R-module R with a left ideal J © R means 
that J = Rko, where ko is the image of 1 under the isomorphism. 


6486. Hint. F[x] = F[x]ol@F[x]ox®---@F[x]Jox"! where F[xJox! ~ F[x] 
(an isomorphism of F[x]-modules). 


6501. Hint. Let I be an ideal of A[x]. It is easy to see that the set of coefficients a; 
of polynomials a9+a)x+: - -+a;x! from J is an ideal J of A. The sequence of ideals 
bOhChC... stabilizes, say, on /,. Let ajj (§ = 0,...,7, 7 = 1,...,7) 
be generators of J;. For each pair of indices i, j choose a polynomial fj; in J of 
degree i with the leading coefficient a;;. Then { f;;} is a set of generators of J. It is 
possible to show by induction on the degree that each f € J belongs to the ideal 
generated by all polynomials fj;. 


6502. Hint. Make use of the previous exercise. 
6503. Hint. d) Write down the formula for the inverse element. 


e) Consider three cases. Case 1. One of the elements —a, —8, —af is equal to 
y” for some y € F. Assume for the definition that -a = y?, y € K. Then 
A has zero divisors and an isomorphism A = F? can be explicitly defined by 
the formulas 
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1 0 : y oO P 0 B 0 yB 
1+ (4 oi i+(% oh i>($ an K>(° 0}: 
Case 2. A has a zero divisor u + p, where nu = y-1, y € K, y # 0, 
Pp = x1i+x2j +2x3k is a pure quaternion. Then (see d)) N(u+ P) = y?>-pP" = 0. 
Put i’ = p and add i’ to the basis i’, j’, k’ of the space of pure quaternions, such 
that i’? = y?, j = —8, i’j’ = —j’i’ = K’. Reduce case 2 to case 1. 
Case 3. A has a zero divisor p = x,i+-x2j+23k. If x; 4 O consider the quaternion, 


u2 u2 u2 
u+x,[1+—; Jit+x2|1-—> ) itr 1-—> Fk. 
4ax? 4ax? 4ax? 


and reduce case 3 to case 2. If x; = 0 then case 1 obtains. 


f) Under matrix representation e) the pure imaginary quaternions are defined by 
the condition trP = 0. Thus all nilpotent matrices (and only they) represent 
purely imaginary zero divisors in A. 

g) Make use of d), f). 


h) Multiplying if necessary by nonzero element A € F we can assume that 
the determinant of a matrix Q is a square in F; then Q in some system of 
coordinates has the form ax? + px? + apxs. Notice that the vector product 
depends on the orientation. Check that under a change of orientation of W 
we replace the algebra A for the dual algebra A° whose multiplication + is 
connected with multiplication - in A by the rule a-b = b *a (as vector spaces 
A and A’ coincide). If A is a quaternion algebra then A = A°. 


6504. Hint. c) Consider F-linear mapping x > ax. 


e) Reduce the statement to the case of a simple algebra with unity. The minimal 
ideals are of the form Ae, where e? = e. 


6505. Hint. c) The subspace Ag of pure quaternions of an algebra A = COF ) 
is defined by the condition x = —X, where the bar designates the natural involution 
in Clifford algebra: 1=1,¢ = €;, €jé; = eje;. Take elements e,¢2 — $O(e1 » €2)5 
€2€3 — $Q(er, €3), €13€3 — $Q(e, €3) as a basis of Ag. 

6507. Hint. a) It is enough to consider the case of an irreducible polynomial 
f over Q. Then K = Q[X]/(f(X)) is a finite extension of degree n over Q; let 
x be aclass X (mod f(X)). Then the mapping K — K defined by the formula 
a —» xa isa linear mapping from n-dimensional vector space K over Q into itself. 
Its minimal polynomial coincides with the minimal polynomial of x. 

6508. The algebra has no zero divisors. 
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6509. Hint. Let 1 = (fi,..., fn). For any point z € C define a non-negative 
integern(z) == min, y,( fj), where y,(f;) denotes the order of zero of the function 
f; at the point z (if f;(z) # 0 then y,(f;) = 0). Let (z%) be a sequence of points 
in C such that n(z,) 4 0. Construct an entire function f with the sequence (zx) 
as the sequence of zeros with multiplicities n(z,) and show that J = (f). 

6510. a) D = 0. Hint. Consider x = y = 1. 

b) f(x)D, where f(x) € Z[x], D the usual differentiation. 
c) >} f, Dj, where f; € Z[x1,..., Xn], D; is a partial differentiations. 

6512. Hint. See I.N. Herstien. Noncommutative Rings, Mathematical Associa- 
tion of America, John Wiley, § 4.6. 

6513. Hint. See Dixmier J. Algébres Enveloppantes, Gauthier- Villard Editeurs, 
Paris, 1974, § 4.3. 

6515. and 6516. Hint. See Borevich Z.I., Shafarevich I.R. Number Theory, 
Academic Press, New York, 1966. 

6602. a) If /n ¢ Q. 

b) Ifn <0. 
c) n=2ifp=3,;n=2,3 if p=5;n =3,5,6if p =7. 

6605. Hint. A multiplicative group of the field with 4 elements has order 3. In 
order to construct this field it is enough to find a matrix of size 2 over Z2 satisfying 


the equation A? + A +E = 0, ie. rA = detA = 1. For example, take the 


matrix () ) Then the field consists of the elements O, E, A, A+ E.Ifn =6 


consider the orders of elements in the additive group. 


6606. {ke | k € Z}. Hint. The additive group of a proper subfield has order p 
and contains this subfield. 


6607. Hint. Prove for the field Q that integers are fixed under any automorphism; 
for the field R note that non-negative numbers are squares, and therefore their 
images are also non-negative. It follows from x > y thaty(x) = g(x—y)+(y) > 
¢(y). Use rational approximations of real numbers. 


6608. z — z and z — Z. Hint. Consider the image of i. 
6609. x + yV/2 > x— V2 is the unique automorphism. Hint. Consider the 
image of /2. 
/p\ 
6610. Hint. Notice that if m = 1 then the binomial coefficients (1) are divisible 
by p; induction on m. 


b) A nonzero homomorphism from a field into itself is an automorphism. 


6612. If m/n =r? (r € Q\ {0}). 
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6614. Hint. The additive group of the field K with 4 elements cannot be cyclic. 
Thus all nonzero elements have order 2, K = {0, 1, a, a + 1}; multiplication table 
is unique because a(a + 1) = 1. 


6615. Hint. For example, the field of rational functions with complex coeffi- 
cients. 


6617. F(X). 
6618. a) {(—1, —3 + 22}. 
b) @; 13 is not a square in Q(./2). 
c) @. 
d) @. 
6619. a) 8. 
b) (2,3, 2). 
6623. All of them. 
6625. Hint. The multiplicative group of a field with n elements has order n — 1. 
6626. x =a. 
6628. a) 3 and 5. 
b) 2,3,8,9. 
6629. Hint. Show that if a # 0 then (ba~')? = 1 and 3 divides 2" — 1, a 
contradiction. 


6630. Hint. Let F* = (x). Prove that x is algebraic over the prime subfield. 
This subfield is different from Q, since Q* is not cyclic. 


6631. a) {+1}. 
b) @. 

6632. Hint. a) Zp has no elements of order 2. Since p > 2, the mapping 
k + k7’ isa bijection and 7?) k7! = P| k.. 
b) Similarly to a); (p? — 1)|8. 

6635. and 6636. Hint. See Platonov V.P., Rapinchuk A.S. Algebraic Groups 
and Number Theory, Nauka, Moscow, 1991. ch. 1, § 1.1. 

6637. and 6638. Hint. Solution is similar to Exercises 6635 and 6636. 


6642. — 6645. Hint. See Borevich Z.I., Shafarevich I.R. Number Theory, 
Academic Press, 1966. 


6646. Hint. Make use of Exercise 6645. 
6647. Hint. Make use of valuations of the field of p-adic numbers. 


6701. Hint. Reduce by induction on s to the case s = 1; construct a basis of A 
over K using a basis of A over K, and a basis of K; over K. 
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6706. Hint. Apply Exercise 6704. 


6707. Hint. Reduce by induction on s to the case s = 2; apply Exercises 6701, 
6704, 6705. 


6708. Hinr. If the polynomial p(x) is irreducible then it has a root in 
K[x]/{p(x)). 

6709. Hint. a) Induction on degree of f(x), apply Exercise 6708. 
b) Apply a) to fi(x)... fi(x). 


6710. Hint. Consider degrees of extensions in the tower of fields K C K(a) C 
K(@, 7), where 7 is a root of h(x) — @ in some extension of L. Apply Exercises 
6701, 6702. 


6711. Hint. a), b) Compare factorization of x” — a into linear factors in its 
splitting field with possible factorization of this polynomial in K. 
c) For example, the polynomial x* + 1 over the field of real numbers. 

6712. Hint. f(x) = lier, (x — xo — i), where F, is the field with p elements 
contained in K. Prove that if in some extension L of K the polynomial f(x) has 


a root then f(x) can be factorized over L into a product of linear factors. Deduce 
that all irreducible factors of f(x) over K have the same degrees. 


6713. a) 1. 
b) 2. 
c) 2. 
d) 6. 
e) 8. 

f) p-l. 
g) o(n). 
h) p(p-1). 


i) 2’, where r is the rank of the matrix (kjj), i =1,...,5,j =0,...,¢ overthe 
residue field modulo 2 and kij is the residue class modulo 2, of the exponent 
kj; in factorization aj = (-1)*0. Thj= pu of a; into a product of powers of 
distinct primes pi, ..., pz. (It is admitted that some kj; = 0.) 

g) Hint. Show that if ¢ is a primitive root of 1 of order n and jz; (x) is its minimal 
polynomial over Q, then , is also a root of 44¢(x) for any prime p|n; for 
otherwise if x” — 1 = er (x)h(x) then ¢ is a root of h(x?), a contradiction 
with the fact that x” — 1 has no multiple factors over residue field modulo p. 


h) Hint. Apply Exercise 6711. 


i) Hint. If K is the required field then consider K*? N Q* and apply induction 
onn. 
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6714, F(X, Y)/F(X",Y?), where F is a field of characteristic p. Hint. If 
the field K is finite then make use of Exercise 5633. Let K be infinite and 
L = K(q\,..., 4s). By induction on s the question on existence of a primitive 
element is reduced to the case s = 2; show that for some A € K an element 
a, + Aaz is not contained in any proper intermediate subfield. Conversely, show 
thatif Z = K (a), then any intermediate subfield is generated over K by coefficients 
of some divisor in L[x] of the minimal polynomial g(x) of a over K. 

6715. Hint. Choose a basis of L(x) over K (x) consisting of elements of L. 

6717, Hint. Prove, by induction on i (0 < i < mi), that under some 
enumeration of b),..., b, the systema ,..., @;, bj41,..., 9, isamaximal system 
of algebraically independent over K elements in L. 

6718. Hint. a) Show that the number of maximal ideals does not surpass (A : K). 
Show next that if an element a € A is not nilpotent then a maximal ideal in a set 
of ideals having empty intersection with {a, a’, ..-,} iS a maximal ideal of A. 
b) Make use of a). - 

e) Show for the proof of uniqueness that under any representation of AT! = 
That L; the fields L; are isomorphic to factor-algebras by all possible 
maximal ideals of A. 


6720. Hint. Induction on n. Linear dependence of f; leads to a contradiction 
since f; are homomorphisms of algebras. 


6723. Hint. a) Any K-homomorphism A — B has a unique extension to L- 
homomorphism A; — B. 


b) Make use of a). 


6724. Hint. Take any component of Fy, as E. 


6725. Hint. For the proof of b)=> a) notice that if ZL; is any component of Az 
and @1,...,@s are images of aj,..., as in Lj then L; = L(@),..., 4s). For the 
proof of implication a)=> b) apply Exercises 6722a, 6719 and 6718e to K[a]. 


6726. Hint. Apply Exercise 6725. 


6727. Hint. b) Notice that each of the fields ZL, L2 is splitting for the other one; 
obtain from here K-embeddings L; — L2 and L2 > L}. 


6728. Hint. Make use of Exercises 6727c and 6722. 


6729. Hint. a) Choose a splitting field of A containing L, and apply Exercise 
6722. 


b) Apply a) and Exercise 6723b. 
6730. Hint. Apply Exercises 6725, 6729b. 


6731. Hint. b) For example, Q ¢ Q(v2) C Q(+/2). 


6732. Hint. In order to prove the two last relations, reduce the general case 
to two special cases when a € K and when L = K(a). In the first case exploit 
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a basis of L/F associated with the tower of fields. In the second case choose, 
in L/K, a basis of powers of a. For the proof of the first relation note that 


xu/K (4, x) = Niqy/K(x) (a — x). 
6733. Hint. Make use of Exercise 6732. 


6734. Hint. If trpjx (a) # 0 for some a € L then (x, ax!) + trr/x(a) #0 
for all x 0 from L. 


6735. Hint. Each of conditions a) —c) is equivalent to the fact that A, ~ TIL 
for any splitting field L. Forms of traces in A and in Az are nondegenerate 
simultaneously. Nilpotent elements are always contained in the kernel of the form 
of the trace. 


6737. Hint. Make use of Exercises 6722 and 6712. 
6738. Hint. Make use of the equality tr4/x (a) = tra,/1(a). 
6739. a) Hint. Make use of Exercises 6714, 6722. 


b) bisa primitive element. a is not a primitive element. 


6740. Hint. Make use of Exercise 6722c. 
6741. Hint. Make use of Exercises 6734 and 6735d. 


6742. A polynomial x? — ¢ over the field of rational functions K(t), where K 
is an arbitrary field of characteristic p 4 0. 


6743. Hint. Make use of Exercise 6719. 

6744. Hint. For the proof of the converse statement, apply Exercise 6741. 

6745. Hint. Let L be a splitting field of f(x). Show that B; ~ []j_, Ai, where 
Aj = AL, n = deg f. 

6746. Hint. For the proof of implication c) = a) represent A as a factor-algebra 
K[x1,..+5%s]/ (ta, (21), ---» a, (Xs) . Apply Exercise 6745. 

6747, Hint. a) Make use of Exercises 6746, 6745, 6742, 6711. 

6748. Hint. Consider j1g(x) for any element a € L. 

6750. Hint. Apply Exercises 6748 and 6749. 


6751. Hint. b) Prove with the help of Exercise 6726 that for any splitting field 
E of the extension L/K the number of distinct K-embeddings L —> L is equal to 
(K; : K). 

6752. Hint. a) Calculate the number of distinct K -embeddings of F into some 
splitting field of the extension F/K. 


6753. Hint. Consider a tower of fields K C Ks C L and apply Exercises 6731, 
6738. 


6754. Hint. a) Apply Exercises 6730 and 6735. 
b) Apply Exercise 6727. 
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6755. a) G(C/R) consists of the identical automorphism and of the complex 
conjugation. 
b), c) Zo. 
d) Z2@Zp. 


6756. a) {e}. 

b) Sz. 

c) So. 

d) 83. 

e) Da. 

f) Zp-1 : 

g) Zp. 

h) The semi-direct product of the group Zp and its group of automorphisms. 

i) Direct product of r copies of the group Z2. (See the answer to Exercise 6713.) 
6757. Hint. Each element a € L is a root of a separable polynomial over K of 


degree < |G|, namely, f(x) = [],<¢g(* —9(a)). Notice that any (finite) separable 
extension has a primitive element. Prove that (L : K) = |G|. 

6758. Hint. Consider the action of S, on the field of rational functions 
K (a), ..., @,) and apply Exercise 6757. 

6759. Hint. Embed the group G into a symmetric group and apply Exercise 6757. 

6760. Hint. Apply Exercise 6757. 

6761. Hint. Prove firstly that any Galois extension L/R distinct from R has a 
degree which is a power of 2. Note that a finite 2-group is solvable and R has no 
finite extension of degree > 2. Show that L = C. 

6763. Hint. Consider an action of elements of the Galois group on VD. 

6764. Hint. Apply the linear independence of automorphisms (Exercise 6721) 
and prove that L is a cyclic module over K [g]. 

6766. Hint. The group S, acts by permutations on components of A = |] Kj 
(K; = K). Notice that K; are unique minimal ideals of A. 

6767. Hint. Notice that t(x) = 0, o(tx)eg = }, o(x)t (eg) for x € L. 

6768. Hint. Make use of Exercise 6720 (or interpret (g;(y;)) as the matrix of a 
change of basis; A is assumed to be embedded into Az). 


6769. Hint. See Exercise 6764 if K is finite. Let K be infinite, w1,..., @, be 
some basis of L over K and w = a); + --- + G_w, be an arbitrary element 
either of L (if a; ¢ K) or of Ly, (if a; € L). The hypothesis of Exercise 6768, 
which guarantees that elements {o(w),o € G} form a basis of L (respectively, 
of L,), means that for some polynomial f(x1,...,xn) € L[x,...,Xn] its value 
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f(@,--.,@n) # 0. Use then the existence of a normal basis of Lz (Exercise 
6767). 


6770. Hint. If the characteristic of K # 2 then 


K(x1,...,%n)“" = K(o1,.--,0n, 4), 


where 01, ..., 0, are elementary symmetric polynomials in x1, ..., Xn, 
A= [i = xj). 
j>i 
In the case of an arbitrary characteristic we have K(x1,..., Xn)4" = K(a1,..-, 


On, y), where y = Digc4, o (M1 x") 
6771. C(xf, xt? x), e+) X]Xn—1, Xn). Hint. Apply Exercise 6760. 


6772. C(y", yt? yn, ...s YtYn—1> Yu)» Where yj = Dp_y €~ Mx, & is a primi- 
tive root of unit of order n. Hint. In the space of linear forms in x1, ..., X,, choose 
a basis consisting of eigenvectors of 0; then apply Exercise 6771. 


6773. The group Z,. Hint. The decomposition field L of x” — a over K has 
the form L = K (0), where 0 is some root of x” — a in L. The group G(L/K) is 
generated by an automorphism o such that o(@) = €0, where e is a generator of 
the (cyclic) group of roots of 1 of order n. Apply Exercise 6711. 


6774. Hint. Let € be a generator of the group of roots of 1 of order n in K; 
let y € L be an element of L such that )-7_, €!o'y # 0 (does it exist?); then 
a = (D7, ea! y)”. Consider eigenvectors of o in L. 

6775. Hint. lf L = K(@,,...,95), then for any o € G(L/K) we have 
a(0;) = €;(0)0;, where €;(a)" = 1. Conversely, if the group G(L/K) is abelian 
of period n then use the following fact: a set of commuting diagonalizable linear 
operators has a common eigenbasis (see Exercise 4007). 

6776. Hint. Apply a bilinear map G(L/K) x A > U, too € G(L/K) and to 
a € A(a € (K*,a},...,as)), (0,4) > (06) -6—!, where 6 € L and 6" =a. 

6777. L — (L*" 1 K*)/K™; if A = B/K™", B = (K*",a),...,@s) isa 
subgroup of K* then A > L = K(@,..., 05), where 6? = a;. Hint. Make use of 
Exercise 6776. 

6778. Hint. Let G(L/K) = (c). In order to find @ use a root vector of height 2 
of o. For the proof of the converse statement, apply Exercise 6712. 

6779, Hint. If L = K(@\,...,95), then for any o € G(L/K) we have 
o(6;) = 6; +7, vi € Fp (see Exercise 6712). Conversely, let G = G(L/K) be 
the direct product of s copies of cyclic groups of order p. Choose in G subgroups 
H; (i = 1,..., 5) of index p, such that Mf{_,H; = {e}; then L4 = K(6;) (see 
Exercise 6778) and L = K (6,..., 6s). 


Answers and hints 429 


6780. Hint. Consider a bilinear map G(L/K) x A —> Fp, such that for 
o € G(L/K), u € A(a € (p(k), a,...,@s5)), we have (o,a) > o(@) — 86, 
where 0 € L and p(@) = a. 


6781. L — (o(L)N K)/p(K); if A = B/p(K), B = (p(K), a1,...,@s) then 
A— K(0,,...,95), where 9(0;) = a;. Hint. Apply Exercises 6779, 6780. 

6801. Hint. Make use of Exercise 5633. 

6802. Hint. a) If |L| = q, then L is the decomposition field of x? — x. 

b) Use the hints to a) and to Exercise 6727b. 

6803. Hint. See the hint to Exercise 2802; in a) make use of the fact that x? — x 
has no multiple roots. 

6804. Hint. Make use of Exercise 5633. 

6805. Hint. b) Decompose a into a product of disjoint cycles. 

6806. Hint. Let b = []}_, p;’, where pj are distinct primes. Decompose the 
ting Zg into a direct product of residue rings modulo Pj. If b = p", pisa 
prime then represent the set of residue classes as a union of subsets containing all 
elements of the same order in the additive group of the residue ring. Next make 
use of the structure of the group of invertible elements in the residue ring modulo 
p". 

6807. Hint. Calculate the number of inversions of o ordering elements of G in 
the following way: 0, x1,..., Xa, —Xn,---, —X1, Where {x1,...,%n} = S. 


6808. Hint. a) Apply Exercise 6807, taking some subsets 5, and S2 of G; and 
G2 respectively. Put S = S; U g~!(S2), where g : G — Gz is the canonical 
homomorphism. 


6809. Hint. Make use of Exercise 6807. 
6810. Hint. Make use of Exercise 6809. 


6811. Hint. The set R of pairs (x, y), where 1 < x < (@-—1)/2,1< y< 
(b — 1)/2, is the union of four subsets: 


Ri = {(x, y) € R | ay — bx < —b/2}, 

R2 = {(x, y) € R| —b/2 < ay — bx < 0}, 
R3 = {(x, y) € R| 0 < ay — bx <a/2}, 
Rg = {(x, y) € R| a/2 < ay — bx}. 


Considering the bijection (x, y) — ((a + 1)/2 —x, (b+ 1)/2 — y) show that 
b 
|Ri| = |Rsl. Applying Exercise 6809 prove that (5) = (—1)!2l, (2) = 


(—1)!R3l, 
6812. Hint. Represent the matrix of A as a product of elementary matrices. 
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6813. — 6815. Hint. See Lidl R., Niedereiter H. Finite Fields, Addison-Wesley, 
1983, ch. 2, § 3. 

6904. a) Yes. b) No. c) Yes. d) Yes. e) No. f) Yes. 

6905. All subspaces mentioned except d), e), h) are invariant. 


1— Ff 
6907. (0 1 1) (in the basis 1, x, x?). 
0 0 1 


{ cost sint 


me. ( —sint cost 


) (in the basis sin x, cos x). 


6910. Hint. Decompose the space M,,(K) into a sum of subspaces consisting 
of all matrices with at most one (fixed) nonzero column. 


6911. Hint. Prove first that a subspace of M,,(K) which is invariant under all 
operators Ad(A), where A runs over all diagonal matrices, is a linear span of some 
set of matrix units E;; (i # j), and of some subspace of diagonal matrices. 


6912. Hint. Prove first that any subspace of M,,(K) which is invariant under all 
operators ©(A), where A runs over all diagonal matrices, is a linear span of some 
matrices aE;; + bE;; (i # j), and of some subspace of diagonal matrices. 


6913. Hint. Find the general form of matrices X such that 


0 1 0 1 0 -l Oo 1 
(ro) o}® Ur -1)-(4 a)» 
and show that det X = 0 always. 


6916. Hint. a) Let H C W be invariant subspace and x € H. Consider a vector 
mx —x, where m = {ij}. 

6917. Hint. First determine the subspaces invariant under the restriction of © 
to the subgroup of diagonal matrices. 


6925. Hint. Make use of Exercise 6924c and of partition of the group G on left 
cosets by H. 


6926. a) m. 
b) 2. 
c) 1, 
d) m+. 
6927. Hint. If A and B are commuting operators, then every eigenspace of A 
is invariant under B. 
7002. Hint. Make use of Exercise 6928. 


7005. In both cases each irreducible representation of H occurs with multi- 
plicity 2. 
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7006. Only trivial representations for groups of odd order; groups of even order 
have a homomorphism onto the subgroup {—1, 1} of GL; (R) ~ R*. 


7007. Hint. Apply the theorem asserting that a real operator has a two- 
dimensional invariant subspace. 

7009. a) [n/2] + 1. Hint. Make use of Exercise 7008. 

7015. For S3: the trivial representation and the representation which associates 
the sign with a permutation. Hint. Apply the theorem on commutants and Exercise 
6207a. For Aq: apply the theorem on commutants, and Exercise 6207b. 

7016. Hint. Apply the theorem on commutants, and Exercise 6208. 

7017. Hint. Take the representation from Exercise 6913. 

7031. Hint. Decompose the regular representation into a sum of irreducible 
subrepresentations. 

7032. Hint. Prove that the subgroup generated by A and B in GL(V) is 
isomorphic to S3. 

7034. a) 1,1, 2. 


b) 1,1,1,3. 
ec) 1,1,2,3,3. 
d) 1,1,1,1,2. 


e) If mn = 2k then there exist four one-dimensional representations and k — 1 
two-dimensional representations; if n = 2k + 1 then there exist two one- 
dimensional representations and k two-dimensional ones. 


f) 1,3,3,4,5. Hint. Apply the main theorem and Exercise 6916. 


7037. a), b), c) It is not possible. 

7038. Hint. If the subgroup exists, then there exists, an exact two-dimensional 
representation of the group S4. 

7042. Only for abelian groups. 

7043. Hint. Induction on order of the group. 

7045. Hint. Make use of Exercise 6925. 


7046. Hint. Note that there exist finitely many nonisomorphic groups of fixed 
order, and each of them has finitely many nonisomorphic representations of a given 
dimension. 


7048. Hint. Notice that groups of orders p and p? are abelian. 

7049. p* of one-dimensional representations and p — 1 of p-dimensional. Hint. 
Notice that the center of the given group has order p and the number of classes of 
conjugate elements is equal to p? + p — 1. Since the factor-group by the center 
is commutative, the commutant of the given group has order p. These parameters 
determine the number of one-dimensional representations. Note that the given 
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group has anormal subgroup of index p. Prove that the dimension of an irreducible 
representation is at most p. 


7102. A basis consists of one vector }°4¢ s,(8gno)o. The dimension is equal 
to 5. 


7103. {e — a, e2 — a?,...,e"—! — a"). 


7109. a) Let e) = 3 aes 0,e2= b Dees; (sgno)o. Commutative ideals 
are: 0, Ce;, Ce2, Ce; © Cep. 


b) Let Og = {E,£,1,1,J,J,K,K}, ea. = (E+ E(E+1+J+ XK), 
e = (E+ E(E+1-J—K),¢ = (E+ E(E-—I-J —R), 
eg = (E+ E)(E +I —-— J+ K). Commutative ideals are: linear span of 
any subset of the vectors {e1, €2, €3, e4}. 


c) Leter = 75 Dae, 4:62 = 75 Len, (det A)A. Commutative ideals are: 0, 
Ce}, Cez, Ce; © Ce. 
7110. If G is infinite then x = 0; if it is finite then x = a eG g.aeF. 


7111. A basis of the center of F[G] is formed by the elements Lsec g, where 
C mns over all classes of conjugate elements in G. 


7116. Hint. Make use of Schur’s lemma. 

7119. Only for G = {e}. 

7122. a) 2. b) 1. c) 2. d) 4. 

7124, Let € be a primitive root of 1 of order 3 in C; 


1 
ro=3(e +a +a?) € R[(a)3] C C[(a)s], 
n= z(e + ea + 7a”) € C[(a)3], 
n= ze + 67a + €a*) € C[(a)3]. 


R[(a)3] = Fo ® F\, where Fo = Rro = R and 


2 
F, = (aoe + aja +a2a|} >a =0, a; ER} ~C. 
i=0 


Under an isomorphism C — F, we have 1 > e —1r9,€ — ale — Pro). 
C[{a)3] = Fj ® Fi @ F. The fields F/ = Cr; are isomorphic to C. 
7125. Hint. Exploit the irreducibility of x?—! + x?-? + .-- +x +41 over Q. 
7127, a) Idempotents: 2e + 2a, 2e + a. Ideals: F3e;, F3e2. 
b) The only idempotent is the unit of the group algebra. Ideal: F2(1 + a). 
c) Idempotents: 5(1 + a), $(1 — a). Ideals: Ce,, Cep. 
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d) Idempotents: }(1 +4 +a”), }(2 — a — a?) Ideals: Re1, R[(a)3]e2. 
7128. Hint. Check the similar statement for the matrix algebra M,,(C), and 
apply the theorem conceming the structure of the group algebra of a finite group. 
7129, a) 8. b) 32. 
7130. a) {e}. 
b) GZ. 


c) Either G ~ Zs; or S3. Hint. Notice that n is equal to the number of classes of 
conjugate elements in G. 


7134. U = F[G](a — e)? if p =2. 
7136. a) Hint. Consider the case G = H. Induction on the order of H. 
b) n=2. 
7139, a) P/H ~ a/(g — ge)A ® A/(g —&e)A, where € is a primitive root of 
1 of order 3 in C. 
b) P/H =O. 
c) P/HA. 
7140. Kerg = 0. 
7141. Hint. Consider the similar question for the ring of polynomials A = F[t]. 
7144, a) The element is prime. 
b) (gi — 82)*(—8; '8)' — 87”). 
7145. a) 0. b) F[({g1)]J.c) F. 
7201. Hint. Make use of Exercise 6921. 


7202. Hint. Make use of Exercise 6911. Find a possible diagonal form of the 
matrix of P(g). 


7203. and 7204. Hint. Make use of Exercise 7201. 


7205. Hint. Notice that a sum of n roots of 1 is equal to n if and only if all 
summands are equal to 1. 


7206. Hint. Make use of Exercise 7205, and prove that any subgroup of index 
p in A is a subgroup of elements of some (n — 1)-dimensional subspace. 


7207. Hint. Let x be a character of a representation ©, Apply Exercise 7205 
and prove that @(g) = E if g € H. Similarly, show that g € K if and only if the 
matrix ®(g) is scalar. 


7208. Hint. Make use of Maschke’s theorem and of properties of the commutant. 
7209. Hint. Make use of Maschke’s theorem and of properties of the commutant. 
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7220. 


Hint. Make use of Exercise 7024. 
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7221. xo(c) is the number of elements of the set {1, 2, 3,..., 1} fixed by o. 


7222. Let D, = (a, b |a? = b” = e, aba = b™'). Then x (b*) = 2cos 2nk/n, 


x(ab*) = 0. 
7223. 
| fe | a2 | 023) | 024 | 234) | 
Esi— Se ie oe ee ae ee 


Hint. Make use of Exercise 7019. 
7224. 


| fe | cam | 23) | a2y4) | (1234) 
[ ee eres S| esetee |. Oe 2) ee 


Hint. Make use of Exercise 7019. 

7225. Hint. Make use of Exercise 7204. 

7226. a) Two characters: a trivial one and o — sgno. 
b) 


| |e | cra) | 032) | 0294) _ | 
po 
Pi 


where € is a primitive root of 1 of order 3 in C. 
c) 
EA | all ee Tg ea] Se) 
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d) Seea). 

e) LetD, = (a,b \a2 = b" = e,aba = b="), If n is odd then there exist two 
one-dimensional characters: a trivial one and a’ b/ > (- 1)! a If n is even then 
there exist four characters: a trivial one and a'b/ — (-1)/, alb/ — (-1)/, 
a'b/ — (-1)'*/, 

7227. n"/?, Hint. Calculating the product of the matrix by its adjoint, use the 


relations of orthogonality for characters. 


7228. a) 


| |e [| am | 023) | 


oa 


Y1 


Hint. Make use of Exercises 7226 and 7019. 


b) 


| | eT tm) | 2s) | ayy | 1234) 


Hint. Make use of Exercises 7226, 7223, 7224, 7220. 


c) 


Hint. Make use of Exercises 7226 and 7220. 
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d) 


e) 


Hint, Make use of Exercises 7226 and 7222. 
f) 


| |e | cranes) | cay | 032) | 


Yo 1 
2 e? 
93 0 


where € is a root of 1 of order 3 in C. Hint. Make use of Exercise 7226. 


7229. It cannot take these values. Hint. A scalar square of the given function is 
not an integer. 

7230. With the notation of Exercise 7228c, F = 294 + 0, 5g; + 0, 593. 

7231. With the notation of the answer to Exercise 7228a, we have f; = 
—90 + 39) + 292, fo = 491 + 2. It follows that f; is not a character of any 
representation. f2 is a character of a direct sum of an irreducible two-dimensional 
representation of a group S3 and four copies of a nontrivial one-dimensional 
representation of this group. 

7232. Hint. a) Prove that the mapping from A into C, which moves x to x (a) 
for some a € A, is a character of A. Prove that the induced mapping A > A is an 
isomorphism. 

7233. Hint. c) Deduce the equality f(a) = Sovak AG @) “x (a) with the help of 


a). Prove that under the isomorphism from Exercise 7232c f goes to (JA[)—! f. 
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7234. Hint. Make use of the equality (f, fa = Dy ea(f. x)4- 
7237. a) xy = Vo + Vi + V2. 

b) xw = Yot Vi + Fn + Wy. 

C) Xo = Vo t Vy + V2 + V3. 
7238. xy =n - Xo. 


7239, n™—!, Hint. Prove that all irreducible representations of G occur in p®" 
with the same multiplicity. 


7240. a) Xp2 = Vot V1 + ¥2. 
b) X,3 = Vot i + 3¥2. 


a tk If n = [(n + 1)/2] and m = [m/2], then the multiplicity is equal to 
ie 
("3) 
7242. Hint. Consider the representation in a space of skew-symmetric twice 
contravariant tensors. 
7243. In the notation of the answer to Exercise 7228: a) 9}. 
b) vo +92. 
c) got gi. 
d) gi +¢2. 


0 -!1 0 1 1 0 1 0 0 1 
7302. a) (| 0 )% (4 aE 0-8 ( ‘)e (3 i 
0 1 
(9 1) 
7303. b) and d); c) and f). 


7304. Representations are equivalent if and only if, for any k and A, the Jordan 
canonical forms of A and —A have the same number of Jordan boxes of size k 
with the eigenvalue A. 


7305. a) An arbitrary representation has the form Ra(t) = ela where 
a éM,,(C). 


b) An arbitrary representation is equivalent to a representation of the form: 


elnitl-Al 0 


Ra,a(t) = ( 0 (sgnr)elnttB 


) , AEM,(C), BeM,(C). 


Hint. Consider the image of —1 € R* under the given representation. Prove that 
its eigensubspaces are invariant. Apply a). 
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c) An arbitrary representation is equivalent to a representation of the form 


ral 0 
zk2 
z= - (ki, ..++kn € Z). 

0 zie 
Hint. Prove that a representation of the additive group C has the form Py, 
e"iA — E (see Exercise 7301), if it is the composition of the homomorphism 
C — C* (t — e*) and a representation of C*. Prove next that the matrix A is 
similar to an integer diagonal matrix. 
d) An arbitrary representation is equivalent to a representation of the form 


zi 0 
z—> ss (ki, ..->kn € Z). 
0 zie 
Hint. Consider a representation of the additive group of the field R obtained as the 


composition of the homomorphism R -> U (t — e“‘) and a representation of the 
group U. Apply Exercise 7301. 


7306. Yes, it can. Hint. Prove that any nonsingular complex square matrix has 
the form e4, Apply Exercise 7301. 

7307. Linear spans of sets of eigenvectors of A. 

7309. Hint. Consider restriction of ©, to the subgroup of diagonal matrices. 

7310. Hint. e) Prove that the equality takes place on the subset of diagonalizable 
matrices. 


7311. Hint. Notice that SU2 = {A € H | (A, A) = 1}. Prove that if A € SU2 
has eigenvalues e*!® | then P(A) is a rotation of the space Hp on the angle 29 
around an axis passing through A — 4(trA)E € Hp. 

b) Prove that the group R(SU2 x SU2) acts transitively on the unit sphere in H. 
Make use of a). 
a b 
—a 
in M2(C). The required isomorphism associates a polynomial f(x, y) = 
—bx? + 2axy + cy? to the matrix mentioned. 


7313. and 7314, Hint. Suprunenko D.A. Group of Matrices, Nauka, Moscow, 
1972, ch. 5. 


c) A complexification of Hp is a subspace of matrices of the form 
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1 = Affine and Euclidean geometry 


An affine space over a field K, is a pair (A, V), consisting of the vector space V 
over K and the set A whose elements are called points. It is assumed that the pair 
(A, V) has an operation of addition of points and vectors 


(a,v) > atveV. 
This operation satisfies the following conditions: 
(Ql) (a+) + vu; =a + (v; + v2) for all a € A, y, v2 € V; 
(2) a+0=aforallaeé A; 


(3) for any two points a, b € A there exists a unique vector v € V such that 
a+v = b (this vector is denoted by ab). 


The term ‘affine space’ is frequently applied only to the first member of the pair 
(A, V). In this case V is called the vector space associated with the given affine 
space. 

The dimension of the affine space (A, V) is the dimension of the vector space V. 

Any vector space V can be considered as an affine space in the following sense: 
put A = V and define the operation of addition as addition in the space V. 

An affine subspace or a plane in an affine space (A, V) is a pair (P, U), where 
U is a subspace of V and P is a non-empty subset of A such that 


(1) p+ueé Pforallpée P,ueU; 
(2) pq €U forall p,q € P. 


The pair (P, U) is itself an affine space. 

The term ‘affine subspace’ or ‘plane’ is frequently applied only to the first 
member of the pair (P, U). In this case the subspace U is uniquely determined by 
P and it is called the directing subspace of the given affine subspace. 

A one-dimensional affine subspace is called a line. An affine subspace whose 
dimension equals the dimension of the space minus one is called a hyperplane. 
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If S is a non-empty subset of an affine space A, then the least plane in A 
containing S is called the affine hull of S. It is denoted by (S). The set of k+1 points 
Qo, @),..., a in affine space A is affine independent if dim(ao, a1, ..., a) = k. 
In this case we say that the points ap, a), ..., @% are in the general position. 

Two disjoint planes (P, L1), (P2, £2) in an affine space are parallel if either 
L; C Lz or L2 C L}. Planes are crossed if L; 1 Lz = {0}. In the general case, 
the number dim(L NM L2) is the degree of parallelism of (P,, L,) and (P2, L2). 

A system of affine coordinates in an affine space (A, V) is a set (ag, €1,..., €n) 
consisting of a point ao (the origin) and the basis (e),..., én) of the vector space 
V. Coordinates of a point a € A with respect to this system are coordinates of the 
vector Goa, with the basis (€1,..., én). 

An affine mapping from an affine space (A, V) to an affine space (B, W) isa pair 
(f, Df) consisting of amapping f : A — B anda linear mapping Df : V > W, 
such that f(a + v) = f(a) + Df(v) for alla € A, vu € V. Bijective affine 
mapping from an affine space into itself is an affine transformation. Frequently the 
term ‘affine mapping’ (or ‘transformation’) is applied only to the first member of 
the pair (f, Df), namely, to f. The linear mapping Df is called the linear part or 
the differential of f. 

All affine transformations of an affine space form a group which is called an 
affine group. It is denoted by Aff A. 

An affine transformation with an identical differential is called a parallel 
transfer. The parallel transfers form a subgroup of Aff A which can be identified 
with the additive group of V: each vector v € V corresponds to the parallel transfer 
to:a>artu. 

A configuration in an affine space A is an ordered set of affine subspaces 
{Pi,..., Ps}. Two configurations (P;,..., Ps} and {Qi,..., Qs} in A are affine 
congruent if there exists an affine transformation f such that f(P;) = Q; for 
i=1,...o. 

It is assumed in the following that (A, V) is an affine space over the field of 
real numbers. 

For any points a,b € A,a # J, the set of all points Aa + (1 — A)b, where 
0 <A < 1, is called an interval connecting a with b. A non-empty subset M C A 
is convex if, for any two of its points, M contains the interval connecting these 
points. The dimension of a convex set is the dimension of its affine hull. A convex 
set is solid if its affine hull coincides with the whole space. 

A point of a convex set M is termed internal if it belongs to an open kernel of 
M in its affine hull. Otherwise a point is termed boundary. A point of a convex set 
M is extreme if it is not an internal point of any interval belonging to M. 

The open kernel of a convex set M in a space A is denoted by M°. (If M is not 
solid then M° = @.) 

The least convex set containing a given non-empty set S C A is called the 
convex hull of S and it is denoted by convS. The convex hull of n + 1 points in the 
general position is called an n-dimensional simplex. 
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For any non-constant affine linear function f on a space A, the set defined 
by the inequality f(x) > 0 is convex. It is called the half-space bounded by the 
hyperplane {x | f(x) = 0}. Each hyperplane bounds two half-spaces. A set S lies 
in one part of a hyperplane H if it is contained in one of two half-spaces bounded 
by H. In this case, if SM H = @, we say that S strictly lies in one part of H. 

A hyperplane H having a common point with a closed convex set M is called 
a basic hyperplane of M if M lies in one part of H. A nonempty intersection 
of finitely many half-spaces is called a convex polyhedron. Note that a convex 
polyhedron is a set of all points whose coordinates satisfy some compatible system 
of non-strong linear inequalities. A subset of n-dimensional affine space, defined 
in some system of affine coordinates by inequalities 0 < x; < 1(@i =1,...,n), is 
called an n-dimensional parallelepiped. 

The intersection of a convex polyhedron M with a basic hyperplane is called a 
side of M. Zero-dimensional sides are called vertices, one-dimensional sides are 
called edges. Any side of a convex polygon is also a convex polygon. 

A subset K of some space V is a convex cone ifx+yeEK, Ax € K forall 
x, y € K andall A > 0. Any convex cone is a convex set in the space V considered 
as an affine space. 

An affine space (E, V) over the field of real numbers is a Euclidean space if the 
vector space V has a Euclidean vector space structure. One can define in Euclidean 
space E the distance between two points: if a, b € E then p(a, b) = |ab|, where 
|v| = ./(0, v) is the length of v € V. Similarly one can define the distance between 
two planes P, Q C E: 


pe(P, Q) =inf{p(a,b)|aeP, be Qh. 


The angle between two planes is defined as the angle between their directing 
subspaces. Planes are perpendicular if the angle between them is equal to 7/2. 

An isometry of Euclidean space is an affine transformation whose differential 
is an orthogonal operator. An isometry f is proper if det Df = 1. Isometries 
preserve the distances between points. All isometries of an Euclidean space E 
form a group, denoted by IsomE. The group of proper isometries is denoted by 
Isom, E. 

Two configurations {P),..., P;} and {Qi,..., Qs} in an Euclidean space E 
are metric congruent if there exists an isometry f of E such that f(P:) = Q, 
G=1,...,5). 


2  Hypersurfaces of the second order 


Let (A, V) be an affine space over a field K. A quadratic function Q: A—> K 
on A is a function of the form 


Q(ao + x) = g(x) +1 (Xx) +, 
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where ao is a point of A; q : V — K is a quadratic function, and! : V — K is 
a linear function, c € K. The quadratic function g, not depending on ag, is called 
the quadratic part of Q. The linear function ! is called the linear part of Q with 
respect to the point ap. A hypersurface of the second order in A or a quadric is a 
set of the form 

X=Xg={aeA| Q(a) =0). 


A quadratic function Q can be written in an affine system of coordinates 
(ao; €1,..+, &n} in the expanded form 


a n 
Q(ap +x) = yi Qjjxjixj +2 SE bx; +, 
i,j=1 i=l 


where aj; = aj;. The symbol Ao denotes the matrix (a;;) of the quadratic function 
q with the basis (€1,..., é,). The symbol Ag denotes the matrix 


by 
Ag= Ag bs 
by «Dn lc 


The determinants of Ag and Ag are denoted by A and 8. Thus Ag, Ag, A, and 6 
depend on the choice of the system of coordinates (ao; €1, ..., én), however the 
ranks of matrices Ag and Ag donot depend on this choice. A quadric is nonsingular 
if A # 0. It is singular if A = 0. 

A hyperplane 


D> (aijx) + b:)(x; — xP) =0 
i,j=l 


is tangent to Xqg at a point ag = (ei . es) € XQ, if Pint aj jx) +b; #0 for 
some i. If this condition is not satisfied then the point ag € XQ is singular. 

A vector r = (r},...,%,) is a vector of asymptotic direction if q(r) = 0. 

A point a € Q isa central point of a quadratic function Q (or of a quadric X g) 
if the linear part of Q with respect to ag vanishes. Thus Q(ap + x) = Q(ao — x) 
for all x € L. The center of a function Q (or of a quadric XQ) is the set of its 
central points. 

A cone {a € A | q(a — ap) = 0}, where ap is a central point, does not depend 
on the choice of the point. It is called the asymptotic cone of Xg. 

For any quadratic function Q there exists an affine system of coordinates in A 
such that Q is of one of the following forms: 


a) if g is nonsingular then 


O(x1,...4%0) = Do axpte Ci.ce K, Aj #0); 


i=] 
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b) if q is singular of rank r and the center of Q is non-empty then 


Q(x1,..-.%n) = Do uxpte (Ai,ce K, A #0); 


=1 


c) ifgq is singular of rank r and the center of Q is empty then 


r 
O(x1,---4%n) = Do dia? + ara 
i=] 
The equation of a quadric in some affine system of coordinates has, over the 
field of real numbers, one of the following forms: 


(Ins): xP +e +x? — x2, ----- x2 = 100 Osssr<n); 


Ge xp tees tx? — x2, —-- x? =0 (<s<r<n,s>r/2); 


(11,5) : xp tees px? — x2 ee x? = Oe O<s<r<n-l, s>r/2). 


3 __- Projective space 


The projective space associated with a vector space V over a field K is the set 
P(V) of one-dimensional subspaces of V. Elements of P(V) are called points of 
the projective space. Projective spaces have the following structures. 


a) P(V) has distinguished subsets, called projective subspaces, or planes. 
A subset of P(V) is a projective subspace if it is the subset of all one- 
dimensional subspaces of some subspace of V. 


b) There exists a family of injective mappings from affine spaces into P(V), 
called affine charts. An affine chart g : A — P(V) is defined by an affine 
hyperplane A in V (considered as an affine space which does not contain 
the origin). Each point of A is associated with a unique one-dimensional 
subspace of V containing this point. 


c) A family of bijective mappings from P(V) into itself is given, called the 
projective transformations. A projective transformation @ is a mapping 
a: P(V) > P(V) induced by anonsingular linear operator A: V > V, 
i.e. the image under a of an element of P(V) is equal to the image under 
A of the one-dimensional subspace representing this element. 


A projective transformation maps subspaces into subspaces. The composition 
of an affine chart with a projective transformation is again an affine chart. The 
dimension of a space P(V) is equal to dim V — 1. A projective space of dimension 
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n is frequently denoted by P”. An affine chart is often identified with the affine 
space A and with its image in P(V). Coordinates given in some affine charts are 
called nonhomogeneous coordinates in projective space. These coordinates are not 
defined on the whole space. 

Given a system of coordinates in a space V (with respect to some basis) and 
a point in P(V), we can consider coordinates of every vector of appropriate one- 
dimensional subspace. These coordinates are determined up to proportionality. 
They are called the homogeneous coordinates of a point of the projective space. 

Let V have a system of coordinates xo, x), ..., X,. The affine chart defined by 
the hyperplane x; = 1 is called the ith coordinate affine chart. 

If g is a quadratic function on V then the set of one-dimensional subspaces 
contained in the cones g(x) = 0 is a quadric in P(V). 

For four different points, p), p2, P3, pa, in the projective line P!, we can define 
the cross-ratio 5(p1, p2, p3, p4), which is an element of the basic field. In order 
to calculate the cross-ratio take an arbitrary system of homogeneous coordinates 
in P!, and denote by A(p;, pj) the determinant of the matrix of size 2 composed 
by coordinates of points p; and p;. Then 
A(p1, pa) A(p3, P2) 

A(p3, ps) A(p1, p2)” 
The right-hand side of this formula does not depend on the system of coordinates. 
In nonhomogeneous coordinates 


5(P1, P2, P3, pa) = 


Minin) =A 
aaa i (x4 — x3)(%2 — 01" 
where x; is the coordinate of p;. 

Consider an affine chart and an affine system of coordinates in this chart. We 
can define subsets of the projective space by equations with respect to the non- 
homogeneous coordinates. These subsets are contained inside the chart. In some 
cases it is possible to complement them to a projective space: a subset of a chart 
defined by linear equations (i.e. an affine subspace), has a unique complementation 
inside the projective subspace. A subset of a chart which is an affine quadric has 
a unique complementation to a projective quadric. These complementations are 
considered in some exercises. 

Points of projective spaces which do not belong to the given affine chart are 
called points at infinity with respect to this chart. 


4 Tensors 


A tensor of type (p, q) or the p times covariant and q times contravariant tensor, 
ina vector space V, is afunctionon V x --- x Vx V* x --- x V*, which is linear 
ooo 


p times q times 
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as a function on each of its p + q arguments. Tensors of type (p, q) form a vector 
space TZ(V). It is naturally identified with the tensor product 


V@---@V@V*@---@V*. 


ee 


q times p times 


The coordinates of the tensor T € TRV) (in some basis of V) are denoted by 


Saed 
hiy.. ‘ip 


If charK = 0, then consider in T?(V) the linear operators Sym and Alt: 


1 
(Sym7)(fi,---+ fg) = ri YD T (fot, +--+ fotq)s 


" o€Sg 


1 
ALT) fir-s fd = 7 7 SBNC)T (fatty: --+» foray) 


aeS, 


These operators are projections, onto the subspaces S7(V), and A?(V) of sym- 
metric and skew-symmetric tensors respectively. 

Elements of A?(V) are often called p-vectors. (In the case p = 2, p-vectors 
are also called bivectors.) 

The space S(V) = erm °957(V) with the operation of multiplication xy = 
Sym(x ®@ y)i is an algebra falled the symmetric algebra of the space V. The space 
A(V) = ©22.,A7(V), with the operation x A y = Alt(x @ y) is an algebra called 
the pe algebra of the space V or the Grassman algebra. 


5 Elements of representation theory 


Different authors traditionally use different approaches in presenting the main 
definitions and basic results of the representation theory of groups. The develop- 
ment of the theory clarifies connections between various definitions and shows the 
ways ‘of translation from one language to another’. We are not adopting a single 
approach for exposition of the material. It seems to us that students should be- 
come acquainted with the different approaches accepted in the literature, and that 
teachers should have the opportunity of finding exercises which use a convenient 
language. 

The main features of the basic approaches to the theory of representation of 
groups, and some variants of terminology, are presented here. 


A. Terminology of linear representations. A linear representation of a group G 
in a space V is a homomorphism ® : G — GL(V) from the group G into the 
group of nonsingular linear operators on V. The dimension of V is the dimension or 
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the degree of the representation. A homomorphism of a representation ® of G ina 
space V into a representation V of G in aspace W isa linear mappinga : V > W, 
such that a(@(g)v) = VY (a@(v)) for all g € G, v € V. If ahomomorphism a is an 
isomorphism of spaces then the representations ® and W are isomorphic. 

A subspace U C V of a representation © of a group G is invariant if 
(g)U = U for all g € G. A representation of a nonzero degree is irreducible if 
the zero subspace and the whole space are the only invariant subspaces. 


B. Terminology of matrix representations. A matrix representation of a group G 
of degree n over a field F is ahomomorphism p : G + GL, (F) from G into the 
group of invertible matrices of size n over F. Two matrix representations p and o 
of a group G of the same size n over F are equivalent (isomorphic) if there exists 
a nonsingular matrix C € M,(F) such that p(g) = C~'a(g)C for all g € G. 

A matrix representation is reducible if it is equivalent to a representation in 


which all matrices have the same ‘zero comer’, i.e. they have the form c ) ; 
where A and B are matrices of sizes r and s fixed for all g € G. 


C. Terminology of linear G-spaces. Let G be a group and let V be a linear 
space. V is said to have a linear G-space structure if there exists a pairing 
Gx V :> V,(g,v) > g *v, such that v — g * v is a linear operator on 
V and gi * (g2 * v) = (g1g2) * v for all g1, g2 € G, v € V. Two G-spaces V and 
W are isomorphic if there exists an isomorphism of spaces a : V — W such that 
a(g*v) = g-a(v) forallg eG,veV. 

A subspace U of G-space V is invariant if g xu € U forallg €G,uEU.A 
nonzero G-space V is irreducible if it has only trivial invariant subspaces. 


D. Terminology of modules over group algebras. A space V is a module over 
the group algebra F[G], or F[G]-module if there exists a pairing F[G] x V > 
V, (a, v) > a-v, such that a; (a2 -v) = (aja2)-v, a+ (vy +02) = a- vy +a: %. 
Two F[G]-modules V and W are isomorphic if there exists a linear isomorphism 
a: V— W such that a(a-v) =a-a(v) foralla € F{G],ve V. 

A subspace U of F[G]-module V is a submodule ifa-u € U foralla € F[G], 
u € U. A nonzero module V is simple or irreducible if it has only trivial 
submodules. 

Note that the group G is contained in F[G]. (We identify elements of G with 
sums having one nonzero coefficient which is equal to 1.) If V is a F[G]-module 
then V has a natural structure of G-space, namely (g, v) > g- v. 

Conversely, if V is a G-space then we can put 


(Les -8) ; ») +> Yo ag(g *v). 


It follows that V is a F[G]-module. 
If ® is a linear representation of G in V then the operation (g, v) > (g)u 
induces a structure of G-space on V. 
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If V is a G-space and ®(g) : v > g *v then (g) is a linear operator on V. It 
is easy to show that g —> (g) is a linear representation of G in V. 

Given a linear representation of G in n-dimensional space V we choose a basis 
of V, and associate with each element g € G the matrix of the operator ®(g) in this 
basis. We obtain a mapping from G to GL, (F) which is a matrix representation of 
G. If we choose another basis then we obtain an equivalent matrix representation. 

Given an n-dimensional matrix representation p of G let there be associated 
with each element g € G an operator of multiplication by the matrix p(g) in the 
space F”, Then we obtain a linear representation of G in F”. 

It is clear that these transformations from F[G]-modules to G-spaces, linear and 
matrix representations, and their converses, transform irreducible representations 
into other irreducible representations and similarly, isomorphic objects remain 
isomorphic after transformation. 

The operation of multiplication in F[G] produces an F[G]-module structure in 
the space V = F[G]; the corresponding linear representation of G in V is called 
regular. We can also define a regular representation by considering the space V 
with the basis (eg/g € G) and defining the mapping R : G + GL(V) by the rule 
R(h)eg = eng for all g,h € G. The basis (eg) is called a canonical basis of the 
space of the regular representation. 

The main theorems on representations of groups are as follows. 


Theorem. Let G’ be the commutant of a group G and g : G + G/G’ be the 
canonical homomorphism. Then the formula y — y og establishes a one-to-one 
correspondence between one-dimensional representations of groups G and G/G’. 


Theorem (Maschke). Let a group G be finite and let char F not divide |G|. Then 
any finite-dimensional representation of G over F is isomorphic to the direct sum 
of the irreducible representations. 


Theorem. Let G be a finite group and F be an algebraically closed field. 
Let char F not divide |G|. Then the number of distinct irreducible representations 
of G over F is equal to the number of classes of conjugate elements in G. The 
sum of the squares of the dimensions of these representations is equal to the order 
of G. 


List of definitions 


The definitions for the notation in Chapters 11, 12 and 15 are given in the 
Theoretical Material section. 


Absolute value on a field: see Exercise 6635. 


Action of a group on a set: a group G acts on a set M if each element g € G 
induces a bijection M — M,m — gm and g)g2(m) = (g122)(m), lm = m, 
for all 3,22 € G,meM. 

Algebra 
— ~ of formal power series (in a variable x over a field K): a set 


of formal expressions ) “p29 a¢x*(a, € K) with natural addition and 
multiplication by elements of K and with the operation of multiplication 


le.) oo oo 
>> axx* : >> bax" = do cex*, where cy, = ¥ ajbj. 
k=0 k=0 k=0 i+j=k, 
i20,j20 
— ~ of generalized quaternions: see Exercise 6503. 
—_— ~ of differential operators: see Weyl algebra in Exercise 6327. 
— Banach ~: complete normed algebra. 
— External ~ of a vector space: see Theoretical Material IV and see 
Exercise 6324 
_ Grassman ~ of a vector space: the external algebra of the space. 
a Group ~ (of a group G over a field F): the set of finite formal linear 
combinations }-agg (g € G, a, € F) with natural addition and 
multiplication by elements of F and with the operation of multiplication 


Ogg - anh = agangh, 


which is extended to linear combinations by the law of distributivity. 
-= Noetherian ~ (commutative): a commutative algebra in which any 
ascending sequence of ideals is finite. 
—_ Normed ~ (over a normed field K ): an algebra having a function ||x||, 
x € A, taking the non-negative real values such that 
a) ||x|| = 0 and ||x|| = 0 if and only if x = 0; 
b) Ix + yll < Ilxll + Ilylls 


449 


450 Ad. Kostrikin 


c) {JAx|] = JA] - |x|], where A € K, x € A; 
d) Ilxyil < Ixll - Ilyll. 

— Semisimple ~: an algebra in which the zero ideal is the only two- 
sided ideal consisting of nilpotent elements; in the commutative case, 
an algebra in which zero is the only nilpotent element. 

— Separable ~: see Exercise 6735. 

— Simple ~: an algebra in which the zero ideal and the whole algebra 
are the only two-sided ideals. 

— Symmetric ~ of a vector space: see Theoretical Material TV and 
Exercise 6325. 

- Tensor ~ of a vector space: see Exercise 6323. 

— Weil ~: see Exercise 6327. 


Annihilator: see Exercise 6465. 
Axis of a homology: see Exercise 5323. 


Center of a homology: see Exercise 5323. 
_ ~ ofa group (ring): the set of all elements commuting with all elements 
of the group (ring). 
Centralizer of an element of a group: the set of all elements of the group, 
commuting with the given element. 
Circulant: see Exercise 1503. 


Codimension of a subspace: the difference between the dimension of the space 
and the dimension of the subspace. 

Commutant of a group: the subgroup generated by all commutators of elements 
of the group. 

Commutator of elements x and y 
— ~~ ~ ~ ~ ~ ofa group: the element xyx~*y 
— ~~ ~ ~ ~ ~ ofa ring: the element xy — yx. 


-ly-1 

Completion of a metric space: the completion with respect to Cauchy sequences. 
Component of semisimple (reduced) algebra: see Exercise 6718. 

Continuant: see Exercise 1612. 


Coordinates 
_ Barycentric ~ : the coordinates Ao, A1,..., A» of a point x in affine 
space with respect to a system of points xo, X),..., Xn, in a general 


position which are defined by the equality 
n 
x= > si where See 
i=0 i=0 
Correlation: see Exercise 5329. 
Cross-ratio: see Exercise 5328. 
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Decrement of a permutation: the difference between the degree of the permuta- 
tion and the number of cycles in its decomposition into a product of disjoint 
cycles (cycles of length 1 are included). 

Degree 
— ~ of a separable algebra: see Exercise 6728. 

— Transcendence ~ of an extension: see Exercise 6717. 

Elementary row (column) transformations of a matrix: multiplication of a row 
(column) by an invertible element (type I); addition to a row (column) of another 
row (column) multiplied by an element (type II); sometimes permutation rows 
(columns). 

K-embedding: an injective K -homomorphism of algebras over some extension 
of the field K. 

Extension 
— Galois ~: see Exercise 6754. 

Normal ~: see Exercise 6730. 
Separable ~: see Exercise 6739. 
— Purely nonseparable ~: see Exercise 6748. 


_ ~ of decomposition of a polynomial: the least splitting field of the 
polynomial. 
— Normed ~: a field with an absolute value, see Exercise 6635. 
—_ Splitting ~ of an algebra: see Exercises 6727, 6725. 
— Splitting ~ of a polynomial: an extension of the field of coefficients 
of the polynomial over which the polynomial can be factorized into a 
product of linear factors. 
Flag of subspaces: see Exercise 5705. 
Function 
_ ~ of Mobius: the function of natural number n which is defined by 
the equality 


1, ifn =1, 
u(n) = { (-1)’, ifn isa product of r distinct primes, 
0 otherwise. 


—_ Euler ~: if n = 1 then it is equal to 1, if n > 1 then it is equal to the 
number of natural numbers less than n and coprime with n. 
Gram determinant: the determinant of a Gram matrix. 
Group 


_ Dihedral ~ , D,: the group of isometries of the plane which map a 
regular n-gon onto itself. 
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— ~ of quaternions Qsz: the set of the elements +1, +i, +), +k with the 
same multiplication of elements as in the skew-field of quaternions. 

= Divisible ~: an abelian group in which the equation nx = a has a 
solution for any element a and any integer n. 

— Dual abelian ~: see Exercise 7214. 

— Galois ~ of an extension: see Exercise 6754. 

—_ Galois ~ of a polynomial: see Exercise 6756. 

—_ Kleinian ~, V4: the group of the permutations 


{e, (12)(34), (13), (24), (14)(23)} 


and any group isomorphic to it. 
— Periodic ~: a group in which all elements have finite orders. 
— p-group: a group in which all elements have orders p(n € N). 


Homology: see Exercise 5323. 


Homomorphism unitary: a homomorphism of rings (algebras) such that a unit 
goes to a unit. 


Isometry: a mapping from an Euclidean space into itself preserving distances 
between points. 
Ideal 
— Maximal ~: an ideal of a ring (of an algebra) which is not contained 
strictly in any proper ideal of the ring (the algebra). 
— Prime ~ (of a commutative ring): an ideal such that the factor-ring 
(factor-algebra) by this ideal has no zero divisors. 


Idempotent: an element of a ring whose square is equal to this element. 


Idempotents orthogonal: a set of idempotents such that any product of distinct 
idempotents is equal to zero. 


Involution: see Exercise 6503. 
Lie superalgebra: see Exercise 6506. 


Matrix 

— -~ units: the square matrices Ej; (i, j = 1,...,) in which the only 
nonzero entry is equal to 1 and it is located at (i, /). 

- Adjoint ~ : transpose to the matrix composed by cofactors of elements 
of the given matrix. 

— Elementary ~: a matrix of one of the forms: E + (y — 1) Ej; (vy # 0) 
(type I), E + wEj;; (a 4 0, i # j) (type I); sometimes permutation 
matrices are also called elementary. 

_ Gram ~ (ofa system of vectors e;, ..., @, in an Euclidean space): the 
matrix ((e;, e;)) of size n. 

— Hermitian ~: a complex matrix A such that'A = A where A is a 
matrix obtained from ‘A by replacing its elements with the complex 
conjugates. 
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Module 


Nilpotent ~ : a matrix some power of which is equal to a zero matrix 
(a nilpotent element of the ring of matrices). 

Niltriangular ~: an upper-triangular matrix with zero entries at the 
principal diagonal. 

Orthogonal ~: a matrix A such that'A = A7!, 

Periodic ~: a matrix some power of which is equal to the identity 
matrix. 

Permutation ~: a matrix obtained from the identity matrix by a 
permutation of its rows. 

Skew-Hermitian ~ : a complex matrix A such that’A = —A, where A 
is the matrix obtained from A by replacing its entries with the complex 
conjugates. 

Skew-symmetric ~: a matrix A such that'A = —A. 

Symmetric ~: a matrix A such that‘A = A. 

Triangular ~ : an upper or lower triangular matrix. 

Unimodular ~: a matrix with determinant 1. 

Unitriangular ~: a triangular matrix with units at the principal 
diagonal. 

Unitary ~: a complex matrix A such that'A = A~!, where ‘A is the 
matrix obtained from ‘A by replacing its elements with the complex 
conjugates. 

Upper-triangular ~: a matrix whose entries below the principal 
diagonal are equal to 0. 


Completely reducible ~: see Exercise 6476. 

Cyclic ~: a module with a fixed element mo such that any element m 
of the module can be represented in the form m = amo where a is an 
element of the ring. 

Irreducible ~: a nonzero module in which the zero submodule and 
the whole module are the only submodules. 

Reducible ~: a nonzero module having proper submodules. 

Unitary ~: a module in which the unit of the ring acts identically. 


Nilpotent element of a ring: an element some power of which is equal to 0. 


Nilradical of a ring: the greatest (in the sense of the set-theoretical inclusion) 
two-sided ideal of the ring consisting of nilpotent elements. 


Norm of an element of an algebra: see Exercise 6732. 


Normalizer of a subgroup: the greatest subgroup in which the given subgroup is 
normal. 


Normal closure of an element of a group: the greatest normal subgroup contain- 
ing the given element. 
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Operator 


— Adjoint ~ (to an operator A): the linear operator A* such that 
(Ax, y) = (x, A*y). 


= Hermitian ~: a linear operator A on an Hermitian space such that 
(Ax, y) = (x, Ay) for all vectors x and y (i.e. A* = A). 


— Normal ~: a linear operator on a metric space commuting with its 
adjoint operator. 


—- Orthogonal ~: a linear operator A preserving the scalar product of 
vectors i.e. (Ax, Ay) = (x, y) for all vectors x and y (in other words, 
At = A), 


— Self-adjoint or symmetric ~: a linear operator on an Euclidean or 
Hermitian space, such that (Ax, y) = (x, Ay) for all vectors x and y 
(ie. A* = A). 


— _ Semisimple ~: a linear operator such that any invariant subspace has 
an invariant complement subspace. 


— Skew-Hermitian ~: a linear operator A on an Hermitian space such 
that (Ax, y) = —(x, A*y) for all vectors x and y (i.e. A* = —A). 


a Skew-symmetric ~: a linear operator A such that (Ax, y) = 
—(y, Ax) for all vectors x and y (ie. A* = —A). 


— Unitary ~: a linear operator A on an Hermitian space preserving the 
scalar product of vectors, (Ax, Ay) = (x, y) for all vectors x, y (i.e. 
A* =A), 


Orbit of an element: the set of the images of an element under multiplication by 
all elements of the group. 


Orientation of a vector space: see Exercise 5228. 


Parallelepiped (with edges a, ..., ax): the set of linear combinations ~. AjQj; 
(O <A; <1,i =1,...,k). 


Partition of a number n: see Exercise 3129. 
Permutation: a bijection from a finite set onto itself. 


Period of a group: the least natural number n such that x” = e for all elements x 
of the group. 


Periodic part of a group: the set of elements of group of finite orders. 
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Polynomial 


Cyclotomic ~ ®, (x): a polynomial rm” (x—e,), where £1, ..., gin) 
are primitive roots of 1 of order n. 

Legendre ~: see Exercise 4344. 

Characteristic ~ of an element of an algebra: see Exercise 6732. 
Minimal ~ of a linear operator: a polynomial of the least degree 
annihilating the given operator; the minimal polynomial of the matrix 
of the operator. 

— ~ ~ ofa matrix: a polynomial of the least degree annihilating the 
given matrix. 

Separable ~: see Exercise 6742. 


Projection (on a subspace U in parallel with a complement subspace V): a linear 
operator which maps a vector x = u + v (u € U, v € V) to the vector u. 


Quadratic reciprocity law: see Exercise 6811. 


Quadric 


k-planar ~: see Exercise 5331. 
Pliicker ~ : see Exercise 5233. 


Pseudoreflection: see Exercise 3913. 


Quaternion: an element of the skew-field of quaternions. 


Ring 


Pure ~: a quaternion with a zero real part. 


Completely reducible ~ (left, right): see Exercises 6471 and 6477. 
~ of Gaussian integers: the ring consisting of complex numbers x + yi 
(x, y € Z): 

~ of polynomials in noncommuting variables x;,..., xX, (over a 
ring A): the set of all formal expressions 


Yo ken ky 6+ Xk (Ak ke © A, m>O0, 1 <ki,...,km <7) 


with natural operations of addition and multiplication of monomials 


ky Koy Xk, © + «Xk * Diy cig Mig © Nig = Bh y. Keg Diy cig Sky © © © Xk Xiy + + Xigs 


which are extended to the sums by distributivity. 

~ without zero divisors (or a domain): a ring which has no nontrivial 
zero divisors. 

Lie ~: see Exercise 6511. 

Noetherian ~ (commutative): a commutative ring in which any strict 
ascending sequence of ideals is finite. 

Simple ~: a ring with nonzero multiplication in which zero and the 
whole ring are the only two-sided ideals. 
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Reflection (in a space U in parallel with a complement subspace V): the linear 
operator which maps each vector x = u + vu (u € U, v € V) to the vector 
u—v. 

Root (complex) of 1: a complex number some power of which is equal to 1. 

— —~ of order n: a complex number, the mth power of which is equal to 1. 
— Primitive ~ of order n: a root of 1 of order n which is not a root of 1 
of order less than n. 


Semi-direct product of groups G and H: the set G x H with the operation 


(x, y)(z, t) = & - o(y)(2), yt), 


where y : H — AutG is some homomorphism. 


Skew-field (division ring) of quaternions: the vector space over the field R with 
a basis 1, i, j,k, where 1 is a unit with respect to multiplication, i2 = j? = 
ke = -1,ij = —ji =k, jk = -kj =i, ki = -ik = j; the algebra of 
generalized quaternions in which a = B = 1. 

Subgroup maximal: a subgroup which is not strictly contained in any proper 
subgroup. 

Subspace 
—_ Complement ~ (to a subspace U): a subspace V such that the whole 

space is equal toU @ V. 
—_ Totally isotropic ~ (with respect to a symmetric or sesquilinear 
function f(x, y)): a subspace on which f(x, y) vanishes. 

Sylow p-subgroup: a maximal p-subgroup. 

Symbol 
— ~ of Jacobi: see Exercise 6806. 

_— ~ of Kronecker: 6;; = 1, 46;; = Oifi # j (i,j = 1,...,n). 
mo ~ of Legendre: see Exercise 6806. 
Symmetric difference: see Exercise 102. 


Trace 
— ~ of a matrix: the sum of the entries of the principal diagonal. 
— —~ of an element of an algebra: see Exercise 6732. 
— -~ of an operator: the trace of the matrix of the given operator. 


Zero divisor in a ring: a nonzero element a for which there exists an element 
b # O such that ab = 0 (left zero divisor). 


D, 
D,(A) 
D 
diag(A1, 


EndA 


List of symbols 


transpose of the matrix A 
adjoint matrix of the matrix A 
adjoint operator of the linear operator A 


alternating group of degree n (the group of even permutations 
of the set {1,2,...,}) 


the algebra over an extension L of a field K which is obtained 
from an algebra A over K, Ap = L@x A 


the number of elements in a set A 

the commutator AB — BA of matrices A and B 

the group of automorphisms of a group G 

an alternating operator in a space T§(V) 

the ideal of the ring generated by the element a 

the subgroup (subring, subalgebra, subspace) generated by a 
the cyclic group of order n generated by a 


the argument of the complex number 2; it is assumed that 
0 <argz<2x 


the set (field, additive group) of complex numbers 
the dihedral group (group of symmetries of regular n-gon) 
the set of diagonal matrices of size n over the ring A 


the operator of differentiation in a functional space 


--+,An) the diagonal matrix with entries A),...,A, at the principal 


diagonal 
the endomorphism ring of the abelian group A (of the ring A) 
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G' 
GL(V) 
GL, (F) 


GL, (q) 
H 
Hom(A, B) 


K* 
K(a) 
F[G] 
K{[x] 


KIx)n 
K(x) 


K[[x]] 


K[x),..., Xn] 


K{x1,..., Xn} 


L(V) 
InA 
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the sum of the Taylor series of the function e* at x = A (Aisa 
matrix) 


the matrix unit, i.e. a matrix in which the only nonzero entry is 
located at (i, j) and is equal to 1 


a field with q elements 


the stabilizer of an element a € M under the action of a group 
G inaset M 


the commutant of group G 
the group of nonsingular linear operators on the vector space V 


the group of nonsingular linear operators on an n-dimensional 
vector space over a field F; the group of nonsingular matrices 
of size n over F 


the same as GL, (F,) 

the skew-field (division ring) of quaternions 

the group of homomorphisms from the group A into the abelian 
group B 

the group of invertible elements of the ring K 

the extension of the field K obtained by addition of an element a 
the group algebra of the group G over the field K 

the ring of polynomials in a variable x with coefficients in the 
ring K 

the set of polynomials from the ring K [x] of degree at most n 


the field of rational functions in a variable x with coefficients in 
the field K 


the power series ring in a variable x with coefficients in the 
ring K 


the ring of polynomials in variables x1, ..., x, with coefficients 
in the ring K 
the ring of polynomials in non-commuting variables x), ..., Xn 


with coefficients in the ring K 
the set of linear operators in the vector space V 


the sum of the Taylor series of the function In(1—x) atx = E—A 
(A is a matrix) 


List of symbols 


M,(K) 
N 
N(A) 
N(H) 
Na/x (a) 
nZ 
0,(K) 
Q 

Q 

Ry 
tkA 
tkA 
(S) 


Sn 


Sx 
SL,(K) 
SL, (q) 
SO, (K) 


SU, (C) 
SU, 
S(V) 
S7(V) 
Sym 
T(V) 
TRV) 
trA 

tA 
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the ring (the algebra) of matrices of size n over the ring K 
the set of natural numbers 

the nilradical of the algebra A 

the normalizer of the subgroup 

the norm of an element a in the algebra A over the field K 
the set of integers divisible by the number n 

the group of orthogonal matrices of size n over the field K 
the set (the field, additive group) of rational numbers 

the field of p-adic numbers 

the set (multiplicative group) of positive real numbers 

the rank of the matrix A 

the rank of the linear operator A 


the subgroup (the subring, subalgebra, subspace) with a set of 
generators S; the affine hull of the set S 


the symmetric group of degree n (the group of permutations of 
the set {l,...,”}) 


the group of one-to-one transformations of the set X 
the group of matrices with determinants 1 over the field K 
the same as SL, (F,) 


the group of orthogonal matrices with determinants | over the 
field K 


the group of unitary complex matrices with determinants 1 

the same as SU, (C) 

the symmetric algebra of the vector space V 

the gth symmetric power of the vector space V 

the operator of symmetrization in the space TA(V) 

the tensor algebra of the vector space V 

the vector space of tensors of type (p, q) in the vector space V 
the trace of the matrix A 


the trace of the linear operator A 
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trax (a) 


UT, (K) 


V(ai,..., aR) 
xAYy 


Zz 


Zp 
Zi) 
Vz 
i(n) 
H(a) 
A(V) 
®, (x) 


¢(n) 


XalK (4, x) 


lx 
9x 
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the trace of an element a of the algebra A over the field K 

the group of complex numbers with absolute value 1 

the group of complex roots of order n of 1 

the group of complex roots of order p” of 1 (n € N)(pisa prime) 
the orthocomplement of the subset U in a dual vector space 


the orthocomplement of the subset U of a vector space with 
respect to a given bilinear function 


the group of unitriangular matrices of size n over the field K 
the Klein group 

the vector space dual to the space V 

the volume of the parallelepiped with edges a), ..., ax 


the product of elements x, y in the Grassman algebra of a vector 
space 


the set (the ring, additive group) of integers; infinite cyclic group 
the cyclic group of order n, the residue ring modulo n 

the ring of p-adic integers 

the ring of Gaussian integers 

the set of complex roots of order n of the number z € C 

the Mobius function 

the minimal polynomial of the algebraic element a 

the extemal algebra (Grassman algebra) of the vector space V 


the cyclotomic polynomial Bry (x—e,), where €; is a primitive 
root of order n of 1 (kK = 1,..., 6(n)) 


the Euler function 


the characteristic polynomial of an element a of the algebra A 
over the field K 


the identity mapping on the set X 
the set of all subsets of the set X 


Index 


absolute value ona field 147, 272, 
449, 451 

adjoint matrix 20, 43, 55, 57, 332, 
435, 452, 457 

affine chart 202, 389, 443, 444 

affine group 182, 440 

affine hull 178, 179, 381, 440 

affine mapping 180, 183, 440 

affine space 177-186, 195, 196, 222, 
264, 381, 439, 440, 441, 443, 444, 
449, 450 

affine subspace (plane) 177-184, 186, 
189-193, 196, 197, 199, 221, 228, 
267, 369, 376, 378, 380, 383, 385, 
388, 392, 393, 439, 440, 441 

affine transformation 180-182, 195, 
202, 222, 229, 394, 440, 441 

affinely independent points 177, 180, 
181, 188, 440 

algebra A(a, B) of generalized 
quaternions 264, 449 

angle 155-157, 168, 193, 209, 224, 
340, 361, 369, 380, 382, 396, 398, 
403, 409, 412, 438, 441 

asymptotic cone 199, 442 

axis of ahomology 203, 450 


Banach algebra 148, 449 

Bessel inequality 154 

Binet-Cauchy formula 43 

Brianchon theorem 204 

barycentric coordinates 180, 379, 450 

binomial formula of Newton 5, 335, 
339 

bivector 176, 445 (see p-vector) 

boundary point 381, 440 


Cartan’s lemma 176 

Cauchy sequence 106, 450 

Clifford algebra 265, 266, 421 

center of aquadric 194-197, 202, 
384-387, 442, 443 

center of homology 203, 450 

centralizer of anelement 217, 223, 
396, 400, 450 


characteristic polynomial yak 279, 
455 

Chinese remainder theorem 256 

collineation 182, 183 

commutant 227, 241, 243, 244, 
296-298, 410, 412, 414, 431, 423, 
447, 450, 458 

commutator of elements of a group 
211, 243, 410, 412, 450 

commutator of matrices 52, 53, 59, 457 

completely reducible module 263, 453 

completely right (left) reducible ring 
262, 263, 265, 419, 455 

configuration 181, 191, 440 

continuant 45, 450 

convex cone 185, 380, 381, 440, 441 

convex hull 183-185, 381, 440 

convex polyhedron 183-186, 381, 441 

convex set 183-186, 381, 440, 441 

coordinates of tensors 171, 172, 445 

correlation 203, 204, 450 

crossed planes 440 

cross-ratio 203,444, 450 


Desargues theorem 203 

decrement of the permutation 9, 10, 
315, 451 

degree of parallelism 178, 179, 440 

differential (linear part) of affine 
mapping 180, 440, 442 

differentiation of the algebra 176, 267, 
268, 406, 422, 457 

dimension of affine space 178-186, 
188-190, 195, 199, 381, 439, 440 

direct sum of rings (ideals) 250, 262, 
263, 265, 301, 302, 304, 418, 419 

directing subspace 189, 439, 441 

divisible abelian group 238, 452 

division ring (skew-field) 251, 456, 
458 

dual group 305, 307, 452 

duality theorem in linear 
programming 186 


Eisenstein criterion of irreducibility 84 


462 


Euclidean (affine) space 188-193, 
197-199, 441, 452 

Euler function 4, 14, 251, 451, 460 

Euler’s identity 46 

elementary matrix 22, 57-59, 223, 
239, 332, 409, 452 

entire function 248, 267, 422 

equivalent quadratic functions 195 

equivalent representations 289, 291, 
295, 297, 304, 305, 309, 310, 446 

even Clifford algebra 266 

extended complex plane 74 

extended system 16 

extreme point 185,381, 440 


Fibonacci numbers (sequence) 11, 12, 37 

field of decomposition 278, 279, 
283-285, 428, 429, 451 

flag of subspaces 220, 451 

fundamental theorem of Galois theory 
283 


Galois extension 282-285, 427, 451 

Galois group 282-285, 427, 452 

Gauss lemma 287 

Grassman algebra (external algebra) 
252, 261, 445, 449, 460 

general position 183, 222, 394, 440, 450 

generator 208, 215, 239-243, 271, 
346, 399, 402, 404, 406, 409-411, 
414, 415, 428 


Hadamard inequality 155 

Hermite polynomial 96, 98 

Hermitian matrix 59, 129, 151, 152, 
168, 452 

Hilbert condition 106 

half-space 183-185, 441 

homogeneous coordinates 444 

homology 203, 450, 452 

hyperplane 183-186, 190, 196, 
378-381, 384, 440-444 


idempotent 208, 261-263, 265, 301, 
417, 419, 420, 423, 452 

improper isometry 192, 193 

inner automorphism 212, 225, 227, 
229 

integral elementary row and column 
operations 27-29 


Index 


integrally equivalent variables 28, 29 

internal point 202, 204, 379, 381, 440 

invariant subspace (under 
representation) 290-294, 297, 298, 
310, 311, 430, 431, 437, 446 

involution 264, 421, 452 

irreducible (simple) module 300, 301, 
446, 453 

isometry 192, 394, 441, 452 


Jacobi identity 267 
Jacobi symbol 286, 456 


Kronecker delta (Kronecker symbol) 
59, 456 


Laguerre polynomial 96, 98 

Legendre polynomial 157, 158, 164, 
382, 455 

Legendre symbol 286, 456 

Lie ring 200, 267, 268, 455 

Lie superalgebra 266, 267, 452 

left annihilator 258, 261, 419, 450 

left (right) inverse map 4 

lemniscate 74, 341 

line 178-182, 184, 191, 192, 
195-197, 201-204, 211, 316, 340, 
341, 354, 378, 379, 383-385, 389, 
392, 396, 439, 444 

lower nil-triangular matrix 59 


Mobius function 14, 68, 451, 460 

matrix of a change of an ‘old’ base by a 
‘new’ one 101, 121, 152, 427 

matrix units 52, 133, 183, 357, 430, 
452, 458 

maximal subgroup 229, 238, 400, 456 

maximal subspace 112, 119 

metric congruent configurations 191, 
192, 382, 441 

minimal polynomial 140, 143-145, 
265, 274, 278, 280-282, 364, 367, 
421, 424, 425, 455, 460 

minimal submodule 262, 263 

monogenic semigroup 208 


Newton's formula 91 

Noetherian ring (algebra) 263, 264, 
276, 449, 455 

nilpotent matrix 59, 210, 421, 453 


Index 


nilradical 277, 453, 459 

nonhomogeneous coordinates 444 

nonseparable degree 282 

nonsingular quadric 199, 200, 442 

norm Nak 279, 453 

normal basis theorem 284 

normal closure 240, 409, 453 

normal extension of fields 279, 282, 
283, 285, 451 

normalizer 225, 453 

normed algebra 146-148, 449 

normed field 146-148, 198, 451 


openkernel 184, 185, 440 

orientation 200, 375, 421, 454 

orthogonal matrix 56, 58, 59, 167, 
170, 210, 248, 453, 459 


Pappus theorem 203 

Parceval equality 154, 155 

Pascal theorem 203, 204 

Pliicker quadric 200, 455 

Pythagorean theorem 156 

parallel planes 178, 179 191, 196, 
378-380, 385, 386, 389, 392, 440 

parallel transfer 192, 229, 440 

parallelepiped 156-158, 183, 184, 
381, 441, 454, 460 

partition of anumber 93, 94, 454 

period of a group 216, 284, 285, 428, 454 

periodic matrix 59, 142, 453 

periodic part of agroup 216, 454 

perpendicular 189-192, 341, 441 

k-planar quadric 199, 455 

plane — see affine subspace 

point at infinity 201,444 

polynomial function 310 

primitive polynomial 83 

projective space 201-203, 443, 444 

projective subspace 443, 444 

projective transformation 201-204, 
443, 444 

proper isometry 192, 193, 441 

pseudoreflection 132, 455 

pure quaternion 265, 421, 455 

purely nonseparable extension 281, 
282, 451 


quadratic function 124, 126-129, 194, 
195, 360, 370, 441, 442, 443, 444 
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quadratic part 442 

quadratic reciprocity law 287, 455 

quadratic residue 285, 286 

quadric (a hypersurface of second 
order) 195-197, 199, 201, 384, 
385, 388, 442, 443, 444, 455 


reduced algebra 277, 280, 450 

reducible representation 289-291, 
297, 305, 310, 446 

regular representation 295, 297, 298, 
300, 302, 304, 308, 431, 447 


semiaffine transformation 182, 183 
semilinear mapping 182, 183 
semisimple algebra 265, 300, 301, 450 
semisimple operator 144, 145 
separable algebra 280, 281, 284, 450 
separable degree 279, 282, 283, 451 
separable element 281, 282 
separable extension 280-281, 283, 
427, 451 
separable polynomial 281, 283, 427, 
455 


shortened system 16 

simplex 157, 183, 380, 440 

singular quadric 442, 443 

skew-field — see division ring 

skew-Hermitian matrix 59, 123, 129, 
151, 453 

skew-symmetric matrix 34, 58, 59, 
106, 110, 123, 209, 291, 354, 359, 
362, 368, 453 

solid convex set 184, 440 

spectrum of anelement 148 

splitting field 265, 266, 275, 276, 
278-280, 282-284, 424-426, 451 

square-free integer 245, 248, 419, 420 

symmetric algebra 252, 445, 450, 459 

symmetric matrix 53, 58, 59, 106, 
110, 124, 129, 146, 152, 170, 176, 
209, 248, 265, 291, 354, 362, 368, 
453 

symmetrical difference 3, 209, 249, 
456 


tangent hyperplane 204, 384, 442 

tensor 171-175, 292, 308, 437, 444, 
445, 459 

tensor algebra 252, 450, 459 
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tensor product of algebras 253 
trace tak 279, 426, 456, 460 
transcendence degree 276, 451 
transvection 239, 245 


unitary matrix 56, 58, 164, 167-170, 
453, 459 

upper niltriangular 210, 254, 453 

upper tri matrix 53,59, 110, 136, 
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